
 

Introduction to Vectors 
Scalar and Vector Quantities: 
Scalar  

x a quantity with magnitude only. 
 
Examples: 

x __________________ 
x __________________ 
x __________________ 

x __________________ 
x __________________ 
x __________________ 

 
Vector 

x a mathematical quantity that is expressed by a magnitude AND direction 
 
Examples: 

x __________________ 
x __________________ 
x __________________ 

x __________________ 
x __________________ 
x __________________ 

 
Example 1: the following situations need to be described using an appropriate measure. 
Classify the measure as a scalar or a vector. 
 

(a) the cost of a dance ticket ____________ 
(b) the path from your desk to the classroom door                                   
(c) the air speed of a jet as it heads north ___________________ 

 
 REPRESENTATION OF VECTORS: 

1.  GEOMETRIC VECTORS  A vector represented by a directed line segment drawn  
       so that its length represents its magnitude. 
 

 

 

2.  ALGEBRAIC VECTORS  A vector that is written in rectangular form. 

¾ RECTANGULAR FORM:  is of the form (a, b) or 
a
b

§ ·
¨ ¸
© ¹

 where a represents the x-value and b 

represents the y-value of the terminal point of the vector.  Its initial point is the origin (0, 0).  
They are also called algebraic vectors and IB uses them in the column vector form.ie. (3, 4) 

becomes
3
4

§ ·
¨ ¸
© ¹

. 

 Notation:                 𝑨𝑩ሬሬሬሬሬሬ⃗ ,𝒗ሬሬ⃗  , v (boldface) 
 
      Vector 𝑨𝑩ሬሬሬሬሬሬ⃗  has an initial point (tip) at A and a terminal 
      point (tail) at B.   A 

B 

𝑎⃗ 𝑏ሬ⃗  𝑐 𝑑 

1

Distance Temperature
speed Volume
mass Energy

Displacement Force

weight Acceleration

Velocity Gravity

scalar
vector

Vector

tip

tail

or [a,b]

(Point-to-point vector)



 

 
Magnitude of a Vector            ห𝑨𝑩ሬሬሬሬሬሬ⃗ ห represents the MAGNITUDE of 𝑨𝑩ሬሬሬሬሬሬ⃗ . 
               | v | represents the MAGNITUDE of v. 
¾ If the magnitude of a vector is zero, we call it the zero vector and denote it 0ሬ⃗  . This is a useful 

vector despite that its direction is undefined. 
 
 
Equality of Vectors             Two vectors are equal if they have the same magnitude and 
                  the same direction. Ex. 𝑐 = 𝑑, |𝑐| = ห𝑑ห 

   

 

Opposite Vectors              The opposite of a vector would have the same magnitude 
(additive inverse)    but opposite direction. Ex. 𝑎⃗ = −𝑑, |𝑎⃗| = ห𝑑ห 

      𝑨𝑩ሬሬሬሬሬሬ⃗ = −𝑩𝑨ሬሬሬሬሬሬ⃗   ?directions are opposite 

      ห𝑨𝑩ሬሬሬሬሬሬ⃗ ห = ห𝑩𝑨ሬሬሬሬሬሬ⃗ ห  ?magnitudes are still equal 

 

 

Example 2: ABCDEF is a regular hexagon. Give examples of vectors formed between pairs of vertices 
of hexagon ABCDEF: 
 

a. equal 
 
 
 

b. parallel but with different magnitudes 
 
 
 

c. equal in magnitude but opposite in direction 
 
 
 

d. equal in magnitude but not parallel 
 
 
 

e. different in both magnitude and direction 
 
 
 

 

𝑐 𝑑 

2

FB = EB (or AF -- CB ; EE = BE ;etc .)

FB and FE (or AF and BE
,
etc.)

ATI and FE (or EE and EB , etc .)

EB and BI (or EE and ED ,etc.)

AB and EE



 

Note: vector starting from the origin O to another point C is called position vector of C (i.e., fixed  

with respect to the origin).  𝑂𝐶ሬሬሬሬሬ⃗ = 𝑐   or   𝑂𝐶ሬሬሬሬሬ⃗ = ቀ𝑎
𝑏ቁ  ‘column vector’ 

 

 

 

 

 

 

Cartesian Co-ordinate System:  𝑢ሬ⃗  can be represented as an ordered pair (a, b) where its 
magnitude (modulus) is |𝑢ሬ⃗ | = √𝑎ଶ + 𝑏ଶ and direction 𝜃 = tanିଵ ቀ𝑎

𝑏ቁ with 𝜃 measured counter-
clockwise from the positive x-axis to the line of the vector. The ordered pair (a, b) is referred to as an  

algebraic vector. The values of a and b are the x- and y-components of the vector. 

 

 

 
 
 
 
 
 
 

Scalar Multiplication:  Multiplying a vector by a scalar will change its    
      length and/or its direction  

 
 
 
 
 
 
 
 

Collinear Vectors 
o vectors that lie on the same line when they are in standard position. 
o they will be parallel to each other. 
o they either have the same direction or opposite direction. 
o one will always be a scalar multiple of the other. i.e. 𝒖ሬሬ⃗ = 𝒌𝒗ሬሬ⃗ , 𝒌 ∈ 𝑹, 𝒌 ≠ 𝟎 
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û is a unit vector parallel tou

|u|= 5
2u -4u 1 u

5

Example 3. Given that               find the magnitude of each of the following vectors: 
a.                                       b.                                          c.  
 

 
 
Example 4. Determine the value of k so that the following pairs of vectors are collinear. 

a. 
5 10

k
7 14

�§ · § ·
 ¨ ¸ ¨ ¸�© ¹ © ¹

  b. 1, 6
2
mv § · �¨ ¸

© ¹
 and 4,1

6
mu § · � �¨ ¸

© ¹
 

 
         
 
 
 
 
 
 
 
 
The Unit Vector:                                   A unit vector is a vector 1 unit long. 
   

  

                                                                             

                                                                            

   

To create a unit vector in the direction of a non-zero u  , multiply u  by the scalar equal to the 
reciprocal of the magnitude of u  . 
 
Example 5: If a = 12∣ ∣  , state a unit vector in the opposite direction of a . 
 
 
 
 
 
 
 
 
 
 
 
 
 

| | 4u  

û

u

ˆ 1
u = u

u

4

k k

I
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2 2|u|= a +b

§ ·
¨ ¸
© ¹

2 2

-1 o

o o o

OP = -2 + 3

= 13

3 3
tan θ = θ=

( ) (

tan - -56
-2 2

θ=180 - 56 124

)

( )

=

∣ ∣

⇒ ≈

ˆ ˆ 2i and j are the  for = ×standard basis vectors

Standard Unit Vectors: The special unit vectors which point in the direction of the positive 

x-axis and positive y-axis are given the names ˆ ˆand respectivelyi j , where � �ˆ ˆ= and = (1, )0 0,1i j . 

 

 

 

 

 

 

 

We may express any vector in the xy-plane as a sum of scalar multiples of the vectors and. 

� �
aˆ ˆu OP a,b or u ai bj or u
b
§ ·

   �  ¨ ¸
© ¹

    , 

Example 6 :  ˆ ˆOP = -2,3( )= -2i+3j    

 

 

 

 

 

Example 7: Find a vector of magnitude 6  in the direction of ˆ ˆv = 7i +5j  . 
 

 

 

 

 

 

 

 

 

 

� �î= 1,0

ĵ =(0,1)

x

y

5

or [a,b]

amaretto
raga
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ˆˆ ˆ

| |

OP ai bj ck
a

OP b
c
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 � �

§ ·
¨ ¸ ¨ ¸
¨ ¸
© ¹

 � �

Vectors in 3 Dimensions 

Previously, we had considered geometric and algebraic vectors in the 2-dimensional (Cartesian) 
plane. This model extends naturally to 3 dimensions. 

Consider the 2-D (xy) Cartesian plane comprised of 
the x and y-axes. 

If we add a third axis (z-axis) to our existing xy-plane such 
that all 3 axes are mutually perpendicular to one another, 
we create a coordinate system which models 3-dimensional 
space. 

To plot the 3-dimensional point with coordinates (a,b,c), 
move a units from the origin in the x-direction, b units in 
the y-direction, and c units in the z-direction. 

 

 

Standard Unit Vectors in R3: ˆ ˆ ˆi =(1,0,0), j=(0,1,0),and k =(0,0,1)  are the special unit 
vectors pointing in the direction of the positive x-, y-, and z-axes, respectively. 

 

   

 

 

 

 

 

Example 8: Given the coordinates of points P(2,4,5) and Q(-4,3,-2), draw the vectors OP  and 
OQ using a rectangular prism. 
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Example 9: Express the position vector of each of the points shown in the diagram as an 
ordered pair, column vector, and in basis vector notation. 

 

 

 

 

 

 

 

 

 

 

Angle between 2 vectors:  The angle between two vectors is the angle ≤180∘ formed 
when the vectors are placed tail to tail, that is, starting at the 
same point. 

 

 

 

 

Example 10:  MNOP is a rectangle with side lengths 3 and 5. 

Q is the midpoint of MP. 

Find the angle between the following vectors: 

a) NP and NO   

 

 

b) NM and NQ 

 

 

c)  NQ and QP  

 

� �0,7Rx

x

� �6, 2Px �

� �3,3Q �

7
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Practice 
1. In the diagram at the right, △ AF B and △ BEC are equilateral, and ACDG is a rectangle. 

(a) Write down two other vectors equal to AB . 
(b) Write down three vectors which are opposite to FE  
(c) What vector is the opposite of DC  ? 
(d) Write down 3 vectors which have the same 

magnitude as BC , but different direction. 
(e) What vector is equal to 2 FE ? 

(f) What vector is equal to 1
2

FE  ? 

 
2. Using the diagram from #1, find the angles between the following vectors: 
  

(a) AB  and AF  
(b) AF   and AG  
(c) DC  and AB  
(d) BC  and CE  
(e) EC  and AG  
(f) FD  and BA  

 
3. Sketch a vector to represent each of the following quantities, using the specified scale: 
 

(a) a velocity of 30 m/s [south], where 1 cm = 10 m/s. 
(b) a force of 20 Newtons, straight down, where 1 cm = 10 N . 
(c) a displacement of 25 metres to the right, where 1 cm = 10 m. 
(d) an airplane taking off  a runway at an angle of 30∘ at a speed of 40 km/h, where 

1 cm =10 km/h. 
 
4. Using the grid at the right, choose a vector which equals: 

(a) -a   
(b) 3a  

(c) -2b  
(d) a unit vector parallel to a  

 
 
5. Given the vector u  such that ∣u ∣ = 8 units, find the 
following: 

(a) ∣3 u ∣ 

(b) 3
- u

4
 

(c) ∣−7 u ∣ 

8



 

 
6. Determine a unit vector parallel to each of the following vectors: 

(a) a , given that ∣a ∣ = 12 units 
(b) w , given that ∣w ∣ = 10 units 
(c) u  (non-zero) 

 
7. A boat leaves harbour at 2:00 and travels due south at 50 km/h until 3: 30, when it turns east 
and travels at the same speed for another hour. 
 

(a) Write down the displacement vectors for each part of the journey.  
(b) What is the total distance covered? 
(c) What is the displacement vector between the starting point and ending point? 

 
8. Two planes leave an airport at the same time. Plane A travels northwest at 120 km/h, while 
plane B travels due east at 150 km/h. After one hour, they both land. If plane A must then travel 
to plane B's landing point, in what direction should it travel, and how long will it take if it 
travels at 120 km/h? 
 

9. For each point Q given, write the position vector OQ  in terms of î  and ĵ  . 

a. Q (3, −4)  

b. Q (−5, −1) 

10. For each point Q in question 1, find the magnitude of the position vector OQ  and its 
direction relative to the positive x-axis. 

11. For each point R given, find the magnitude of the position vector OR . 

a. R (4, −3, 12) 

b. R (2, −1, 3) 

12. Write the position vectors of the point A shown, in the form ˆˆ ˆai +bj +ck .  

a.                                                                              b.  

 

9



 

13. Draw a sketch to show the point D (4, 2, −3) and draw the position vector OD . 

14. Determine the direction angles for each of the following vectors.  

a. ˆˆ ˆv = 2i - j + 3k  

b. OA  = (−1, 4, −5) 

c. ˆˆu = 5i - 12k  

d. OB  = (0, 3, −4) 

15. Find a unit vector parallel to each of the given vectors.  

a. v  = (2, −5) 

b. ˆˆ ˆOZ = i - 2j +4k  

c. w  = (−5, 12) 

d. ˆˆ ˆOP = 3i + 3j - k  

 

______________________________________________________________ 

Answers 
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Sample Questions  
 
1. If v =(-2, 7) then find the magnitude of v  and the angle it makes with the x-axis.  
 
2. If v =(-3, 2, 5) then what is the vector going in the opposite direction to v  that has a 
magnitude of 12? 
 
3. If a wind, v , is moving 15 km/h in the direction of 𝑆60°𝐸 then determine v  in component 
form.  Hint:  Make a diagram with a right angled triangle 𝑤 as the hypotenuse and use trig to 
solve for the length on the x-and y-axis to find the x- and y- components of v  
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3-5 Warm Up 

1. Determine the values of 𝑟 and 𝑠  given that  𝑎⃗ = (
2

−1
𝑟

) is parallel to 𝑏⃗⃗ = (
𝑠
2

−3
).   

 
2. Quadrilateral ORST has position vectors 𝑟, 𝑠 and 𝑡.  Point A is the midpoint of RS and 

point B divides ST such that SB:BT=2:5.  Express each of these vectors in terms of 𝑟, 𝑠 
and 𝑡.   
 
a) 𝑅𝑆⃗⃗⃗⃗⃗⃗     b) 𝑆𝑇⃗⃗ ⃗⃗⃗   c) 𝑂𝐵⃗⃗ ⃗⃗ ⃗⃗    d) 𝐴𝐵⃗⃗⃗⃗ ⃗⃗  

 

  

21
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Dot Product of 2 Vectors – aka Scalar (Inner) Product 
 
Dot Product : 
¾ defined as: (horizontal displacement of an object) 
¾ dot product involves two scalars 
¾ result is a scalar ie) positive/negative/zero 

 

                                         •u v = u v cos(θ)   

 
Note: Vectors need to be tail to tail 
 
 
 

angle value � �cos θ  value u •v  
o o0 θ 90≤ ≤    

oθ = 90    

d do o90 θ 180    

 
Example 1: Given vectors u  and v , where =10|u| and | |= 13v and the angle between them is 

o150 , calculate u• v . 
 
 
 
 
 
Dot Product Properties 

1) Commutative:       u v v ux  x  

2) Distributive over vector addition:              ( )u v w u v u wx �  x � x  

3) Associative over scalar multiplication:  ( ) ( ) ( )m u v mu v u mvx  x  x  

                            ( ) ( ) ( )mu nv mn u vx  x  
Example 2: Evaluate ˆ ˆj • j and ˆ ˆi • j . 
 
 
 
Example 3: What is the dot product of a vector u  with itself? ( oθ=0 ). 
 
 

 

 

 

 

 

u

v

22

→ positive positive
0 0

← negative negative

ii. I> =/ ñllilcoso

=/10×13)cos(1509
= -6553

f. f- (1)(1)Oslo) 9. j=( 1)(1) cos(90)
= I =D

ii. ñ= /ñllñlcosloo)

=/tip



 

Example 4:  If vectors 3p+q and p - 3q are perpendicular and p = 2 q , determine the angle 

between the non-zero vectors p, q . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
How to Evaluate Dot Product of Algebraic Vectors 
2-dimensions            3-dimensions 
 

� � � �1 2 1 2u = u ,u ,v = v ,v        � � � �,1 2 3 1 2 3u = u ,u u ,v = v ,v ,u

x �1 1 2 2u v = u v u v       x � �1 1 2 2 3 3u v = u v u v u v  

Example 5. Given that vectors 
§ ·
¨ ¸
© ¹

u =
k + 2
5

 and 
§ ·
¨ ¸
© ¹

v =
k + 1
-6

 are perpendicular, solve for k.  
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Using dot product to find angle between two vectors 
The formula u•v=|u||v|cos(θ) can be rearranged to make solving for T  simpler. 
 
 
 
 
Example 6:   A parallelogram is bounded by vectors � �u = 1,2  and � �v = 3,-2 . Find the angle  

  between the diagonals of the parallelogram 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 7:  The diagram shows a parallelogram ABCD. The coordinates of A, B, and D are 
A(1,2,3) ,B(6,4,4)  and  D(2,5,5). 

(a) Show that 
§ ·
¨ ¸
¨ ¸
¨ ¸
© ¹

5
AB = 2

1
, find AD  and hence show that 

§ ·
¨ ¸
¨ ¸
¨ ¸
© ¹

6
AC = 5

3
. 

(b) Find the coordinates of point C. 
 
(c) Find AB•AD   and hence find angle A. 
 
 
 
 
 
 
 
 
 
 
 

u

v

diagram not to scale 

u•vcos(θ)=
u v

24
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Practice 
1. Given that|a|= 2,|b|= 3 , and oθ=120 expand and simplify � � � �3a+4b • 5a+6b . 

2. The points A(-1,1), B(2,0), and C(1,-3) are vertices of a triangle. 
(a) Show that this triangle is a right triangle. 
(b) Calculate the area of triangle ABC. 
(c) Calculate the perimeter of triangle ABC. 
(d) Calculate the coordinates of the fourth vertex D that completes the rectangle of which 

A, B, and C are the other three vertices 
 
3. If a+b = a - b , prove that the non-zero vectors a, b are perpendicular. What could this 

look like? 
 
4. Given the vectors 𝑢⃗ = [1,0,1], 𝑣 = 2𝑖̂ + 𝒎𝑗̂ + 2𝑘̂ find the value(s) of m if the angle between 𝑢⃗  

and 𝑣   is 45o . 
5. Find the angle between the given vector and the axis.  

a) 
§ ·
¨ ¸
© ¹

7
-3

 and negative x-axis        b) 
§ ·
¨ ¸
¨ ¸
¨ ¸
© ¹

4
5
7

 and positive x-axis     

6. ABCDEFGH is a regular octagon with sides of unit length.  (Recall interior angles are 135°). 
Let  AB = a  and AH = b  . Prove that BC = b+ 2 a . 
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Practice 
1. Given that|a|= 2,|b|= 3 , and oθ=120 expand and simplify � � � �3a+4b • 5a+6b . 

� � � �
� � � �

3a+4b • 5a+6b
2 2

32 o

=15 a +18a•b+20b•a+24 b

= 15(2) +38 a b cos 120 +24 3

-1= 60+38(2)(3)( )+72
2

= 162

 

2. The points A(-1,1), B(2,0), and C(1,-3) are vertices of a triangle. 
(a) Show that this triangle is a right triangle. 
(b) Calculate the area of triangle ABC. 
(c) Calculate the perimeter of triangle ABC. 
(d) Calculate the coordinates of the fourth vertex D that completes the rectangle of 

which A, B, and C are the other three vertices 
a)  
   
 
 
 
 
 
 
 
b) 
  
 
 
 
 
c)  
 
 
 
   
 
 
d)  
 
 
   
 
 

� �

ΔABCP = BA + BC + CA

= 10 + 10 + 20

= 2 5 2 +1 unit

> @ > @ > @
> @ > @ > @

> @ > @

A �BA BC BA •BC=0

BA = OA - OB = -1,1 - 2,0 = -3,1

BC = OC - OB = 1,-3 - 2,0 = -1,-3

BA •BC= -3,1 • -1,-3
= 3- 3
= 0

� �� �
ΔABC

2

1A = BA BC
2

1= 9+1 1+9
2

= 5 units

> @ > @
> @

� �

 

?

BA CD

BA = OD - OC

BA +OC = OD

-3,1 + 1,-3 = OD

-2,-2 = OD

D -2,-2



3. If a+b = a-b , prove that the non-zero vectors a, b are perpendicular. What could 

this look like? 
 

     

� � � �

� � � �

o A

2
2

2

2 2

2

2 2

2 2 2 2

a + b = a - b

a+b = a+b • a+b

=a•a+2a • b+b• b

= a +2a • b+ b

a - b = a - b • a - b

=a •a -2a • b+b• b

= a -2a • b+ b

a + b +2a• b= a + b -2a • b

4a • b=0 a b

  

 
4. Given the vectors 𝑢⃗ = [1,0,1], 𝑣 = 2𝑖̂ + 𝒎𝑗̂ + 2𝑘̂ find the value(s) of m if the angle 

between 𝑢⃗  and 𝑣   is 45o . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5. Find the angle between the given vector and the axis.  

a) 
§ ·
¨ ¸
© ¹

7
-3

 and negative x-axis        b) 
§ ·
¨ ¸
¨ ¸
¨ ¸
© ¹

4
5
7

 and positive x-axis     

 

 
 

� �� �2 2 2 2 2 2

2

2

2

u• vcos(45 ) =
u v

2 4=
2 1 +0 +1 2 +m +2

8+m = 4

8+m = 16

m = 8

m =±2 2

2 2

o

[7,-3]•[-1,0]cos(θ) =
7 +(-3)

-7=
58

θ = 156.80

2 2 2

o

[4,5,7]•[1,0,0]cos(θ) =
4 +5 +7

4=
90

θ = 87.45



6. ABCDEFGH is a regular octagon with sides of unit length.  (Recall interior angles are 
135°). Let  AB=a  and AH =b  . Prove that BC =b+ 2 a . 

 

        � ��

1AT = TH =
2

1 1HC = +1+ = 1+ 2
2 2

HC AB HC = 1+ 2 a

BC = BA + AH+HC = -a+ b +(1+ 2)a = b + 2 a 

FG = -BC = -b - 2 a

  

 

 

 

 

 

 

 

x

x

1



3-6 Warm Up 

1. Find the dot (scalar) product of  𝑢⃗⃗ and 𝑣⃗ for the following: 
a) | 𝑢⃗⃗| = 5, |𝑣⃗| = 8, 𝜃 = 13°     b) 𝑢⃗⃗ = (5, 6),  𝑣⃗⃗⃗ ⃗ = (−2, 3) 

 

2. Find the angle between the vectors: 
 
a) 𝑢⃗⃗ = (−6, 1) and  𝑣⃗⃗⃗ ⃗ = (−5, 3) 
 
b) 3𝑖̂ + 4𝑗̂ + 5𝑘̂ and 4𝑖̂ − 5𝑗̂ − 3𝑘̂ 
 
 

3. Find the value of c so that the vectors  𝑖̂ + 𝑗̂ + 𝑘̂ and 𝑐2𝑖̂ − 2𝑐𝑗̂ + 𝑘̂ are perpendicular.   
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Solutions

① a) t.ve/uIlvIcosO b) vi. f -- (5.6) • (-2,3)
= 5- (8)cos 130 = - 10+18

÷ 39.0 = 8

② a) wsO=i 3C4)t4t5)tC5K#
tallit

b) 650=5*+5
.ir#Fzy=C-6.D.(-5.3)-

=
-232

FEKETE torso

=
5t4KI

=-2353753450
0=65'(3¥g) 0=01170 or 2.05rad

OI 21.50 or 0.375rad

③ ( itjtk) . (c' i - 2cJtk) -- O
E - 2+1=0
(c-1)2=0

.

'

. C = I



 

Equations of Lines in R2 

In R2 vectors can be used to define a line .Two new forms of the equation of the line are the 
Vector Equation of a Line and Parametric Form of the Equation of a Line. We start 
by defining the former. 

Vectors can be used to locate points on a 
line as shown in the diagram at right.  If A is 
a given point on the line and m  is a vector 
parallel to the line, OP=OA+tm  can be 
used to locate any point P(x, y) on the line. 

This equation is called the Vector 
Equation of the line. 

                         OP=OA+tm  

  OA     is called   a  Position Vector 

   m      is called  a   Direction Vector 

    t       is  called  a   Parameter (any real number)  

Vector Equation of Lines in R2  

Another way to write this equation using variables is 0r = r + tm  . By substituting � �r = x,y , 

� �0 0 0r = x ,y  and � �1 2= m ,mm  into this equation we get another form of the vector equation.  

 

 

 

 

 

 

Example 1:  

a)   Write a vector equation of a line passing through the points A(1, 4) and B(3, 1). 

 

 

b) Determine two more points on the line.  

 

The Vector Equation of a Line in R2 

                       mtrr GGG
� 0                OR  � � � � � � �0 0 1 2, , ,x y x y t m m  

where 
x �t Î R is a parameter 
x   ( , )r x y     is a position vector to any unknown point on the line 
x   0 0 0( , )r x y  is a position vector to any known point on the line 
x  1 2( , )m m m  is a direction vector parallel to the line 
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or F=(xottm.it/yottmz)J,t-ciR
Looted or (g) =(y%)+t(%) ,taR

→ any scalar multiple

ñi=AB
=[3,1] - [1,4]

Ñ=[1,4]tt[2 , -3] >TEIR

=[2,-3] Or 5=13,11+1-[2-3]
,
TER

choose any value oft
:

1ft --2
, r→=[1,43+212, -3] 1ft-1,5=[1,411-1-1712,3]
=[5

,
-2] =L-1,7]

i.The two points are 15,-2) and C- 1,7) .



 

c)  Determine if the point (2, 3) is on this line.  

 

 

 

 

 

NOTE: Vector equations are NOT unique! 

The vector equation can be separated into two parts, one for each variable. These are called 
parametric equations of a line.  

 

 

 

 

 

Example 2: Rewrite your vector equation from Example 1(a) in parametric form.  

 

 

 

NOTE: Again, like vector equations, parametric equations are not unique as we can use the 
coordinates of any point on the line and any scalar multiple of the direction vector.  

Example 3: A line L1 is defined by x = 3 + t and y = -5 + 2t.   

a) Find the coordinates of two points on this line. 
 

 

 

b) Find the y-intercept of the line.  
 

 

 

 

 

The Parametric form of the Equation of a Line in R2 

For a line with equation  �0 0 1 2( , ) ( , ) ( , )x y x y t m m , the parametric equations are 

10 tmxx �  

20 tmyy �  where �t Î R (the parameter) 
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← f-value will be thesame for ✗ and y

If 12,3) lies on the line : [2,31--4,4]+1-12 ,-3]

.
: 2=1+24 and 3=4-3T

I = 2T - I = -3T
since the t-values are not the same⇐ t 3-=t
i. The point [2,3) does not lie on the line .

From 1 a) [× ,y]=[1,4]tt[2 , -3] ,tER
Parametric form : ✗=/+2T

y
= 4- 3T

,
TEIR

Choose any value of t :
i.Two points are

If 1--0
,
✗ =3 If 1- =L

,
✗=3+(1) Y= -5+211)
= 4 ( 3,-5) and (4,-3)

y= -5 =-3

Sub ✗=D to find parameter, t :

0=3+t sub 1-=-3 into y
: y= -5+21-3)

-3 = t = -11

i. y
-int is -11

.



 

c) Write the vector equation for L1.  
 

 

 

 

 

d) Determine if L1 is parallel to L2: x = 1 + 2t, y = -9 + 4t.  
 

 

 

 

 

 

Symmetric Equation of a line.  

 

 

 

 

What happens if m1 or m2 is zero?  

Let suppose m2=0. In this case t will not exist in the parametric equation for y and so we will 
only solve the parametric equations for x for t.  We then set those equal and acknowledge the 
parametric equation for y as follows,                                                          

 

Example 4: Write all three forms of the equation of the line that passes through the points  

A (2,-1) and B(4,-1). 

 

 

 

 

 

 

The Symmetric form of the Equation of a Line in R2 

For a line with equation  �0 0 1 2( , ) ( , ) ( , )x y x y t m m , the symmetric equation is 

  z0 0
1 2

1 2

x - x y - y
= ,m ,m

m m
0

�
 0

0
1

,x x y y
m
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✗=3+t

y= -5+24

Ex,y]=[3 ,-5]tt[1,2]

orfx ,y]=[o , -11]+t[1,2]

4 : 'Ñ ,=[1,2] since m→2=2Ñ ,

↳ : →Mz=[2,4] .:L,
and ↳ are parallel .

Extension : are ↳ and Lacoincident? it is unique : point
checkif point (3-5) lies on La : 3=1 +2T -5=-9+44 (3,-5) lies on La .

2=24 4=44
.
:L, and ↳ are

1=t l=t coincident.

Note:m
,
and ma are called

direction numbers

m→=a-j vectorequation : parametric equations :

=[2,0] 7=[41-1]+1-12,0] ,tE1R X=4t2t

y= -1
HEIR

symmetric equations :

X-÷,y= -1



 

Example 5: Consider the line with Cartesian equation 4x + 5y + 20 = 0.  

a)  Determine its slope. How does the slope compare to the Cartesian equation? 

 

 

b) Determine a vector equation of this line. How does the direction vector relate to the 
 slope?  

 

 

 

c)  Determine a position vector that is perpendicular to the line (e.g. a normal vector). How 
does the normal vector compare to the Cartesian equation? 

 

 

 

 

 

 

 

NOTE: For a line with equation Ax+By+C =0 ,  

x the slope of the line is ______ and a direction vector mG  =_________. 
x the normal vector is   n  ________. 

 

You Try!  

Determine equivalent vector, parametric, symmetric and Cartesian equations of the line
3

y = x +2
4

. 
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Ax+BytC=O
ti t

4×+54,1-20=0 m=_¥←☐Y ↳ m=F,5y= -4×-20
Y= -4-5×-4

← DX

1) Determine 2 points togetñi : 2)vector equation :
✗ int :Af5,0) 7=[-5,01+1-1554]

.tt/Ry-int:B(o,-4)Note:Tm--IB,-AT-sslope=Ymr-n--
[5,-4] → [DX > by]

Let the normal vector beÑ=[n , ,na] ;Ñ=[5,-4]
direction vector and normal vector are perpendicular i. dot product is zero.

Ñ•Ñ=O
. ;Ñ=[4,5] (or ñ=[8,10] ,etc. but in

a Cartesian equation> we[5
,

-4) • [n , ,nz]=O ) reduce to lowest terms)

5N
, -4nA-0

In Cartesian equation :
* choose a value torn , and solueforn, Ñ=¥

m=¥ [B,- A]
[A ,B]

Vector equation :

symmetric equations :
4y= 3×+8 M=Z4 : .m→=[4,3]

±=Yj2_3×-44+8=0 point (0,2) 4

i. Cartesian equation : .Ñ=[0,2]+t[4,3] ,teR
is 3×-44+8=0

Parametric Equations :
✗=O+4t

y=2t3t



 

Equations of Lines in R3 

As in R2, a direction vector and a position vector to a known point on a line are all that are 
needed to define a line in R3. 

 

 

 

 

 

 

 

 

 

 

 

 

Overall, the various new forms of lines in R2 can be extended to lines in R3.  

Comparison of equations of a line in R2 and R3 

 Equation of a line  in R2 Equation of a line in R3 

Scalar 0Ax By C� �    

 

Vector 0 0 1 2x, y)=(x , y + t(m , m( ) )   

Parametric 
�

0 1

0 2

x = x + tm
y = y + tm , t
 

 
 

Symmetric 

z

0 0

1 2

1 2where

x - x y - y
=

m m
m ,m 0

 

 

 

 

The Vector Equation of a Line in R3 

mtrr GGG
� 0   OR   �0 0 0 1 2 3( , , ) ( , , ) ( , , )x y z x y z t m m m   

where 
x �t R is a parameter 
x  ( , , )r x y z is a position vector to any unknown point on the line 
x  0 0 0 0( , , )r x y z is a position vector to any known point on the line 
x  1 2 3( , , )m m m m  a direction vector parallel to the line 

The Parametric form of the Equation of a Line in R3 

For a line with equation  �0 0 0 1 2 3( , , ) ( , , ) ( , , )x y z x y z t m m m , the parametric equations are 
________________ 

________________ 

________________ where �t R 
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← or any scalar multiple

X--Xottm
,

y = yott ma
z = Zottmz

(X,y , Z) - (Xo ,Yo ,Zo) tt (mi ,Ma ,Mz)

x = Xottm ,

y = yottma
2- = Zottmz

,
tEIR

X- Xo
=
Y- Yo

=

Z- Zo
M
, Ma M

3

where M
, >M2>Mz ¥0



 

Example 6: A line passes through points A(2, -2, 5) and B(0, 6, -5).  

a)  Write a vector equation for the line. 

b)  Write parametric equations for the line. 

c) Write symmetric equations for the line. 

d)  Determine if the point C(0, -10, 9) lies on the line.  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Thinking Question: Why can’t a normal vector and a point define a line in R3? 

 

 

34

a) m→=AB

=[0,6 ,-5] - [2 ,-2,57 5=[4-2,5]+41-2,8 ,
-10]

,
TER

-

- £2,8 ,-10] or 8=10,6 ,-5) ttfl ,4 ,-5] , THR

b) x=2 -at

y=-2t8t
2- = 5- lot

,
TER

c) =Y¥=Z

d) sub Clo ,-10,9) into parametric equations and check t
-values :

0=2- at -10=-2+87 9=5- lot
it - values are not the same,-2=-24 -8=8t 4= - lot

⇐ t - I -- t -

age the point does not lie on
the line

.

In R3
,
there are an infinite member of normals to a line that can pass

through a point . Therefore, a normal vector and a point cannot define

a unique line .



 

Practice 

1. Determine if the following points are on the line ℓ:[−4,3]+t[3,2]. 
a) (−1,5)                            b) (−16,−5) 

2. For the line defined by
­
®

 �
 ¯

�
�
3

:
2 2

x t
y t

 , state the coordinates of 

a) the y-intercept 
b) the x-intercept 
c) the point where x=12 
d) the point where y=38 

 
3. Rewrite each of the equations below into the specified form. 
a) ℓ:[7,2]+t[3,−2]  into parametric form 

b) ­
®

 
 ¯

�
�

32 3
:

26 4
x t
y t

 into vector form 

4. Find the equation of the line and write in the specified form: 
a) the line parallel to  [2,3]m  that hits the point (1,4), in parametric form. 
b) the line that passes through the points (2,4) and (5,13), in vector form. 
c) the vertical line through (4,−2), in parametric form. 
d) the line with the same x-intercept as ℓ1:[3,6]+t[1,−2], and the same y-intercept as 

ℓ2:[8,4]+s[−1,3], in vector form. 
 

5. Given the line ℓ:[7,3,1]+t[−1,3,1], determine if the following lines are parallel, 
perpendicular, or coincident to it. 

a) ℓ2:[2,−3,4]+t[5,1,2] 
b) ℓ3: x=1+t   ,  y=21−3t   ,  z=7−t 
c) ℓ4:[5,3,2]+t[−2,6,2] 
d) ℓ5:[3,7,−2]+t[4,6,1] 

 
6. If the points (4,2,7),(6,19,−4), and (80,b,c) lie on the same straight line, find the values of 

b and c. 
 

7. Determine the angle between each pair of lines: 
a) ℓ1:[4,5,−2]+t[3,−1,−1]     ℓ2:[4,5,−2)+s[−2,−3,2] 

b) � � � �
  �  �  1 2

5 2 5 2: 2 : 2
3 5 8 3
x y x zz y   

8. Find, in parametric form, the equation of a line perpendicular to both 
ℓ1:[3,7,−2]+t[3,−1,−1] and ℓ2:[8,−3,−3]+t[−2,−3,2] that passes through (5,0,0). 
 

9. Find, if possible, the value(s) of k such that the lines ℓ1:[9,3,2]+t[3,k,−15] and 
ℓ2:[−5,4,−2]+t[10,12,50] are: 

a) parallel                                    b)  perpendicular 
 

10. Point P1 lies on the line ℓ1:[4,4,−3]+t[2,1,−1],t∈ℝ, and point P2 lies on the line 
ℓ2:[−2,−7,2]+s[3,2,−3]. If the vector 1 2P P  is perpendicular to both ℓ1 and ℓ2, determine the 
coordinates of P1 and P2. 
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MCV4U1 Equations of Lines in R2 and R3 

Practice-Solution 

1. Determine if the following points are on the line ℓ:[−4,3]+t[3,2]. 
a) (−1,5)  on ℓ 
b) (−16,−5)  on ℓ 

2. For the line defined by
­
®

 �
 ¯

�
�
3

:
2 2

x t
y t

 , state the coordinates of 

a) the y-intercept   (0,−4) 
b) the x-intercept   (−2,0) 
c) the point where x=12    (12,−28) 
d) the point where y=38   (−21,38) 

  
 

3. Rewrite each of the equations below into the specified form. 

a) ℓ:[7,2]+t[3,−2]  into parametric form   
­
®
¯

x =7 +3t
l :

y =2- 2t
 

b) ­
®

 
 ¯

�
�

32 3
:

26 4
x t
y t

 into vector form    ℓ:[x,y,z]=[32,26]+t[-3,4]     

 
4. Find the equation of the line and write in the specified form: 
a) the line parallel to  [2,3]m  that hits the point (1,4), in parametric form. 

                    
�

x = 1+2t
y = 4+3t ,t R

 

b) the line that passes through the points (2,4) and (5,13), in vector form. 

          
> @ > @ > @ > @

�

m = AB = 5,13 - 2,4 = 3,9 = 3 1,3

r =[2,4]+ t[1,3] , t R
 

c) the vertical line through (4,−2), in parametric form. 

In two dimensional space a vertical line is parallel to y-axis , 
Therefore the direction vector of such a line is collinear with 
ĵ=[0,1] . 

�
x = 4
y = -2+ t , t R  

d) the line with the same x-intercept as ℓ1:[3,6]+t[1,−2], and the same  
y-intercept as ℓ2:[8,4]+s[−1,3], in vector form. 
 
 
 



MCV4U1 Equations of Lines in R2 and R3 

To find the x-intercept  of  ℓ1:[3,6]+t[1,−2], we need to set 
y=0 ;i.e. 
6-2t=0 
 t=3 
 

           sub. t=3 into x-component: we get x=3+t 

                                                                       x=3+3 
                                                                       x=6 
 
? x-int:A (6,0) 
 
To find the y-intercept  of  ℓ2:[8,4]+s[−1,3] we need to set 
x=0 ;i.e. 
8-s=0 
 s=8 

         sub. s=8 into y-component: we get y=4+3s 

                                                                       y=4+3(8) 
                                                                       y=28 
 
? y-int:B (0,28) 
 

> @ > @ > @ > @
? �

m = AB = 0,28 - 6,0 = -6,28 = -2 3,-14

r =[6,0]+ t[3,-14] , t R
 

 

    

5. Given the line ℓ:[7,3,1]+t[−1,3,1], determine if the following lines are 
parallel, perpendicular, or coincident to it. 
 

a) ℓ2:[2,−3,4]+t[5,1,2] Perpendicular 
 

b) ℓ3: x=1+t   ,  y=21−3t   ,  z=7−t   Coincident 
 

c) ℓ4:[5,3,2]+t[−2,6,2] Parallel 
 

d) ℓ5:[3,7,−2]+t[4,6,1] None of these 
 

 

 

 



MCV4U1 Equations of Lines in R2 and R3 

6. If the points A (4,2,7),B (6,19,−4), and C(80,b,c) lie on the same straight 
line, find the values of b and c.   
 
Three points A,B and C lie on the same straight line, iff they are 
collinear. 
This means :  kAC AB  
 

> @ > @ > @
> @ > @ > @

� �

k 

AB = 6,19,-4 - 4,2,7 = 2,17,-11

AC = 6,19,-4 - 80, b,c = -74,19- b,-4 - c

AC AB iff - 74 = 2k (1)
19- b = 17k (2)
- 4 - c = -11k (3)

from (1) we get : k = -37
sub. k = -37 into (2) & (3) we get :
19- b = 17(-37) & - 4 - c = -11 -37

b = 648 c = -411

 

 
 

7. Determine the angle between each pair of lines: 
a) ℓ1:[4,5,−2]+t[3,−1,−1]     ℓ2:[4,5,−2)+s[−2,−3,2]      

            

� �

> @ > @
� �� �

� �� �

� �

1 2

1 2

2 2 2 2 2 2

-1

m •mcos θ =
m m

3,-1,-1 • -2,-3,2
=

3 +1 +1 2 +3 +2

-5=
11 17

= -0.3656

θ=cos -0.3656

θ 111.4 or 68.6

            

b) � � � �
  �  �  1 2

5 2 5 2: 2 : 2
3 5 8 3
x y x zz y    59.3∘       or 120.7∘ 

 The steps are the same as above 

 

 



MCV4U1 Equations of Lines in R2 and R3 

8. Find, in parametric form, the equation of a line perpendicular to both 
ℓ1:[3,7,−2]+t[3,−1,−1] and ℓ2:[8,−3,−3]+t[−2,−3,2] that passes through 
(5,0,0). 

           

> @
,1 2

Let m = x, y,z represent the direction vector of
the line perpendicular to both l and l
m •[3,-1,-1]= 0 and m •[-2,-3,2]= 0

3x - y - z = 0 (1)
-2x - 3y +2z = 0 (2)
(2)+2×(1) : 4x - 5y = 0

4Let x = t , therefore : y = t
5

4 11Sub. x = t & y = t into (1) we get : z =
5 5

> @

> @ > @

ª º
« »
¬ ¼

? �

­
°
®
°
¯

t

4 11 1m = t, t, t = t 5,4,11
5 5 5

m = 5,4,11 or -5,-4,-11
Equation of a line with direction vector of m taht
passes through point (5,0,0) is :

r =[5,0,0]+ t[5,4,11] , t R

or r =[5,0,0]+ t[-5,-4,-11]
x = 5+5t x = 5- 5t
y = 4t y =
z = 11t

or
­
°
®
°
¯

-4t
z = -11t

 

9. Find, if possible, the value(s) of k such that the lines ℓ1:[9,3,2]+t[3,k,−15] 
and ℓ2:[−5,4,−2]+t[10,12,50] are: 
 

a) parallel  No possible values for k 

   Two lines are parallel iff their direction vectors are collinear:    

[3,k,−15] = m  [10,12,50] 

3=10m         (1) 

k=12m       (2) 

-15=50m   (3) 

From (1)  we  get  3m =
10

   from     (3)   we  get  3m = -
10

 



MCV4U1 Equations of Lines in R2 and R3 

This contradiction shows there is no such a k value that exists. 

b) perpendicular k=60 

> @ > @3,k,-15 • 10,12,50 = 0
30+12k - 750 = 0
12k = 720

k = 60

 

 
10. Point P1 lies on the line ℓ1:[4,4,−3]+t[2,1,−1],t∈ℝ, and point P2 lies on the 

line ℓ2:[−2,−7,2]+s[3,2,−3]. If the vector 1 2P P  is perpendicular to both ℓ1 
and ℓ2, determine the coordinates of P1 and P2. 

             

� � � �
> @

� �
> @

��o

1 2

1 2

1 2

1 21 2

P = 4+2t,4+ t,-3- t and P = -2+3s,-7 +2s,2- 3s

P P = -6+3s - 2t,-11+2s - t,5- 3s+ t

m ×m =[2,1,-1]×[3,2,-3]
=[-1,3,1]

P P = k m ×m

-6+3s - 2t,-11+2s - t,5- 3s+ t = k[-1,3,1]

-6+3s - 2t = -k 3s - 2t + k = 6 (1)

-11+2s

� � � �
� � � �

��o

��o

1 2

1 2

- t = 3k 2s - t - 3k = 11 (2)

5- 3s+ t = k 3s - t + k = 5 (3)
(1)-(3): - t = -1

t = 1

3s+ k = 4 (4)
2s - 3k = 10 (5)
3×(4)+(5) : 11s = 22

s = 2 & k = -2
P = 4+2t,4+ t,-3- t & P = -2+3s,-7 +2s,2- 3s

P = 6,5,-4 P = 4,-3,-4

  

 
























































































