2.1 Sets & Venn Diagrams

A set is a collection of things.
For example, the items you wear is a set: these would include shoes, socks,

’p‘ e 1
shirt, pants, etc. “ A
R |
The set of PRIME NUMBERS: {2,3,5,7,11,13,... } v; i
The set of WHOLE NUMBERS: {0,1,2,3,... }

Set Theory Symbols and Definitions

Symbol Name Definition Example
{ } Set A collection of elements (objects) A= {2, 7,8,9,15,23,3 5}
U Universal set | set that contains all the elements
under discussion for a particular
situation

It set A={1,2,3} andset B = {2,3,4},
then 4N B = {2,3}

ANB Intersection | Objects that belong to set A and set B

Ifset A= {1,2,3} and set B = {4,5,6},

AUB Union Objects that belong to set A or set B
then AU B ={1,2,3,4,5,6}
Set A is a subset of set B iff every Ifset A={abclandset B=fabcde
Ac B Subset element of set A is in set B { ' } { T }
then AC B
A° or A If the universal set U = {a, b,c, d,e} and

Complement| All objects that do not belong to set A
A=1{b,e} then 4'={a,c d}

Number of elements in set A = n (A).
Null set empty set - has no objects = @ or { }.
Disjoint sets - have no common elements. (Also referred to as distinct.)

Venn Diagrams are a way of representing sets.
A Venn Diagram usually consists of a rectangle which represents the sample space, and circles

within it represent particular events.

When we have 2 (or more) events we can represent the relationships between the events with the
aid of a Venn diagram. The following Venn diagrams show the relationships possible between two

) )

A'isth . Bis a subset of A Aand B have no common elements
A'is the complement o All elements of B are in A Aand B have elements in common A Jo4 B oo disioint sets

ANB Aand B are mutually exclusive events
ANB =&



The __ union of 2 sets (A U B) contains the elements that are in A or B or both
(inclusive or).

The _ ntevsection of 2 sets (A N B) contains the elements that are in A and B.

There is also an exclusive or where A or B means in A or in B but not in both.
Example : This movrning L can go 15 school or L can stay home.
Example 1: In a class there are:

« 8 students who play football and hockey F H
« 7 students who do not play football or hockey
« 13 students who play hockey
« 19 students who play football
9 play u 2

How many students are there in the class? 3} studenfs

Example 2: Practice shading appropriately and write the proper notation for each scenario.

__AnB __ANB' =RA-RB __A'n8'_=(RAupY
U U ~ -~ A
: e

o) JI8L | HKI~Z

Shade A and B Shade in A but notin B Shade not in A and not in B (neither A nor B)

(AuB)— (And) A'ug'
° NN =
/
Shade A orB Shade in exactly one of AorB Shade not in A or notin B (not (A and B))

Example 3: Consider the following sample space: S ={1, 2,3, 4,5, 6,7, 8, 9,10} and the event

A={1,23,4,5} , B={2,3,4} ,C={6,7} ,D=1{3, 4,7, 8} . List the elements in the
following compound events:

a) AUB f) AnD'  Nole:D'=%1,2,5¢,9,08
={na3w,58 11,258
b) 4uD g) AuD Note. A'= $¢.7.2.9,108
= }1,23.4,5,%,8F =125.¢,%3%,9,10% D'= $1,2,5,6,9,10%
A B h) (4~ D)
- 31,5, %.8,9,00% =31,2,5¢#%,105 Nofe: AND =334
d) 4nB ) AnD
=3a34¢ = $¢,9,105 WNote: A'=5¢,7.3.9,008
D'= $1,2,5,6,9,10%
e) AnC J) (AvuD)’
=13 = 3¢,9,108
ndl set Nofe :

AUD = 11,2.3.4.5,%87



Example 4: De Morgan’s Laws: Given two sets, 4,B c U, (4u B)' =A'NB,(4n B)’ = A" UB'
Shade in the Venn Diagrams for:

AUB' (AN BY

ANB (AU BY

2.1 Practice

1. Write down an expression to describe the shaded area on the following Venn diagrams:

@ v - (MUggyl
(& )

© U @ U

2.  The Venn diagram shows the numbers of pupils in a school according to whether they
study the sciences Physics (P), Chemistry (C), Biology (B).

(a)  Write down the number of pupils that study Chemistry only.
(b)  Write down the number of pupils that study exactly two sciences.
(c)  Write down the number of pupils that do not study Physics.

(d Findn[(P v B) n C].




Let

M = {positive integers less than 15};
X={multiple of 2};
Y ={multiples of 3}.
(a) Show, in a Venn diagram, the relationship between the sets M, X and Y.
(b)  List the elements of:
i XnY
(i) Xn—Y.

(c) Find the number of elements in the complement of (X' U ¥)

The following results were obtained from a survey concerning the reading habits of students.

60% read magazine P
50% read magazine Q
50% read magazine R
30% read magazines P and Q
20% read magazines Q and R
30% read magazines P and R
10% read all three magazines

Represent all of this information on a Venn diagram.

Shade the given region on the corresponding Venn Diagram.

(a AnNnB (b) CUB
i U

A B A B
c) AuBUCOY (d AnC

-~
jen)

B

-




6. In each of the Venn diagrams, shade the region indicated.

(@ AnB (b) The complement of (4 N B)

¢

4 B |¢ 4 B |¢

(c) The complement of (4 U B)

4 B |

In the Venn diagram below, 4, B and C are subsets of a universal set U={1,2,3,4,6,7,8,9}.
List the elements in each of the following sets.

v
(a AuUB

b) AnBnNnC
c) A’nC)UB

A group of 30 children are surveyed to find out which of the three sports cricket (C), basketball
(B) or volleyball (V) they play. The results are as follows:

3 children do not play any of these sports
2 children play all three sports

6 play volleyball and basketball

3 play cricket and basketball

6 play cricket and volleyball

16 play basketball

12 play volleyball.

(a) Draw a Venn diagram to illustrate the relationship between the three sports played.

(b)  On your Venn diagram indicate the number of children that belong to each region.

(c)  How many children play only cricket?



9.  The universal set U is defined as the set of positive integers less than 10. The subsets 4 and B
are defined as:

(2)

(b)

A = {integers that are multiples of 3}
B = {integers that are factors of 30}

List the elements of
1 4
(i) B.

Place the elements of 4 and B in the appropriate region in the Venn diagram below.

10. 100 students were asked which television channel (MTV, CNN or BBC) they had watched the
previous evening. The results are shown in the Venn diagram below.

U

From the information in the Venn diagram, write down the number of students who watched

(a)
(b)
(c)
(d)

both MTV and BBC;
MTYV or BBC;
CNN and BBC but not MTV;

MTYV or CNN but not BBC.



2.1 Practice- Answers

1. (a AnB
(b) (AuUB)yord' NnB
(c) A'NnB
d AUB)NCor(ANnC)u(BNCO)

2. (a 9
(b) 12
(c) 8+3+9+6=26
(d 5+2+3
=10
3. (a)
" M b @O @Enhn={6,12}

@ (i) XA Y=1{2,48, 10,14}

c) XYuY= XuDN={,5717,11,13}
nXuy)=5

4. (a)

10%

(b)  50% read exactly two magazines
(c)  60% read at least two magazines

(d) 10% do not read any magazines



(a)

(c)

(@

(b)

(©)

(d)

The complement of (4 N B)
n |
The complement of (4 U B)
m |

C

AU (BNC)

&

(b)

(d)




(a AuB={1,3,4,7,8,9}
(b) AnBnNC={9}
(c) A'={1,3,4,7,8,9}
A NnC={6,7}
A NC)uB=1{3,6,7,9}
8. (a)
(b)

%

C B
3

J

() 1+9+4+2+4+2+3=25
n(C)=30-25
=5

9. @ () A4=13,69
Gi) B=1{1,2,3,5,6}

(a) n(MTVNBBC)=11
(b) n(MTV U BBC) =74

(b)

U

(¢) n(CNN A BBC A MTV') =2
(d) n(MTV UCNN N BBC') =77



2.2 Probability

Suppose a fair coin is tossed. There are 2 possible outcomes: a head or a tail. The probability of

. |
getting a head or a tail is —.
2

Sample Space: list of all possible outcomes

Outcome: possible results of an experiment (i.e. a well-defined process from which observations may
be made)
Example: outcomes of rolling a fair die would be the 6 possible faces 1, 2, 3, 4, 5, 6

Event: the outcomes that meet the particular requirement (i.e. an event is a subset of the sample
space)

Example: Toss a coin four times. A typical outcome is HTTH. The sample space is the
set of all 16 strings of four H’s and T’s. Then, “exactly 2 heads” is an event. Call this
event A.
A ={HHTT, HTHT, HTTH, THHT, THTH, TTHH}
A
The probability of A is defined by| P (A) L ) EU; where n(U ) is the number of all possible outcomes,
n

and n( A) is the number of outcomes that belong to the event A.

Using the above example of tossing a coin 4 times: P(A)= _5
n(U) 16

Example 1:

Experiment: drawing a card at random from a deck of cards Note s Deck of 53 cards =

Event: an ace is drawn 4 diff. suits: Q) ’Q,Q ,CSD

Find the probability that an ace is drawn from a deck of cards.

A={A/[x A/A]} *Each suit has 3 cards
e ot (e o ing)
n(u)
_
51 L]
=L . e probabilitythot an ace is drown isTx -

Example 2: Find the probability of rolling either a two or a four with a die.

UL=$1,2,3%,5,6%

VL the probabi lity of rolling either o +wo or o four
With o die I'S-é—-



Example 3: Find the probability that a number picked at random between 1 and 10 inclusive is:
a) even

= n(A
w=$1,2.2....,%,9.10% PLM_R(@

A=§a,4,fo‘8,103 I

== .probability that on evenss is picked is--

I

b) a perfect square
B=¢1,%93  P(B)- nB.
nev .
=3 .. The EOLGL;"{—% B o fer-Fed? Stvaave Is

10 Plc ed s 2 .
10

Probability Rules:
Rule 1. The probability P(A) of any event A satisfies o< P( A) < 1. An event with probability o0 never
occurs, and an event with probability 1 occurs on every trial.

Rule 2. If U is the sample space in a probability model, then P(U) = 1.

Rule 3. The complement of any event A is the event that A does not occur, written as A' (or not A).
The complement rule states that P(A') =1- P(A)
U

Ol

Rule 4. Two events A and B are disjoint if they have no outcomes in common and so can never
occur simultaneously. If A and B are disjoint, then P( A U B)= P(A) + P(B)
This is the addition rule for disjoint events.

U

Example 4: What is the probability of not selecting a prime number in a random selection from 1 to
20?
U=$1,2,3,.....1¢,14, 203 ,

LPAA) = |-PAY

A=£a.3,5,%, 11,13,1%,19% =1-4
-3
. ) 5
.. P(A= ?\((Am .« the probobility of net selecting a
3 :

1}

prime number is3.,
5

o
o o

11



2.2 Practice
1. Assuming that births are equally likely on any day of the week, find the probability that

the next person you meet was born on a weekday. [ﬂ

U= §SMT, W, Ta, . Sad
A= MT, W, Th,F2

P(A= n(A)
n (W
=5
. Ex
. . The probobility That the next person met

waos bern on o wee,kdag (s __g__

2. Two fair dice are thrown. Find the probability that the sum of the scores on the two

dice is seven. {l}
6

,2 3| 4|5 |67 P y= N (A) . N
= 3|l als |6 | 7|8 (A n (W) . .'H\& Probabuh‘ly +hat the sum
g a|s5|6|7 |89 = '3—&2" of 'H\Ls(;ore,sl on the A dice

5 6 | 7 8 |9 |10

g67891011
m789101112

3. What is the probability of a randomly drawn integer from 1 to 40 is not a

perfect square? {ﬂ}
20

Il

o

Is sevenis _L..
BE A

L.et A Le mt ever\t l-kqt l'he m"‘ejcv S a Fev]Cect' SGVAAve .
A= 11k,9,1¢,25,3¢8

P(A) = 1=P(A)
= - _I'\_(Z\H)_) = 3% +
" o . il a e er 13 hot vfect
=1—-6 - 1E —-EeFvoLa'o:l;-th{'l'k thj Ish a_,rej(_‘
o 20 a'/wnve s =z



4. What is the probability of tossing exactly 2 heads when one coin is tossed

three times? [%—l

£q<y P(a heads) = P(HHT) +PHTH) +P(THH)

*<“a<T Z; - k) (e (3 )
(]

1 H<H
T T< Y = L+L+L " Th bkl Lossu
L h T % 2 .. The probability of tossing exactly 2 heads
< AN f ooy ractly

5. What is the probability of randomly drawing either a heart or a face card from a

standard deck of cards? {1—2}
2

Let H be the onvent IKat Hre cavd s a heart.
let F be the event Hiat the cavd s a -che Covd .

P (HuP) = P(H)+ P(F) - P(HaF)

2 . .
- 22 =10 . -T[«e onLAL}II’E O_f, quaum'ﬂ elltev a L\e-w'l'- oY O .?a.ce CQYA
52 / BT s _I_JIE .

6. A certain provincial park has 220 campsites. A total of 80 sites have electricity.
Of the 52 sites on the lakeshore, 22 of them have electricity. If a site is selected
at random, what is the probability that:

(a)it will on the lakeshore? {1—3}
55

(b) it will have electricity? L“_J

(c)it will either have electricity or be on the lakeshore? {é}

(d) it will be on the lakeshore and not have electricity? [i}

22
L) = 52 -
%) P(1) 220 b) P(E\—%
=13 .. The probabililg that it will on =4 . The onL.Li'lT-'i ﬂ'\nt the s will
>> the Il:kgshom_j Is _I%_ ) 1 have elec{nclﬁg (s _E‘l-l_
o) P(eUL)=P(E) +P(1)-P(ENL) d) P(LAE) = 52-:3
220
=80 +52 — 2o
220 220 22D = —2—_2—0
= lio .
220 = -2__
= L

1 . The yoLaL‘Iif' rat 'l'l' will
-'.-u\e ?vaLaLl“rj "ka" '('t N'l” elﬂ:eY L\ave elednc“ﬂ Le onP&\_e. lo:kesﬂl\uve a\r\J ho‘l:

o Le on he Sk‘velw‘e “s JJ-_ t\Me e.lec‘l’vu.'(kj ‘S %



Warm Up
1. Write down an expression to describe the shaded area on the following Venn diagrams:

a) b) c)

c /

>
oe)

A'NR = B-A (Aue)Nc (huB)'
Shade the given region on the corresponding Venn Diagram
a) AUBUO) b) AnC’
A B
C

The Vann diagram shows the numbers of pupils in a school according to whether they study the
sciences Physics (P), Chemistry (C), Biology (B).
(a) Write down the number of pupils that study chemistry only. 9 F“Fils

(b) Write down the number of pupils that study exactly two sciences. 5+4+3 = 12 rur'lls

(c) Write down the number of pupils that do not study Physics .
8+3+9+6 =26 pupils

(d) Find n[(PuB)mC] ,
S+a+3 =10

(e) Find P(BNC). P(8ad-= :ﬁ?

(f) Find P(PUC). "

PlPuQ)=Ftht5+a+3+9
i

8




2.3 Combined Events:
Consider two events A and B. Two possible outcomes are:
e A N B which means that A and B both occur ( n means the “intersection” of two sets)

U

e A UB which means that A occurs or B occurs (U means the “union” of two sets); includes the

case when A and B both occur.

Principle of Inclusion and Exclusion (2 sets):
For sets Aand B, n(AuB) =n(A) + n(B) - n(AnB)

So,P(AuB)=P(A)+ P(B)-P(AnB)

Other Laws that will help you
P(ANB°)=P(A)-P(ANB)
P(AUB®)=P( A)+P(B°)-P(ANB°)

Example 1: At a certain high school, there are twelve players on the school basketball team, and eight
players on its volleyball team. How many players could show up at a party if exactly five students play

on both teams? A(BUV)=n(B)*n(V)-n(BNV)

_ = [+ -55 common elements must be
u =5 svbtracted sothat +hey are
not counted +wice

. . I5players could show up ata party.

Example 2: In a group of 30 students, 20 use facebook, 12 use twitter, and 5 use neither.
a. Determine the probability of selecting a student at random who uses both facebook and twitter.
b. Determine the probability of selecting a student who uses twitter but does not use facebook.

o | D PEON=PE+PO-PFEAD Ly, prolabibly of selechs
GQ» == 2 %— P(FGT) a S‘l‘,u Jen’l‘, wl\o uses tooitfer
5

30 30 s ,,_|_,
Pl(eaT) = F MJ ho{' ‘&'”Ok s o
P(FOT) = 32-25 _~ (Fam=Z ke =

B0 3o

_lﬁﬂ PYOL«E)I ,3' O_F Selec"'m R S‘l:ucler\‘t
who uses bo .Fp.celoook ‘13 tuither 15 _3i°



Example 3: A card is selected at random from an ordinary pack of 52 cards. Find the probability that
the card is :

a) a queen b) a diamond c¢) the queen of diamonds d) either a queen or a diamond.
Let Q denote the event that dhe card s a queen. HPAUDY=PR) + P(D) -P(QaND)
Let D bethe event +hat the card is o diamond. ~ L+ L
| T 134 B
2) P(Q) = Ny p(py= DD &y p@ND) =55
) n (W n (W >4 =
= _"L = _1;5_ . 0 A
52 52 . JThe Pr‘obab\\'t‘ﬂ that the card is the (paesh  the prbbabi lHy of d\OOSir\g N
= l—lg = _L‘? of diamonds is 5'—&- qiueen ora. diomond is .

Example 4: Find the probability of turning up an even number or a number greater than 3 when
rolling a die. o

Let A be the event of turning up aneven number

Leb B be the event of furning up o number grester than3

A=£3,14,63 P(AUBR)= P (A)+P(B)- PLANB)
B:g'—l~5 G)g —i+3 _Q —-il-_ ¢ +h !Dcbu' ‘P .
) D) = = -2 = . .the probobility of rolling an
6 (o\/' _ é’l even number Or a number
3 greod-ar-l-han 3 fs %.

Example 5: As a result of a recent survey conducted by the Substance Abuse League, it was estimated
that 85% of a targeted population enjoys an alcoholic beverage at least once a week, 35% of the
population smokes at least one cigarette a day, and 25% of the population indulges in both habits.
What is the probability that an individual chosen at random from the targeted population either

smokes or drinks alcohol?
Let Abe the event that on individual drinks and B, +he event thot an individual smokes,
P(A)=0.85; P(B)=0.35; P(ANB)=0.25 A
Hence, PLAUB) = P(A)+ P(BY=P (ANE) @l@
=0.35 +0.35 - 0.5
— O' qS
.. the probability that an individual chosen at random either smokes or drinks is 0. 95.

\/

0.05%

I
0.25

Example 6: If P(A) =0.3, P(AuU B) =0.4 and P(An B) = 0.2, determine P(B).

P(RuB)= PR)+P@®—P(RNB)
ok= 0.3+ P(B)-02
P®)= o4-0.1

PEB)=- 03



Mutually Exclusive Events: Two events A and B are said to be mutually exclusive if they have no
outcomes in common (see Rule 4 for disjoint sets)|P( AUB)=P(A)+P(B) and P(AnB) = 0|

Example 1: Given: Experiment: rolling a die
Events: A is that a three turns up; B is that a five turns up
Find the probability that a three or a five turns up when a die is rolled.

Since Aand B are mquallﬂ exclusive

P(AUR) =P(A3+P(B\ 2

= +—- - t o.. bebabl'll"l'_lj O'F ronif\g Q3
/ orad with a die is—Jg-

Exhaustive Events: Two events are said to be exhaustive if together they include possible outcomes
in the sample space. AUB= U U
When A and B are exhaustive, P(A UB) = 1 A B

Example 2: Given P(X)= i,P(Y) =§ and P(XNY)= % ,show
)

that the events X and Y are exhaustive.

P(XxuY)= POXV+POY)-P(XnY)
- o

-

lo

4 .1
573
= £+5-3
lo

= | . .

Xand Y are exhaustive.

Example 3: If P(A) =0.55, P(Au B) =0.7 and P(AN B) = 0.2, determine P(B").
P(AUR) =P(AY+P(B) - P(ANR)
0.F=0.55 + P(B) -0.2

P(R)=0.F +0.2-0.55 . P(®)=|-PB

=0.3% =|-0.25
=0.65
Example 4:If P(G') = 5%, P(H) —g P(G U H) =8x and P(Gn H) = 3x, find the value of x.
P(GY=1-P(6) P(GUH) = P(6)+P(H) -P(6 nH)

= |- 5« g‘XZ(l—S;x)-\-_;_‘%,x
[x + 5 + 3 =+ 3
l(o/)(:: o

_ 1
= lO



2.3 Practice

1. A bag contains 7 red discs and 4 blue discs. Ju Shen chooses a disc at random from the bag and
removes it. Ramoén then chooses a disc from those left in the bag.
a) Write down the probability that
(i)  Ju Shen chooses a red disc from the bag; [7/11]
(ii)) Ramoén chooses a blue disc from the bag, given that Ju Shen has chosen a red disc; [2/5]
(iii)  Ju Shen chooses a red disc and Ramon chooses a blue disc from the bag. [14/55]
b) Find the probability that Ju Shen and Ramén choose different colored discs
from the bag. [28/55]

2. A card is selected at random from a normal playing pack of 52 cards. Find the probability that it is
a jack or a spade. [9/13]

3. Asurvey was carried out in a group of 200 people. They were asked whether they smoke or not.
The collected information was organized in the following table.

Smoker Non-smoker
Male 60 40
Female 30 70

One person from this group is chosen at random.
a) Write down the probability that this person is a smoker. [0.45]
b) Find the probability that this person is a smoker or is male. [13/20]

4. 100 students are asked what they had for breakfast on a particular morning. There were three
choices: cereal (X) , bread (Y) and fruit (Z). It is found that 10 students had all three 17 students
had bread and fruit only 15 students had cereal and fruit only 12 students had cereal and bread
only 13 students had only bread 8 students had only cereal 9 students had only fruit .

/§?<\
\/X\/
\/

a) Represent this information on a Venn diagram

b) Find the number of students who had none of the three
choices for breakfast. [51%]

¢) Describe in words what the students in the set had for
breakfast

d) Find the probability that a student had at least two of the
three choices for breakfast. [0.54]

e) Two students are chosen at random. Find the probability
that both students had all three choices for breakfast.

[1/110]

a) [ s 2\ 1 ’: C) (had cereal) and (did not have bread)




Warm-up

In SL Math class, 15 students downhill ski, 20 students snowboard and 5 students do both. There are
37 students. If a student is selected at randomly, state the probability that the student will be:

a) a downbhill skier?
b) does not snowboard or do both?
c) a skier given that the student snowboards?

a) The FvobaLih'fg that the student will be a downhill skiev
s IS
3F
b) P(s'U (209) = P(8)+P(DNs) - P(s'n(Das)
=1F+5 -0
u + 3F  >F
= 22
3F

" The probabilly ek e student does et snowboavd
ov do bolh 15 %%

) Let A be e event ot fre student 1 a skiev.
Let B be the event HRal e shudent snowboavds.

P(k|®) = P(AnB)
P(®)
= 5_
3F
20
3F
=5
26
=4

e
.. The onl:ouhl"l‘l'a s J‘F



2.4 Conditional Probability and Independent Events

If two events A and B are mutually exclusive (both cannot be true at the same time) then
P(AUB)=P(A)+P(B)

P(ANB)=0

However, when A and B are not mutually exclusive, 4" B =, it can be shown that a more
general law applies: P(4UB)=P(A4)+P(B)-P(ANB).

Conditional Probability:
Suppose we have two events A and B, A |B is used to represent that ‘A occurs knowing that B

has occurred’.

|
% [ P(A|B), read as the probability of A given B].

It follows that P(AnB)=P(A|B)+P(B) or
P(ANnB)=P(B|A)<P(A), where events A and B are not mutually exclusive.

If Aand B are events then [P(A|B)=

Example 1: The probability of rain tomorrow is 30% and the probability of snow tomorrow is 40%.
The probability of both rain and snow is 10%.

a) Find the probability of rain or snow tomorrow.
PR) =03 , P®=o04, P(RNS)= 0.1
PRUS) = PR +P(s)—- P(RAS)
= 03+0.4-0.I
= 0.6
.. The PyoLaL}hE of ralin oy show Tomorrow Is 607-.

b) Find the probability of rain tomorrow if it snows.

PR = P&ROS)

P 3

¥|-

.. The ]”OLQL'“G D_f_ Yain Lomerrow Lp it snows IS 257..



Example 2: The probability that John will go to Western is 0.2 and the probability that he will go to
another university is 0.5. If John goes to Western, the probability that his girlfriend Jean will follow
him and go to Western is 0.75. What is the probability that John and Jean will both go to Western?

Lef A Le ﬁ(e event’ I‘hak jol«m will joes +o L/estern. P(A):O.‘?- P(A'): o5
Let B Le fhe event Hiak Jean will qoes + Western.

P(8lR)= P(B0A)
P(A)
P(EaA) = P(B|A) x P(A)
= 0.F5 xX0.2
= 0.5

" TFIC onLqL.nl;’ﬁ rkal: jolm amc’ I?om Nl” L\o"ﬁ jo fb Nes"'evn is 0.15.

Example 3: Two dice are rolled.
a) Determine the probability that doubles occur or a sum of 8 occurs.

6 | Let A be the envent Hrak o sum o_ll 8 oceuys.

1 [2]3]a]s5
1|/2]3[4]5[6 |7 | Lt B be he event that doubles occur-
2|34 |5|6|7|8 P(HUB) ='P(A)+P(‘B) P(AnB)
3[4 |51[6|7 |8 |9 c c —_
4|56 |7 [®)o [10 =3gtse =
5617 |8 |9 |10] 11 = 1o
6|~ |8 Jo [10[11]a2 2C " The Fvolao)plmi that doubles &¥ a sum 0-‘7- R
=5 OCcuvs 1S 5 .

18
b) Determine the probability that the sum of the dice is 4 or at least one of the die is showing a 5.

1 123[(4([5]6 Let A be the event that the sum oF ﬂ?eqllce 1s 4.

112131415167 Let B be lhe event fhak ot least one 5 is showing.

2{3 1415161718 P(AU®) = Pm+1>(eb —P(A0BR)

3la|5(6]718 |9 2 4+l -o

4516 |7 |8 |9 |10 3¢ 3¢ 3¢C

5(6 1|7 |8 |9 |10 11 = |

6|7 |8 |9 1o |11]12 36 TFeFroLqu”" fhat tkt sum s # and

= —f- at least one 5 13 showmgq 1s F
¢) What is the probability of rolling a sum greater than 7 with two dice given that‘a'le fir® die rolled is
ajg?
a sum ve,.r« Fan T

let S be the avenf »olhn
EEEEEEEREEEE Rl R,
o e e [ Ul PEP) = PGOR)

st die -ro"c.nl (s 3.

el e G 0 o x T probabl of oy
gl i e 1 o el 5 syt b e
S



Example 4: Five hundred people rate a new television show. One of these people is selected at

random.
A 123 C D
liked it liked it hated it indifferent Todal
enthusiastically | moderately
male (M) 43 67 91 60 26|
female (F) 57 84 28 70 239
Total oo |51 19 |30 500
a) What is the probability that the selected person is not a male?
P(If) =23
500
The on'oaJo | ’ll—j fhat the selected person (s not o male is 239 ,
500
b) Find the probability that the selected person is both a male and like the show enthusiastically.
P(MNA) = 43_
500

The probabilifyy et the selected pevson iz both o male and like He shows enthusiastically
>

s 43 .
500

¢) What is the probability that the selected person was a female who liked the show, either moderately
or enthusiastically?
P(FN(RUB) = 5F+34
500
= it
500 _
The ]:voloo.k'nlifg thal the selected pevsen Was a {:ew\a‘e who liked He show, either moJevafél:j

ov ehfﬁus{aus‘l-ta“j (s 4l
500
d) If it is known that the selected person liked the show moderately, what is the probability the
selected person was a male?

P(M|B) = P(MNB)

P(®
= _5_1- - 6;‘
500 —"5 1

.. The l:vo bakil |'5 's £F .
151
e) If the selected person is a male, what is the probability that he hated the show?

PIM)= Plcnm)
P
= A
_Boo _
261
500
= A
261

.. The Fvoloaﬁl“fﬁ Is %

2



Exit Card!
The following table gives information about Males and Females and whether they prefer Red, Blue, or

Yellow.
Red Blue | Yellow | Total
Male 20 40 50 110
Female 50 20 20 90
Total 70 60 70 200
Using the table, calculate the following probabilities.
a) P(M) b) P(B NM) ¢ ) P(B|M) d) P(RUF) e) P (YcU F)

2.4 Practice

1. Sue travels the same route to work every day. She has determined that there is a 0.7 probability
that she will wait for at least one red light and that there is a 0.4 probability that she will hear her
favorite new song on her way to work.

a) What is the probability that she will not have to wait at a red light and will hear her favorite
song? [0.12]

b) What is the probability that she will have to wait for a red light and hear her favorite
song?[0.28]

2. Events A and B have probabilities P(A) = 0.4, P (B) = 0.65, and P(AUB) = 0.85.
a) Calculate P(AB).
b) State with a reason whether events A and B are independent.
c) State with a reason whether events A and B are mutually exclusive.

3. Given that P(X)=§,P(Y|X)=E and P(Y|X')=i,find
5

a) P(Y");
b) PX'UY").

4. The events A and B are such that P(A) = 0.5, P(B) = 0.3, P(A U B) =0.6.
a) (1) Find the value of P(A ~B).
(ii)) Hence show that A and B are not independent.
b) Find the value of P(B|A).

5. The events B and C are dependent, where C is the event “a student takes Chemistry”, and B is the
event “a student takes Biology”. It is known that P(C) = 0.4, P(B|C) = 0.6, P(B|C’) =0.5.
a) Draw tree diagram.
b) Calculate the probability that a student takes Biology.
¢) Given that a student takes Biology, what is the probability that the student takes Chemistry?

22



Exit Card!
The following table gives information about Males and Females and whether they prefer Red, Blue, or

Yellow.
Red Blue | Yellow | Total
Male 20 40 50 110
Female 50 20 20 90
Total 70 60 70 200
Using the table, calculate the following probabilities.
a) P(M) b) P(B NM) ¢ ) P(B|[M) d) P(RUF) e)P(YUF) FRecall : Y ‘;_ Y'
&) P(M)= llo b P(BOM) = 4o
200 K200
= 1 =+
L0
c) P(|M) = P(BAM)
P (M) = 4o
= ko o
200
110 = -TT'
200
d) P(RUP)=P(R)+P(F) —P(RNF)
= 0 +90 —50°_
200 Q00 Q00
= _llo
200
=1l
20
&) P(¥'uP = P(Y)+P(® — P(¥'nP
= |30 +90 _F¥o
Q200 200 Q00
= |50
K00
22 golutione

= 3
>



Practice
1. Sue travels the same route to work every day. She has determined that there is a 0.7
probability that she will wait for at least one red light and that there is a 0.4
probability that she will hear her favorite new song on her way to work.

a) What is the probability that she will not have to wait at a red light and will hear her
favorite song? [0.12]

Let A represent the event of sue waiting a t a red light
Let B represent the event of Sue hearing her favorite song.

a)
P(A'nB)=P(A")xP(B)
=[1-P(A)]xP(B)
=[1-0.7]x0.4

There is a 12% probability

b) What is the probability that she will have to wait for a red light and hear her
favorite song?[0.28]

P(AnB)=P(A)xP(B)
=0.7%X0.4
=0.28

There is a 28% probability.

2. Events A and B have probabilities P(A) = 0.4, P (B) = 0.65, and P(AUB) = 0.85.
a) Calculate P(AnB).
P(AnB)=P(A)+P(B)-P(AUB)
=0.4+0.65-0.85
=0.2

b) State with a reason whether events A and B are independent.
Event A and B are not independent since

P(AnB)=P(A)gP(B)
0.2 #0.4%X0.65
0.2+ 0.26

c) State with a reason whether events A and B are mutually exclusive.
Event A and B are not mutually exclusive since

P(AnB)=o0

22 golutione



3. Given that P(X)=§,P(Y|X)=§ and P(Y|X’)=i, find
a) P(Y’) @ 1
P(Y|X)=21
® P(Y|X)=§ (Y1X)=7
P(YnX) 1
PSE;S‘LE P(X) 4
5
’ _1 '
P(YnX)=§P(X) P(YnX')=" P(X))
2 2 -1n-2
==x= 4 3
5 3 .
_4 T 12
P —
@ P(YNX')=P(Y)-P(YnX)
1 b4
12 15
1 4
P(YV)=—+24
TEE L e-A
:% o -0
20
b) P(X'UY")
P(X'UY')=P(XNY)
~1-P(XNY)
:1_i
15
_u
-

4. The events A and B are such that P(A) = 0.5, P(B) = 0.3, P(A U B) = 0.6.
a) (1) Find the value of P(A n B).

P(AnB)=P(A)+P(B)-P(AUB)
=0.5+0.3-0.6

=0.2
(i) Hence show that A and B are not independent.

P(ANB)=P(A)xP(B)
0.2*0.5%X0.3

22 golutione



b) Find the value of P(B|A).

P(ANB)
P(A)
5

P(B|A)=

=

) N CE )

5. The events B and C are dependent, where C is the event “a student takes Chemistry”,
and B is the event “a student takes Biology”. It is known that P(C) = 0.4, P(B|C) =
0.6, P(B|C’) =0.5.

a) Draw tree diagram.
b) Calculate the probability that a student takes Biology.

c¢) Given that a student takes Biology, what is the probability that the student takes
Chemistry?

a) b)

P(B)=(0.4)(0.6)+(0.6)(0.5)

0.6 B =0-54
C 9 _P(CAB)

0.4 04 B' P(CIB)—W

(0.4)(0.6)
0.54
=0.44

22 golutione



1. In a survey, 100 students were asked ,do you prefer to watch television or play sport?* Of the 46
boys in the survey, 33 said they would choose sport, while 29 girls made this choice.

Warm-Up

Bovs (B Girls Total
Television (7) IE) 25 33
Sport 33 29 €2
Total 46 5"’ 100

By completing this table or otherwise, find the probability that
a) a student selected at random prefers to watch television.

P (T)-‘- ﬁ_ =19 .
05 " 50 " The probabiliy is 11
b) a student prefers to watch television, given that the student is a boy.
P(T|8) = P(TnB)
P(®

= _I3_ =13
oo (S ) . .
L - . The FvoquﬂllE Is 13 .
L4

[o]o)

2. The events B and C are dependent, where C is the event "a student takes Chemistry", and B is the
event "a student takes Biology". It is known that

P(C)=0.4,P(B|C)=0.6,P(B|C')=0.5.

Create a tree diagram to represent the sample space.

o.4

0¢




2.5 Probability Tree Diagrams (Independent Events):
Calculating probabilities can be hard, sometimes we add them, sometimes we multiply them, and
often it is hard to figure out what to do ... tree diagrams can help

Example: Here is a tree diagram for the toss of a coin:

There are two "branches" (Heads and Tails) o \4
» The probability of each branch is written on the branch ranch”
» The outcome is written at the end of the branch - -/
O
Example: We can extend the tree diagram to two tosses of a coin: ‘\‘ ail

0.5 Head Head, Head
Head
0.5 %» Tail  Head, Tail

(0]
M Tail }r Head Tail, Head
Q& Tail | Tail Tail

How do we calculate the overall probabilities?
» We multiply probabilities along the branches
» We add probabilities down columns

0.5 Head Head, Head----- > 05x05=0.25
O 5 IIt‘ild
- 0% Tail Head, Tail -----= 0.5 x 0.5 = 0.25

’ Add
%Tail &7 Head Tail, Head ----- > 05%x05=0.25

05— Tail | Tail, Tail ----- > 05x05=0.25

1.00

Multiplication Law for Conditional Probability:

I: Suppose we have two Independent Events A and B, where the occurrence of either event does
not affect the probability of the other, then:

P(ANB)=P(A)-P(B)
P(A and B)=P(A)-P(B)

II: Suppose we have two Dependent events A and B, where the occurrence of either event does
affect the probability of the other, then:

P(ANB)=P(A). P(B|A)
P(A then B) =P(A)+P(B given that A has occurred)



Example 4: In a three-child family, assuming equal chance of giving birth to a boy or a girl, what is the

probability of
a) having two boys? “)P(J Lojs) '-"_PJ(? JB_GA +P(B&ED +P(GE’B)
b) having at least one girl? = ( T3 X-I:_\ + (JixJ:TXJ;T) + (‘ix'lix';'f)
' boy - L
s 0}' 3 +-§— 'l'_%_
boy 205 = 3
0.5 0 5~ boy 2 .
/ o> (()k/\ - The ProLaL’nllE o_‘(: ‘\qvmj 2 Lﬁ: Is .}g_
\ oy R0 b) Plat least 1 §vl) = | — P(5 BB
03\, 95 boy _z
03~

) 3
- The FnLJ»’.I.fﬁ O{, wamj a‘{'. leaff' ( 3w| Is _8%' .
Example 5: In Archery, Charlie hits the target 80% of the time and Jim hits the target 90% of the time.
If Charlie shoots and then Jim, what is the probability that the target will get hit exactly once?

P(one “I‘tB: PlcT) + Pc'T)
= (0xx0oN+ (02x09)

0.8 o
/ O'XJ' = 0.0% +0-I18

= 0.26

0.9 ] '
\ C'/J . The PquL('l'S Bt tre ‘tnvsef‘ will 3(& Ll": %QC‘HJ

0.2
& ' once Is 26/

Example 6: Cal is not having much luck lately. His car will only start 80% of the time and his
motorbike will only start 60% of the time
a) Draw a tree diagram to illustrate this situation
b) Use the tree diagram to determine the chance that
i) both will start ii) Carl can only use his car.

0.9 J

Let C Lo. ﬂ{e, event that Hee Cov starts.
Le_t R loe ,'k'e Went' l‘kql: Hi'e blke 9‘&#«13

by ) PlcnB)=o%x0¢
= O-4%

yc\ .. The FnL,Jenth Ik'q"' both wil sttt Is 04T .
2 ,/
\

) P) = 0% 0%
= 0.2

' _n\e ?YOLQL\'l.G HT-J:' C«vlom onlj Use

s car I1s 0.22.



You Try!

1) Two boxes each contain 6 petunia plants that are not yet flowering. Box A contains 2 plants that
will have purple flowers and 4 plants that will have white flowers. Box B contains 5 plants that

will have purple flowers and 1 plant that will have white flowers. A box is selected by tossing

a coin, and one plant is removed at random from it. Determine the probability that it will have

le fl .
purple flowers. [7/12] P Let S be H’\e Wew& mq" ﬂ'\'e Lox will have rwrle .F"’NW’

Box B < P(E) = P(rnP) + P (BAT)
1 ox T W =(Jix%.\+(_lix.z_

_L.i'
P =
* =2 +5
1 -
2 BDX B (=8 -ﬁ
<\ = -,':;-
" The PyoLo.LlllG ﬂ;ql" lke. box wail | howe F'M F" -FI%JC\'S
Is % .
2) A box contains 3 red, 2 blue and 1 yellow marble. Find the probability of getting two different color
a) if replacement occurs [11/18] b) if replacement does not occur.[11/15]
3 R Mcﬁocl ON 2 R
T/, s/,
B P(2 Jlﬁicnn'a = g
36— é Y = |- P(l Sama R Y
2 R 5’
o % 5| | —[P(rA)+P (28)+ P(TY)]
e \y = a .-_l-(g.‘—-\-_;tz-l-_aL‘_
T \y = - -g*i/,: Y3 éﬁ»
Melﬁo‘l@-' = "E'é T \Y
‘PCJ Jl,”cun‘t colours) P Jlﬁum‘&
= P[RS +P(RY) + P(eR+P (&) + PR +p(¥8 = | — P(asamd
;(zxa_)-c- [ )+ (Z-x-%- (_a.x.l.>+(—t-x ’)+ (-I-X = 1-[PRA+P(ee)+P(1Y)]
c S te Rt 242 = l—[_?'-x%+ (32-.;:.15_)*-(4‘-&9]

3¢ 3¢ 36 36

= l—-(+2) = a=a .

= 22 =1 30 30 T % T babililg
I . <. lhe o i

7 "® / o fé: h|

Tl‘c_ Pyol}o&;lllrﬁ is ‘1“‘{ = |“_%o = _'Lé_'_



Exit Card!
Use a tree diagram to help you solve the following problem: On any given day, the probability that
Rachel will be woken by her alarm clock is % . If she is woken by her alarm clock, the probability that

she will be late for school is = . If she is not woken by her alarm clock, the probability she will be late
4

for school is2 .Calculate the probability that Rachel will arrive on time for school.

5
L L
\';

*

8 A _3q: Ll
3 _L

D A\<
=2 '
5 L

B

Pt lte) = P(RNL) + P(A'OLY)
“FHED

= &+ 1

32 20

= 105+%

~ |60

= 13
(€D

. The Proloab.lll'r'j bof Rachel will arrive on tivie 1= 13,

160



2.5 Practice

1.

Jack and Jill play a game, by throwing a die in turn. If the die shows a 1, 2, 3 or 4, the player who
threw the die wins the game. If the die shows a 5 or 6, the other player has the next throw. Jack
plays first and the game continues until there is a winner.

a) Write down the probability that Jack wins on his first throw.

b) Calculate the probability that Jill wins on her first throw.

¢) Calculate the probability that Jack wins the game.

A bag contains 10 red balls, 10 green balls and 6 white balls. Two balls are drawn at random from
the bag without replacement. What is the probability that they are of different colours?

3. Bag A contains 2 red and 3 green balls.

a) Two balls are chosen at random from the bag without replacement. Find the probability
that 2 red balls are chosen.
Bag B contains 4 red and n green balls
b) Two balls are chosen without replacement from this bag. If the probability that two red

balls are 2 , show that n=6.
15
A standard die with six faces is rolled. If a 1 or 6 is obtained, two balls are chosen from bag A,
otherwise two balls are chosen from bag B.
c) Calculate the probability that two red balls are chosen.
d) Given that two red balls are chosen, find the probability that a 1 or a 6 was obtained on the
die.

. Box A contains 6 red balls and 2 green balls. Box B contains 4 red balls and 3 green balls. A fair

cubical die with faces numbered 1, 2, 3, 4, 5, 6 is thrown. If an even number is obtained, a ball is
selected from box A; if an odd number is obtained, a ball is selected from box B.

a) Calculate the probability that the ball selected was red.

b) Given that the ball selected was red, calculate the probability that it came from box B.



Practice

1. Jack and Jill play a game, by throwing a die in turn. If the die shows a 1, 2, 3 or 4, the
player who threw the die wins the game. If the die shows a 5 or 6, the other player
has the next throw. Jack plays first and the game continues until there is a winner.

a) Write down the probability that Jack wins on his first throw.
b) Calculate the probability that Jill wins on her first throw.
c) Calculate the probability that Jack wins the game.

2
(a) —, since 4 out of 6 opening rolls wins.
3

(b) P(Jill wins on the 1st throw) = P(Jack gets 5 or 6)*P(Jill gets 1,-4) = 1 X 2.2
3 3 9

(c) Let X be the probability that the person who rolls first wins. Then 1-X is the
probability that the person who rolls second wins. Notice that X is the sum of the
probability that Jack wins on the first roll plus the probability that he wins on a later
roll.

Since the first part of this was determined in (a), we must only determine the
probability that Jack wins on a later roll. In order for this to occur, he must roll a 5
or 6, followed by Jill taking a turn. When Jill takes her turn, her probability of
winning is now X (since in essence, she is the first player in the game), and her
probability of losing is 1-X. Thus the

probability of Jack winning is this product. This leads us to the equation:
x=24+11-x
3 3

X=1-§

3

x=3
4



2. A bag contains 10 red balls, 10 green balls and 6 white balls. Two balls are drawn at
random from the bag without replacement. What is the probability that they are of
different colours?

P(different colours) = 1 — [P(GG

(10
=1 -|—
6

3. Bag A contains 2 red and 3 green balls.

9 ]O

9

6

_x_

75 26 25 26

1) + P(RR) +

210 44
— | — = — (= 0.677, to 3 sf)

P(WW)]

650 65

a) Two balls are chosen at random from the bag without replacement. Find the

probability that 2 red balls are chosen.
P(zRed)=2x1=1
5 4

Bag B contains 4 red and n green balls

1

1
10

b) Two balls are chosen without replacement from this bag. If the probability that

.2
two red balls are chosen is — , show that n=6.

3

3+
R

341—11
G 3Fn

15

4 % 3 _2
4+n 3+n 15
12 2

n*+m+12 15
n’+7n+12=90
n*+7n-78=0

(n+13)(n-6)=

n=-13.,n=6

A standard die with six faces is rolled. If a 1 or 6 is obtained, two balls are chosen
from bag A, otherwise two balls are chosen from bag B.
¢) Calculate the probability that two red balls are chosen.




d) Given that two red balls are chosen, find the probability that a 1 or a 6 was
obtained on the die.

P(1 or 6) =P(A4)

1360)
P(AIRR) — P(AF\RR): 13010 3

P(RR) 11 11
90

4. Box A contains 6 red balls and 2 green balls. Box B contains 4 red balls and 3 green
balls. A fair cubical die with faces numbered 1, 2, 3, 4, 5, 6 is thrown. If an even
number is obtained, a ball is selected from box A; if an odd number is obtained, a
ball is selected from box B.

a) Calculate the probability that the ball selected was red.
b) Given that the ball selected was red, calculate the probability that it came from
box B.

-g Plevenired)

2
8
3 Ploddrred)

3
7
I 6 1 4
(a) P(R)= —=X—+—Xx—
28 27
_3,2. % (0.661)
8 7 56
2
P(BAR) 7 16
b) P(B|R)= = - (0432
®)  PBIR) P(R) 37 37 (0432)



2.6 Probability Distribution

Example 1: Determine the probability distribution for the sum of the roll of two dice.

1st die
112]3/4|5]6
1123|4567
213|4|5(6]7]8
ond dje |3 [4]5]6]7]8]9
41516|7(8]9]10
5(6[7]8]9]10]11
6|7(8]|9]|10[11]12

Tabulate the probability distribution:

x :
Sum X 2 3 4 5 6 7 8 9 10 11 12
2

G
®

p()(;?q Probability | 3¢ |22 | 3¢ | % | = | = | = |=%= I
Note: Sum of probabilities is __| . éPé(;x}: |

ks

36

o

36

Probability 3%

2 4yumg¢ g 1o |2

To construct a probability model, it is necessary to assign a numerical value to each outcome. This
assignment of a numerical value to a real-life occurrence is called the random variable and is
denoted by X. Example: X was the sum of the two dice. X defines fhe outcome .

A random variable, X, is a measurable quantity which can take any value. Its value is the result of a

random observation or experiment. Actual measured values are represented by x . x i= fhe aclual value
of ke outcome.
Random variables with outcomes that are assigned integral values (i.e. 0, 1, 2, ....) or certain discrete

values are called discrete random variables.

Associated with each value of the random variable will be a probability of the value occurring,
denoted by P(X=x) which is called the probability distribution.

Y P(X=x)=1, Sum of the probabilities of all of the outcomes must equal one.



Example: Determine the probability distribution for the tossing of a coin.
Solution: Let the random variable X be ‘the number of tail obtained”
#tailst> x 0 1
P(X =x) < +
Plx=a) PG=)
Note: P(X =x) is the probability that the number of tail is x .

Example 1: For each of these examples, draw a table of possible values of x together with the
associated probability P(X =x)

a) A box contains 2 red balls and 6 green balls. Two balls are chosen at random with
replacement, and X is the number of green balls obtained.

Solution:
% Tndependent events” Ball 1 Ball 2 # of green balls (x) Probability
Use o tree dl'ogramll R R o %X% = TIG_
1Bal11%3§“3 R - | 2 xe =l3_§
{R ? G G. R | E-x 33: -
Ne & * & G 2 T 5%
6
The probability distribution for X is:
X 0 1 2
P(X =x) = ==L z EP(X=7 =

b) A fair die has faces labelled 1, 1, 1, 2, 3, 3 and X is the score when the die is thrown.
Solution: The probability distribution for X is:

X | 2 3
P(X=x) |%=% = =5

c¢) Two fair dice are thrown and X is the difference between the higher score and the lower

score. 1stdie
Solution: 1 2 3 456
110 & 2 W 4 5
2 @09 2 Qg
32 0% 2 O
ond die
419 2% 0% 2
3149 2" 01
6|5 4®2 M0
The probability distribution for X is:
b'e (@) | 2 > H 5
2
P(X=x) =2 | ¥ =< e | == £
Px=A *+ = % +t + &



Expectation: The expected value is that quantity that you can expect to obtain when the
experiment is performed or the mean value of the random variable X and is denoted by E( X) .

The expected value of X is E( X )=) x P( X=x)

E(X)=p=x,p,+X,P, +...+ X, Dy

Note: The value of each outcome is multiplied by the probability of its occurrence and then
these values are added to obtain the expected value of the experiment.

Example 2: A fair coin is thrown twice and X is the number of tails obtained. Find E( X ).

Solution:

1stthrow | 2nd throw # of tails (x) Probability
T T 2 5=+
T H ) X5 =+
H T | L xy =4
H H o L x¥=+%
The probability distribution for X is:
P(X=X) _\-lF _:]z_ —JI-!T = O&)%—I(Jn—)"'aé)
I

.. The expected nummbev

O.F ‘ballals s .

Example 3: The random variable X can only take the values 1, 2 and 3. Given that the value 3 is
twice as likely as each of the values 1 and 2, and values 1 and 2 are equally likely,

a) draw a table of possible values of x together with P( X=x) ,
b) determine the expectation of X.

Let P(X=1)and P(X=2) equal +o p, then P(X=3)=2p

e
Ly E(X)=ZxP(x=2
) o0 1 (4 +a () + 3C)
:i
I

Example 4: The random variable X has a probability distribution given by:

P(X=x)= % ,X=1,2,3, 4 (a) Find the value of the constant k. (b) Calculate E( X) .

a)

o+

o =l

—_

.

K
L

|O

+'3—*+ -th_.:i

b) E(X)= ZxP(x="

= XiP) +Xp, + XaPat FuPu

>
EO0=1(15)+ald) +3(Z)+4 (%)

= 'L+—LL+i+ l(&
O 10 7o 10

=3



Example: A game is defined by the rules that 2 dice are rolled and the player wins varying
amounts depending on the sum of the 2 dice according to the following table:

Sum 2 3| 4 6 8 9 |10 | 11 12
Winnings($) | 10 | 9 | 8 | 7] 6 5 6 7 8 9 10

(9]
~N

The cost to play the game is $7.50.
a) What can a player expect to win by playing this game?
b) What would be a fair value to pay to play this game?

o) Let the random variable X be the winnings associated with each roll

Winnings($), X Sum Probabilities ,P(X=x)
5 7 6/36
6,8 10/36
7 5,9 8/36
8 4,10 6/36
9 3,11 4/36
10 2,12 2/36
Die 1
1 2 3 4 5 6
N 2 B3N 4 BSE 6
ZEINSN 4 BSE 6 A S
) SN 4 BSE 6 Il S IS
Die2 Faliel ¢ B78 s 0¥ 10
BN 6 I 8 BN 10 Fid

The expected value of the defined game iS -

E(X)=£x P(X=x)
-563&%( 3 ) eld 3 *4(%) oLz

‘t%+_(°

35 3b 3 3b 31,,
— Q5D
TS
= 6.4

.'. the e,xpec,‘red winning 1S $6.94.

BYTE youpay $3.50 per game, Hhen you would expect fo lose #3.50-% ¢t =¥05
per game in he lonﬁ run. This would be o fair game or\\j ift the cost 4o Play wos $Ca4.



2.6 Practice

=

2.

If P(X =0)=q, P(X =1)=2a, P(X =3)=3a, find .

The probability distribution of a random variable X is represented by the function

P(X =x)= K ,where x=1,2,3,4,5,6. Find a) the value of k b) PB< X <5)
X

A discrete random variable X has a probability distribution defined by the function:

4 X 4-x
P(X =x) =( j(zj (E) where x=0,1,2,3.4.
x )\ 5 5

a. Display the function using a table and graph b. Find P(X=2) c¢ PU<X<3)

10.

You draw one card from a standard deck of playing cards. If you pick a heart, you will win $10.
If you pick a face card, which is not a heart, you win $8. If you pick any other card, you lose
$6. Do you want to play? Explain.

The world famous gambler from Philadelphia, Senor Rick, proposes the following game of
chance. You roll a fair die. If you roll a 1, then Sefior Rick pays you $25. If you roll a 2, Sefior
Rick pays you $5. If you roll a 3, you win nothing. If you roll a 4 or a 5, you must pay Sefor
Rick $10, and if you roll a 6, you must pay Senor Rick $15. Is Senor Rick loco for proposing
such a game? Explain.

You pay $10 to play the following game of chance. There is a bag containing 12 balls, five are
red, three are green and the rest are yellow. You are to draw one ball from the bag.You will win
$14 if you draw a red ball and you will win $12 is you draw a yellow ball. How much do you
expect to win or loss if you play this game 100 times?

A detective figures that he has a one in nine chance of recovering stolen property. His out- of-
pockets expenses for the investigation are $9,000. If he is paid his fee only if he recovers the
stolen property, what should he charge clients in order to breakeven?

At Tucson Raceway Park, your horse, Soon-to-be-Glue, has a probability of 1/20 of coming in
first place, a probability of 1/10 of coming in second place, and a probability of ¥4 of coming in
third place. First place pays $4,500 to the winner, second place $3,500 and third place
$1,500. Is it worthwhile to enter the race if it costs $1,000?

Your company plans to invest in a particular project. There is a 35% chance that you will lose
$30,000, a 40% chance that you will break even, and a 25% chance that you will make
$55,000. Based solely on this information, what should you do?

A manufacturer is considering the manufacture of a new and better mousetrap. She estimates
the probability that the new mousetrap is successful is 3. If it is successful it 4 would
generate profits of $120,000. The development costs for the mousetrap are $98,000. Should
the manufacturer proceed with plans for the new mousetrap? Why or why not?



Answers:

1. a+2a0+3a=1
6 =1

1
o =—
6

2. a) k k k
—+—+—= =1
1 23

k
+—+
4

5
20
_20
49

k k
_+_
5 6

b) P(X =x)= 20

PB<X<5=P(X=3)+P(X=4)+P(X=5)
20 20 20

= + +
49(3) 49(4) 49(5)
_47
147
3.3 PX=0)= (3 _ 81
5) 625
rren (32
P(X =2)= 6(3} (5} _216
5)\5 625
P(X =3)= 4@} @j:%
P(X =4)= ( j ;25

¢) PA<X<3)=P(X=1)+P(X =2)+P(X =3)
_216 216 96

625 625 625
528
625




4.

Let X be the random variable that takes on the values 10, 8 and —6, the values of the
winnings. First, we calculate the following probabilities:

13 9 30
P(X =10)=—, P(X =8)=—,and P(X = —6) =—.
( ) 52 ( ) 52 ( ) 52

The expected value of the game is

E(X)=P(X =10)%10+P(X =8) %8 P(X =-6)#6
13 9 30

=—=*10+—%8-—x%6
52 52 52

130+72-180

52
2
52

Since the expected value of the game is approximately $.42, it is to the player’s advantage
to play the game.

This is very similar to the first problem. Let X be the random variable take takes on the
values 25, 5, 0, -10, -15, the values of the winnings. A simple calculation yields the
following probabilities:
1 1 1 2 1
P(X =25) e P(X =5)= rE P(X =3)=g, P(X = —10)=g,and P(X =-15)= e

The expected value is given by

E(x)=25*Lesxlygel _jox2_ys5sl
6 6 6 6 6

_25+5+O—20—15

Therefore, Sefor Rick is not loco since the expected value is approximately -.83.



6.

Here, the gross winnings are 14, 12, or 0. Since you must pay $10 to play, the net winnings
are 4, 2, and —10. Let X be the random variable that takes on the values 4, 2, and —10, the
values of the net winnings.

5 4 3
P(X =4)=—, P(X =2)=—,and P(X =-10) = —.
( ) > ( ) - ( ) >

The expected value of the game is given by

E(X)=4*i+2*i-10*i
12 12 12
_20+8-30
12
2
12

You should expect to lose $16.67 after one-hundred games.

In this problem we want to determine the detective’s fee so that the expected value is zero.

Let y be the amount of his fee. Let X be the random variable that takes on the values y or

0, the amount he charges for a job. Then P(X =y) = é and P(X =0) = g

The detective is out $9,000 regardless of whether he recovers the stolen property. So we
have

E(X) = (y=9000)* P(X = ) —9000 * P(X = 0)
1 8
= (¥ = 9000) *— — 9000 *=
(6% ) 5 5
=0

Solving for y we see that the detective must charge $81,000.

The gross winnings are $4,500, $3,500 and $1,500. The net winnings are $3,500, $2,500,
$500 and -$1,000. Let X be the random variable that takes on the value of the net
winnings.



10.

Then P(X =3500) = ——, P(X =2500)=—, P(X =500) =+, and P(X = ~1000) = =
20 10 4 20

E(X) =3500% - +2500% 2+ 500% > 1000 * 2

3500 +5000 + 2500 - 12000
20

= -50

So it would appear that Soon-to-be-Glue is soon to be glue.

Let X be the random variable that takes on takes on the value of the investment.
P(X =-30000)=0.35., P(X =0)=0.4 and P(X =55000)=0.25.

The expected value of the project is

E(X)=-30000*0.35+0%*0.4 + 55000 *.25
=$3,250

Since the expected value is positive, you should proceed with the project.

A manufacturer is considering the manufacture of a new and better mousetrap. She
estimates the probability that the new mousetrap is successful is 0.75. If it is successful it
would generate profits of $120,000. The development costs for the mousetrap are
$98,000. Should the manufacturer proceed with plans for the new mousetrap? Why or
why not?

expected value =.75(120000) +.25(-98000) = $65,500
Expected profit of 65,500, proceed with the project.



Warm Up

Allen and Emily, each throw two fair cubical dice simultaneously. The score for each player is the
sum of the two numbers shown on their respective dice.

(a) (i) Calculate the probability that Allen obtains a score of 9.
(ii) Calculate the probability that Allen and Emily both obtain a score of 9.

(b) (i) Calculate the probability that Allen and Emily obtain the same score.

(ii) Deduce the probability that Allen's score exceeds Emily's score.

(c) Let X denote the largest number shown on the four dice.

4
(i) Show that P(X < x) = (%) ,forx =1,2,3,4,5,6

(ii) Copy and complete the following probability distribution table.

X 1 2 3 4 5 6
P(X =x) 1 15 671
1296 1296 1296

(iii) Calculate E(X).



Solution
(a) (i) Calculate the probability that Allen obtains a score of 9.

—3‘_1(; = ; , since the rolls (3,6), (4,5), (5.4) and (6,3) sum to 9 out of the
36 possible rolls.

(ii) Calculate the probability that Allen and Emily both obtain a score of 9.

P(A=9nE=9)= —;— xt = -81—1 , since their rolls are independent.

(b) (i) This s tedious. In general, if the probability of obtaining some score is

k, the probability both of them obtain it is k2. So, we must sum over all 11
possible scores.

P(A=E)= (——)2+( )2 ety (5)2 ( o)+ (5)2 ( L)+ (3)2 +og ) +og )2
36 36

_ 146
1296
__73
648
1-713_
(i) P(A >E)=P(E>A), so P(A>E)= L PA=E) __ 648 _ 575
2 2 1296

(¢) () The probability of obtain a score of x or less is —)—6(—, since there are x

choices out of six sides that will satisfy the requirement. Since each of the four
dice rolls are independent of one another, we can calculate the probability that

4
none of them exceeds x to be the product (%)(%) (%j(%) = (%) , as desired
(ii)

x 1 2 3 4 5 6
P(X =x) | 1/1296 15/1296 | 65/1296 | 175/1296 | 369/1296 | 671/1296

(iii)
E(X) = 1 + 2><15+3><65_|_4><175+5><369+ 6x671
12906 1296 1206 1206 1296 1296
_6797
1296

=5.24




2.7 Binomial expansions
Recall: A binomial expression has 2 terms.

Consider the expansion of binomial expressions of the form

# tCYMS

n=0 (a + b)°-1 1 term
n=1 (a+ b)! = a+ b 2 terms
n=2 (@ + b)°—(a + b)(a + b) = a® + 2ab+ b* 3 terms
n=3 (a + b)3 —(a + b)2(a+ b) = a3 + 3a2b - 3ab2 + b3 4 terms
n=4 (@ + b)*=(a + b)3(a + b)= a* + 4a3b + 6a®b* + 4ab3+ b? 5 terms
and so on.
Note:

1) All expansions proceed in decreasing powers of a and increasing powers of b, their exponents
always adding to the exponent on the binomial.

2) All the coefficients are precisely the numbers in the Pascal’s triangle (see below).

3) The number of terms in the expansion is n+1.

4) In each term, the sum of the exponentsisn.

The coefficients of the terms can be written as a triangular array of numbers known as Pascal’s

triangle. Em};#ir\a.ng row can be obloined by
=0 ] adding the #'s do the lef’++r(3hl'

::21 ] / \] 30{‘ it in the row above.

n=>2 ]/ \,Q/ \\]

n=3 ] -~ \"3/ \3/ \]

iy ]/ \4/ \6/ \4/ \]

n=>5 l/ \5‘/ \IO/ \'10/ \'g/ \I

n==6 - |15 20 |15 G |

A general expression for the coefficient of the (r+1)t term in the expansion of (a+x)" is:

!
Mo where n!=n(n-1)(n-2)....3x2x1  (called n factorial)
r) r!(n-r)!
and where, by definition, o!=1. Example: 5! =5x4x3x2x1 ( 3) 3 l
N 2)7 26D
Note: [ J read as “n choose r” appears on calculators as "C. or nCr. 3 |
r = .
al!
= 3( 2 ')
al



General formula for the expansion of (a +x)» where n € Z+ :

n n n n n—1 n n-2_2 n n-3_3 n n-r _r n n
(a+x)" =| |a"+| |a"'x+| _|a"x*+| _|a"X+.H |a"TxX .+ |x
0 1 2 3 7 n

st1 b t2 t t, t
15 Yerm & =0) L. . .
Note: There are n+1 terms. The above expansion is often known as the binomial theorem.

W

n+l

General formula for the expansion of (1 +x)» where n € Z+

(1)[())1[1}(2j(3j ....... U

n-rr

n
The general term in the expansion of (a +x)nis|t_ = ( ]a x".

r+1
r

Example 1 Find the coefficients of the x3 and x5 terms in the expansion of (1 + x)°.

(1) = ()0 ¢ )m(x) (DO (é)(n)@-l—(é)er(é)x—r(g

= | +cx+|sx’+aox + 15X +cx + xS

" The coe{:{lncnent 0_? %215 20 and fﬁqi- O{— X

Example 2: Write down the expansions of:

) (a+b)7 & 3

P (1o (D' (Bt (3o (B (Fabts (3)}
—a +Fab+ A a"h +350%b 350t £ Qla*b Fobt b’

b) (x -2)°

= [x+E0]° X
= (94 (e s (ORI 1 (D (VLCT + (S + (¢ Exea)*
= X + cx’(- 2)+I5x"[u-) +20% (3‘)+;5x’(s) 4 €x(-33) + €%
= x—12a% S+ Coxt160x>*+ arox’— 19ax + CH

Example 3: Use the binomial theorem to find the first four terms in the expansion of (2X - —)

= ()@ + (DAL + (D) @Ry + (D @ L)+ ...
= 5%+ 9(25@7(‘)(-42) +3¢( :287(*)(-_7@+ Bt (64 ©) (‘-J,za+

= 5] 27("— 2304x*—|— H-Co ¥ x§—53=FC x3+ o

Example 4: Determine the coefficient of x4 in the expansion of (2-3x)7 .

General term is Lpy = <?> (a>=l-—r (-3%) ()=t

Retau: -r r r e o I . .. . :l'"l-_'l-
bre® (v)“w’g ”M () O e contient of o 152 (1) (D7 ()

=4
= (35 (3) (3N

coefhicient




Example 5: Calculate the value of the constant a if the coefficient of the x3 term in the expansion
(a+2x)4 is 160.

General term s '['«r-r\: ('-l;) (a>$-r (Qo@r ’Xr=9(3
(@G o
Q—/““/ Sk = (D@’
= o (D)X
= 32a%
Equating coefficients : 160= 32a.

o = LD
32

=5
" thevalue f o is 5.

Approximations: Use a binomial expansion to provide a good approximation to decimal
quantities raised to a high power.

coefficient

Example 6: Expand (1+4x)4 in ascending powers of x, up to and including the 4t term.
Hence, evaluate (1.0004)4, correct to 4 decimal places.

Crada) =1+ CH s () G+ (5) G
= [+ B+ (b x™ + 364 (64 x*)+ | .

= \-I-Sbo(-r [4-5(09(1"‘;)3 Qb ’)(3'*' S &

" (1. ooot = [ |+ 4(0.000DT" %= 0.000!
. (L ooo%)'z | +5( (0.0001) + 145b (0. 0001+ 23 296 (0. 0001+ ...

=|.0056|45%>

= |.005b



Exit Card!
1. The first three terms in the expansion of (1 - ax)" are t: = 1, t> = -12x, and t3 = 63x2.

Use the general term to determine a and n.

(i A0= (e ()6 + (e

=]
GIVen: ‘l’.,:l ,":,_-_—I:nt, ts.-_ &3x>

T =X = -Max

haz12 —®
a=z —® [n=3]
63=nh-Na®> — @ Sub m -
> o= (2
Sub® mw® =
€= 20 <=3
€E3n = ?26«—6
Fn= Bn-¥

2. What is the numerical coefficient for the term containing x2y3 in the expansion of

(x - 3y)5?
-&Y-I'l = (2) ah-Yx:r
Eo= (5) 07 (57
(5-) (-33 xs-ﬁ' L 3
- 7(5 r:j-r_ 7(?'33
Jolr=3
Cbl_g_g)Cleh!: = (g)(_%>3
- sl _¢=)
312!
= 5x* x(-2%)
2
= =-2AFO

. .Coef{.‘lcl.eht QF 7(,133 "‘.evm 1s —2%0-



2.7 Practice

1. Expand and simplify the first three terms of (x2 -3Jx )10 . [XZ" -30VxY +405x"7 + J

2. In the expansion of (x2 + LJ find:

Jx

a) the constant term [45]
15
b) the middle term {252){ 2 }

3. In the expansion of (1+3x)" , the coefficient of the term x2 is 135n, where n € Z+ . Find n. [31]

4. A game consists of cutting a shuffled deck of cards and receiving the dollar value of the face
value of the card. Jacks are considered to be worth 11, queens 12, kings 13 and aces 1. What is the
expectation of this game?[7]

5. In a manufacturing process, it is estimated that 0.1% of the products are defective. If a client
places an order for 25 of the products, what is the probability that at least one of them is defective?

6. A game consists of rolling a pair of dice 10 times. For each sum that equals 6, 7 or 8 on the 2
dice, you win 1 dollar. If it costs 5 dollars to play the game, is this a fair game?

7. Consider the expansion of the expression (x*-3x)°.

a) Write down the number of terms in this expansion. [7]
b) Find the term in x'2.[-540]



Probability Review Problems

1.

For events 4 and B, the probabilities are P (4) = % ,P(B)= % Calculate the value of P (4 N B) if
6

(@ PUAUB)= Tt

(b) events 4 and B are independent.

Consider events A, B such that P (4) # 0, P (4) # 1, P (B) # 0, and P (B) # 1.In each of the situations
(a), (b), (c) below state whether 4 and B are mutually exclusive (M); independent (I); neither (N).

(a)
(b)
(c)

P(A[B) =P(A)
P(ANB)=0

P(A N B)=P(A)

3 7

1
Let A and B be events such that P(4) = > P(B)= 2 and P(4 U B) :g .

(a)
(b)
(c)

Calculate P(4 n B).
Calculate P(4| B).
Are the events 4 and B independent? Give a reason for your answer.

Let A and B be independent events such that P(4) = 0.3 and P(B) =0.8.

(a)
(b)
(c)

Find P(4 N B).
Find P(4 U B).
Are A and B mutually exclusive? Justify your answer.

Two unbiased 6-sided dice are rolled, a red one and a black one. Let E and F be the events

Find

E : the same number appears on both dice;
F : the sum of the numbers is 10.

(@  P(E); (b)  P(F); (© P(E F).

Two fair dice are thrown and the number showing on each is noted. The sum of these two numbers is
S. Find the probability that

(a) Sis less than 8§;

(b) at least one die shows a 3;

(©)

at least one die shows a 3, given that S is less than 8.

A painter has 12 tins of paint. Seven tins are red and five tins are yellow. Two tins are chosen at
random. Calculate the probability that both tins are the same color.

A class contains 13 girls and 11 boys. The teacher randomly selects four students. Determine the
probability that all four students selected are girls.

In a survey of 200 people, 90 of whom were female, it was found that 60 people were unemployed,
including 20 males.

(a)

(b)

Using this information, complete the table below.

Males Females Totals
Unemployed
Employed
Totals 200

If a person is selected at random from this group of 200, find the probability that this person is
(i)  an unemployed female;
(i) amale, given that the person is employed.
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10. A discrete random variable X has a probability distribution as shown in the table below.

x 0 1 2 3
P(X=1x) 0.1 a 0.3 b

(a) Find the value of a + b.
(b) Given that E(X) =1.5, find the value of a and of 4.

11.  Two ordinary, 6-sided dice are rolled and the total score is noted. Find the probability of getting one or
more sixes. Draw a tree diagram to support your answer.

12 . A packet of seeds contains 40% red seeds and 60% yellow seeds. The probability that a red seed
grows is 0.9, and that a yellow seed grows is 0.8. A seed is chosen at random from the packet.
(a) Calculate the probability that the chosen seed is red and grows.
(b)  Calculate the probability that the chosen seed grows.
(c)  Given that the seed grows, calculate the probability that it is red.

13. A bag contains four apples (4) and six bananas (B). A fruit is taken from the bag and eaten. Then a
second fruit is taken and eaten. Find the probability that one of each type of fruit was eaten.

14. In a class, 40 students take chemistry only, 30 take physics only, 20 take both chemistry and physics, and
60 take neither.
(a)  Find the probability that a student takes physics given that the student takes chemistry.
(b)  Find the probability that a student takes physics given that the student does not take chemistry.
(c)  State whether the events “taking chemistry” and “taking physics” are mutually exclusive,
independent, or neither. Justify your answer.

15. The heights, H, of the people in a certain town are normally distributed with mean 170 cm and standard
deviation 20 cm.
(a) A person is selected at random. Find the probability that his height is less than 185 cm.
(b) Given that P (H > d) = 0.6808, find the value of d.

16. If n(U) =33, n(A U B) =29, n(A N B) =5, and n(B°® ) = 23, Find n(A°).
17. In a school of 88 boys, 32 study economics (E), 28 study history (H) and 39 do not study either subject.

This information is represented in the following Venn diagram.
U (88)

E (32) H (28)

39

(a) Calculate the values a, b, c.
(b) A student is selected at random.

(i)  Calculate the probability that he studies both economics and history.

(il)  Given that he studies economics, calculate the probability that he does not study history.
(c) A group of three students is selected at random from the school.

(i)  Calculate the probability that none of these students studies economics.

(i)  Calculate the probability that at least one of these students studies economics.
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18. A game is played, where a die is tossed and a marble selected from a bag.
Bag M contains 3 red marbles (R) and 2 green marbles (G).
Bag N contains 2 red marbles and 8 green marbles.
A fair six-sided die is tossed. If a 3 or 5 appears on the die, bag M is selected (M).
If any other number appears, bag N is selected (V).
A single marble is then drawn at random from the selected bag.
(@) (i) Write down the probability that bag M is selected and a green marble drawn from it.
(ii)) Find the probability that a green marble is drawn from either bag.
(i)  Given that the marble is green, calculate the probability that it came from Bag M.
(b) A player wins $2 for a red marble and $5 for a green marble. What are his expected winnings?
19. A fair coin is tossed 10 times. Find the probability of getting

1) Exactly 6 heads
ii) at least 2 heads
1ii) at most 8 heads

2
20. The probability distribution of a discrete random variable X is given byP(X = x) = f—4 Xe {1, 2, k} ,
where k& > 0.Find the value of k.

21. The heights of trees in a forest are normally distributed with mean height 17 metres. One tree is selected at
random. The probability that a selected tree has a height greater than 24 metres is 0.06.

(a) Find the probability that the tree selected has a height less than 24 metres.
(b) The probability that the tree has a height less than D metres is 0.06. Find the value of D
22. A random variable X is distributed normally with a mean of 100 and a variance of 100.
(a) Find the value of X that is 1.12 standard deviations above the mean.
(b) Find the value of X that is 1.12 standard deviations below the mean.
23. Let A and B be independent events, where P(A) = 0.6 and P(B) =x.
(a) Write down an expression for P(A N B).
(b) Given that P(A U B)=0.8,
(i) find x;
(ii) find P(A N B).
(c) Hence, explain why A and B are not mutually exclusive
24. Let X be normally distributed with mean 100 cm and standard deviation 5 cm.

(a) On the diagram below, shade the region representing P(X > 105).
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(b) Given that P(X < d) = P(X > 105), find the value of d.
(c) Given that P(X > 105) = 0.16 (correct to two significant figures), find P(d < X < 105).

25. In any given season, a soccer team plays 65 % of their games at home. When the team plays at home, they win
83 % of their games. When they play away from home, they win 26 % of their games. The team plays one
game.

(a) Find the probability that the team wins the game.
(b) If the team does not win the game, find the probability that the game was played at home.

26. The weights of chickens for sale in a shop are normally distributed with mean 2.5 kg and standard deviation

0.3 kg.
(a) A chicken is chosen at random.
(1) Find the probability that it weighs less than 2 kg.
(i1) Find the probability that it weighs more than 2.8 kg.

(iii) Shade the areas that represent the probabilities from parts (i) and (ii).

25kg

(iv) Hence show that the probability that it weighs between 2 kg and 2.8 kg is 0.7936 (to four
significant figures).

(b) A customer buys 10 chickens.
(i) Find the probability that all 10 chickens weigh between 2 kg and 2.8 kg.

(ii) Find the probability that at least 7 of the chickens weigh between 2 kg and 2.8 kg.

27. Find the value of k and n if (1+kx)" =1—4x+7x> +...

1
28. Find the coefficient of x? in (2 + x)4 (1 + —2j )
X

2 5
29. Find the coefficient of x* in (3)62 ——j .
X

30. Consider the expansion of the expression (x*- 3x)°
(a) Write down the number of terms in this expansion.

(b) Find the term in x'?
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Probability Review Problems -Solution

1.

(a)

(b)

(a)
(b)
(©)

(a)

(b)

(c)

(a)

(b)

(c)

P(AUB)=PA)+PB)-P(ANB)=PUNB)=P(A)+P(B)-P (AU B)
3 4 6

1111 11
1

— — (0.0909
1 ( )

For independent events, P (4 N B) =P (4) x P (B)
3 4

= — X —
11 11

-2 (0.0992)
121

Independent (I)
Mutually exclusive (M)
Neither (N)

P(4 U B) = P(4) + P(B) — P(4 N B)

1 3 7 3
PANB)= —+>—-—==
2 4 8 8
3
PANB)| § 1
PA|B)= ———|=%|= =
(“18) P(B) 30 2
4

Yes, the events are independent
EITHER P(4/B)=P(4) OR P(4 n B) =P(4)P(B)
Independent = P(4 N B) = P(4) x P(B) (=0.3x0.8)
=0.24
P(4 U B)=P(4) + P(B) — P(4 N B) (=0.3+0.8-0.24)
=0.86

No, with valid reason eg P(A " B) # 0or P(4 U B) # P(4)+ P(B) or correct
numerical equivalent

Total number of possible outcomes = 36 (may be seen anywhere)

(a)

(b)
(©)

P(E)=P(1,1)+P(2,2)+P(3,3)+P(4,4)+P(5,5)+P(6, 6) :%

P(F)=P(6,4)+P(5,5)+P(4,6) :%
P(EUF)=P(E)+P(F)-P(ENF)

1
P(ENF)=—
( V=36

P(EuF)=£+i—i (:ﬁzz,o.zzzj
36 36 36 \ 36 9



10.

Sample space ={(1, 1), (1, 2) ... (6, 5), (6, 6)}

(This may be indicated in other ways, for example, a grid or a tree diagram, partly or fully

completed)
6+5+4+3+2+1 7
(@) P(S<8)= - =
36 12
OR
P(S<8)—l
12

1+1+6+1+1+1_1_1
36 36

(b) P (atleastone 3)=
OR

1
P (at least one 3) = %

(¢) P (atleast one 3 ls < 8)=

P(atleastone3 NS <8) %6_ 1

P(S <8)
7 6( 7J
P(RR)= —x—|=—
12 110 22
P(YY) = ixi(= ij
12 110 33

P (same colour) = P(RR) + P(YY)

31( 0.470, 3 sf)
= —_—= . 5 S
66

o 13)(12)(11) (10
Correct probabilities | — |,| == || == || ==
24)\23)\22)\21

o 13 12 11 10
Multiplying | —X—=X—<X—

T 3

X X X
24 23 22 21
17160 65
P(4 girls) = =——=0.0673
255024\ 966
(a)
Males Females Totals
Unemployed 20 40 60
Employed 920 50 140
Totals 110 920 200
b i P loyed female) = 40 _1
®d) @ (unemployed female) 2005
(i) P(malel loyed ) 20_79
il m m rson)= ——=—
ale I employed perso 12014

(a)  For summing to 1
eg0.1+a+03+b=1
a+b=0.6

SN —

SN —

B~ W N



11.

12.

(b)

(a)

(b)

(a)

(b)

E(X)=> xf(x)
0x01+1xa+2x03+3xb,01+ta+06+3b=1.5
0+a+06+3b=15 (a+3b=0.9)

Solving simultaneously gives
a=045 b=0.15

1
6
S
6
1
6
S
6
. 1 1 5 5 1
P(one or more sixes) = gxg+g><g+g><g
_n
36

(i)

0.9
Red
0.4
0.1
0.8
_0'6 Yellow
0.2

0.4x0.9
=0.36(A1)
0.36+0.6x0.8 (=0.36+0.48)

=0.84(Al)

not 6

not 6

(1 5X5
or - X
6 6

Grows

Does not grow

Grows

Does not grow

)

6,6

6, not 6

not 6, 6

not 6, not 6

(O8]
[o)}

o Ko

36



P (red m grows)

036

(iii)

P(grows)

13. (a)

4 6) (6 4

4 6),(6 4
® (10X9j (10X9J

18 §,0.533j
90 (15

—04292
0.84 (7)

5/9

W D=ISO Lok P e b cventVha Studunk dakes Phugics.

Lot C loe i ewend S shudest ks Chatisiry,

14. :
Go VPPl )= %
5 P(1O)= P%Q .
a0
= 'B"Q' =L
eo 3
|
=3
ST Y PPyl =R, 40 _ 0
C =0 _X
P(Z<0.75) = 0.773 B ‘T"' 50 1
(b) z=-0.47 - 3
_047= 42110 P(P)'\’P(C) = %:-\— %
' 20 _
d=161 B
2 PlPoc) # P(P)+P(Q
. Not mrhually) exclusive

OR Yot PNC#£0

P(pnO= 3

P(@-P(c)s%%x ©
_2
IS

-+ (Pnc)=r(p)-P(O

. The 4wo erents
\ndependorct.

4



16. n(4UB)=n(A)+n(B)—n(4 N B)
29 =n(4)+(33-23)-5

n(A) =24

n(4°)=n(U)-n(4)
=33-24
=9

17.2) n(E U Hy=a+b+c=88—39=49

n(E U H=32+28—b=49
60— 49=h=11
a=32-11=21
c=28-11=17

11
b)) —— ==
) D PE N H) 28 3
21
) , P(H'NE) gg 2l
(i) P(H'|E) :(T;)):%:s_z(: 0.656)
88

¢) (i) P(none in economics) = M =0.253
88x87x86

(i1) P(at least one) =1—0.253 =0.747

18.
75 _»

‘ _M

&
Yo¢
2 _ =
Z
> N
]
0 G
1 2 2
a) () gxgzg
(i) l(%}%(i}%
3\5) 3010/ 3
2
PIMAG) 15 1
(i) p(M|G)=%=175—g
3
1(3) 2(2) 1
D rm=3(3) ()3
2

E(Red or Green) = $2(%] +3$5 (%j =54



19. If we assume the coin tosses are independent, then the number of heads in ten flips is a

10
random variable X~B (10,1/2) and P(X = k) = [k j2‘1°.

10
a) P(X=6)= [6 Jz‘“’ = 120% =0.205

b)
P(X>2)=1- Goj 271 —G)Oj 271

_ 1013 =0.989

1024
¢) P(X <8)=P(X >2)=0.989

20. k=3

21. a) P(X<24)=1-0.06=0.94
b) D=10



B> X ~N(100, 10%)

® 3= 100t 12(10) © x=1s6-1.12(10)

— ||l|9~ = %%cg

@D P(MD=06  PB)=X

A ond B ofe InoJePo

F(AAB) = P(H’B’ P( BM’) I€ A is firs?

P(A1B) = P(B)-P(AIB) T£ B is frsp

In edher cose siwe A od B ofe Tndep, given wle N Cedordon 7
oc P( N‘\:’O :V(fD‘PCE) f@aro”fﬁ of evenl ondler
S P(A1B) = 0.6 %
€ P(AUBD =08  Lhea
Plave ) - P(AD + P(B) ~P(A13D
O, = OI(Q"'X_O-é)L
6. = 0.4%
= Y2
oD F(PVAB) = 06 CVZ/)
= 0
A apd B ole  midwlly excosie TE PAAB) =& N R
? L

Since. P(aNB) # b ‘H"CZ‘ Cogdl be

mdz’fuz\LuJ‘ exc)psive,




®
k> XAN (100 5D

. pot.- Area= P(X2(05)
somd_ 7 o
/ ////

=00

@& IF P(%2d) =P(X=105) fheo de 4o

Summe iy
J o# .
o= L06 — o /\
= 9'5 %/// i//f//h

& P(Xz105) =olb

P(84x2105) = P(X4105) ~P(x20)

= |= P(X2109) = P(X>169D

= 1-2 (016)
= 06D
CLD v W PO = PODYP(w[H) F PR PQWIHY)
O'w/ BN ©
rd = 06.65) (0.9%) + (63%) (0.29
.\ng b,
T Swe ~ = 0. 0205
2B\
W = 3.05%
Soeru Fex Loa‘
Math 2 pHIwD) - p(ktw) - (065 )(lz) | QR - g ym)
Cocme -

— t— O,GBOS;ZLMW




@ Lot the tmom  yacioble X reo the muah% of the chickea
X AN (35 . 0,3%)

= 010477 903204

P(X43) = NormalcDE (-1E99.2 ﬁa.s/o.@

P(x22.%) = Normol cpF (2% . [E99, 85 0:3)
= O|15$495a§9é

(iii) Shade the areas that represent the probabilities from parts (i) and (ii).

S -004779 - 5,1594S

= ()|793é

(iv) Hence show that the probability that it weighs between 2 kg and 2.8 kg is 0.7936 (to four
significant figures).

) fet the rondom vagioble ( represent  the #  of

chivkeas  That l/\)efg)\ betwtea 8 ond 2.5 /Cj
Y B (lo,07936)

D P(X=0) = (8)(6793¢)° (1-0793 )

= Biomio\ PDF (105 6.993¢ _10)

= 0,099 o®-979%

I Pleg?)

I

|- P(x27D

(- P(x46D

)

| = Blaomia| CDF ([o, 0.2 73(,76)

= 0.0, 75%35683




@D (|+/¢><>n" |~ 4x 4+ Ix= s 0o

ESESAGION

Son (k) = —4x [ B (o)t = Pu*
nle = 4
h) [(*x? = 7%
2\ (-2l

n(n-1),let=72

A

(nk) (n-0) () =4

) (n-D(K) =14

(-4)(n) (—%D =

4

h-1 _ 14

n ~ b

l‘\/n = Y4




A (ap)* [ 1+ [N Find ceff oF x2
N\ x/

(Y [0+ (DE & (D@ eI 60w G

z
4

(1+%) (1a+320~ 34x® + x> +x4)

X' tem Vs created 133 O (ait) +(z0)(x4)

O:)' The COCF‘€fC)eni [S as

5
2 2
Find the coefficient of x*in | 3x* —=

@D (2-2)

Gt =2y 2 () (50 (ai)

< e_¢ N lo=a1 -t
R AOIONSES
lo-3; =4 i %
6=3; (2) (3 (2D = o8>
F=a

o Coc@{:l‘ciu\% of )(17 fC/m_ 'S

. 6-1 :
NS LW AGNCIMES

18-3'1¢

Z .
= ?.‘ (%) C‘3> (x)

18-31

/A 4
=2 (£) D 9

| =o

Thete. ofe 7 Zetms 1 the binpmial exponsion

Fl)f X'L ‘Z’C(m‘ = 3

(‘5)('5)3 = =54o oo The Coelficicnl of the X'* term s -S4o




Appendix A
Standard Normal Cumulative Probability Table

Cumulative probabilities for NEGATIVE z-values are shown in the
following table:

o 4

z 00 01 02 .03 04 05 06 07 .08 .09
-3.0 .0013 | .0013 .0013 | .0012 | .0012 | .0011 .0011 .0011 .0010 | .0010
-2.9 .0019 | .0018 .0018 | .0017 | .0016 | .0016 | .0015 [ .0015 | .0014 | .0014
-2.8 .0026 | .0025 .0024 | .0023 | .0023 | .0022 | .0021 .0021 .0020 | .0019
-2.7 .0035 | .0034 .0033 | .0032 | .0031 .0030 | .0029 | .0028 ([ .0027 | .0026
-2.6 .0047 | .0045 .0044 | .0043 | .0041 .0040 | .0039 | .0038 [ .0037 | .0036
-2.5 .0062 | .0060 .0059 | .0057 | .0055 | .0054 | .0052 | .0051 .0049 | .0048
-2.4 .0082 | .0080 .0078 | .0075 | .0073 | .0071 .0069 [ .0068 | .0066 | .0064
-2.3 .0107 | .0104 .0102 | .0099 | .0096 | .0094 | .0091 .0089 | .0087 | .0084
-2.2 .0139 | .0136 .0132 | .0129 | .0125 | .0122 | .0119 [ .0116 | .0113 | .0110
-2.1 .0179 | .0174 .0170 | .0166 | .0162 | .0158 | .0154 | .0150 | .0146 | .0143
-2.0 .0228 | .0222 .0217 | .0212 | .0207 | .0202 | .0197 | .0192 | .0188 | .0183
-1.9 .0287 | .0281 .0274 | .0268 | .0262 | .0256 | .0250 | .0244 | .0239 | .0233
-1.8 .0359 | .0351 .0344 | .0336 | .0329 | .0322 | .0314 | .0307 | .0301 .0294
1.7 .0446 | .0436 .0427 | .0418 | .0409 | .0401 .0392 | .0384 | .0375 | .0367
-1.6 .0548 | .0537 .0526 | .0516 | .0505 | .0495 | .0485 | .0475 | .0465 | .0455
-1.5 .0668 | .0655 .0643 | .0630 | .0618 | .0606 | .0594 | .0582 | .0571 .0559
-1.4 .0808 | .0793 .0778 | .0764 | .0749 | .0735 | .0721 .0708 | .0694 | .0681
-1.3 .0968 | .0951 .0934 | .0918 | .0901 .0885 | .0869 | .0853 | .0838 | .0823
-1.2 1151 1131 A112 | 1093 | 1075 | .1056 | .1038 | .1020 | .1003 | .0985
-1.1 1357 | 1335 A314 | 1292 | 1271 1251 1230 | 1210 | 1190 | .1170
-1.0 1587 | .1562 1539 | 1515 | 1492 | 1469 | .1446 | .1423 | .1401 379
-0.9 1841 1814 1788 | 1762 | 1736 | 1711 .1685 [ .1660 | .1635 | .1611
-0.8 2119 | .2090 .2061 2033 | .2005 | 1977 | 1949 | 1922 | .1894 | .1867
-0.7 2420 | .2389 2358 | 2327 | 2296 | .2266 | .2236 | .2206 | .2177 | .2148
-0.6 2743 | .2709 2676 | .2643 | .2611 2578 | .2546 | .2514 | .2483 | .2451
-0.5 .3085 | .3050 3015 | .2981 2946 | 2912 | 2877 | 2843 | .2810 | .2776
-04 3446 | .3409 3372 | 3336 | .3300 | .3264 | .3228 | .3192 | .3156 | .3121
-0.3 .3821 3783 3745 | 3707 | .3669 | .3632 | .3594 | .3557 | .3520 | .3483
-0.2 4207 | .4168 4129 | 4090 | .4052 | .4013 | .3974 | .3936 | .3897 | .3859
-0.1 4602 | .4562 4522 | 4483 | 4443 | 4404 | 4364 | .4325 | .4286 | .4247
0.0 .5000 | .4960 4920 | .4880 | .4840 | .4801 4761 4721 4681 4641
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Cumulative probabilities for POSITIVE z-values are in the

following table:

z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 | .5000 | .5040 | 5080 | .5120 | 5160 | .5199 | 5239 | .5279 | .5319 | .5359
0.1 5398 | 5438 | 5478 | 5517 | 5557 | 5596 | .5636 | .5675 | .5714 | 5753
0.2 | 5793 | 5832 | 5871 | 5910 | 5948 | 5987 | .6026 | .6064 | .6103 | .6141
03 | 6179 | 6217 | 6255 | 6293 | 6331 | .6368 | .6406 | .6443 | .6480 | .6517
04 | 6554 | 6591 | 6628 | .6664 | .6700 | .6736 | .6772 | .6808 | .6844 | .6879
05 | 6915 | .6950 | 6985 | .7019 | .7054 | .7088 | .7123 | .7157 | .7190 | .7224
0.6 | .7257 | .7291 | 7324 | 7357 | 7389 | .7422 | .7454 | .7486 | .7517 | .7549
0.7 | .7580 | .7611 | .7642 | .7673 | 7704 | 7734 | 7764 | 7794 | 7823 | .7852
0.8 | .7881 | .7910 | .7939 | .7967 | .7995 | .8023 | .8051 | .8078 | .8106 | .8133
09 | 8159 | .8186 | .8212 | .8238 | .8264 | .8289 | .8315 | .8340 | .8365 | .8389
1.0 | 8413 | 8438 | .8461 | .8485 | 8508 | .8531 | .8554 | .8577 | .8599 | .8621
1.1 8643 | .8665 | .8686 | .8708 | .8729 | .8749 | .8770 | .8790 | .8810 | .8830
1.2 | 8849 | 8869 | .8888 | .8907 | .8925 | .8944 | .8962 | .8980 | .8997 | .9015
1.3 | 9032 | 9049 | 9066 | .9082 | .9099 | .9115 | .9131 | .9147 | 9162 | 9177
1.4 | 9192 | 9207 | 9222 | 9236 | .9251 | .9265 | .9279 | .9292 | .9306 | .9319
1.5 | 9332 | 9345 | 9357 | 9370 | .9382 | .9394 | .9406 | .9418 | .9429 | .9441
1.6 | 9452 | 9463 | 9474 | 9484 | 9495 | 9505 | .9515 | .9525 | .9535 | .9545
1.7 | 9554 | 9564 | 9573 | 9582 | .9591 | .9599 | .9608 | .9616 | .9625 | .9633
1.8 | 9641 | 9649 | 9656 | .9664 | 9671 | .9678 | .9686 | .9693 | .9699 | .9706
19 | 9713 | 9719 | 9726 | 9732 | 9738 | .9744 | 9750 | .9756 | .9761 | .9767
20 | 9772 | 9778 | 9783 | 9788 | 9793 | 9798 | .9803 | .9808 | .9812 | .9817
2.1 9821 | .9826 | .9830 | .9834 | .9838 | .9842 | .9846 | .9850 | .9854 | .9857
22 | 9861 | .9864 | 9868 | .9871 | 9875 | 9878 | 9881 | .9884 | .9887 | .9890
23 | 9893 | .9896 | .9898 | .9901 | .9904 | .9906 | .9909 | .9911 | .9913 | .9916
24 | 9918 | .9920 | 9922 | 9925 | 9927 | 9929 | .9931 | .9932 | .9934 | .9936
25 | 9938 | .9940 | 9941 | 9943 | 9945 | 9946 | 9948 | 9949 | 9951 | .9952
2.6 | .9953 | .9955 | 9956 | .9957 | 9959 | .9960 | .9961 | .9962 | .9963 | .9964
27 | 9965 | .9966 | .9967 | .9968 | 9969 | .9970 | .9971 | .9972 | .9973 | .9974
28 | 9974 | 9975 | 9976 | .9977 | 0977 | 9978 | 9979 | 9979 | .9980 | .9981
29 | 9981 | .9982 | 9982 | 9983 | 9984 | 9984 | .9985 | .9985 | .9986 | .9986
3.0 | .9987 | .9987 | 9987 | .9988 | 9988 | .9989 | .9989 | .9989 | .9990 | .9990
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Appendix B

Distribution Functions

A random variable Z has the standard normal distribution if it has the probability density function
@ given by

(x) = T

The standard normal probability density function has the famous bell shape that is known to just
about everyone.
The standard normal density function ¢ satisfies the following properties:

a. ¢ is symmetric about z=o0.
b. ¢ increases and then decreases, with mode z=o0.
c. ¢ is concave upward and then downward and then upward again, with inflection points

at z=+1.
d. ¢(z)—o0asz—xandas z——c.

The standard normal distribution function @, given by

o) =" p(t)dt=[" %e§dt
T

The mean and variance of the standard normal distribution are!
a. E(Z)=0
b. var(Z)=1

The General Normal Distribution
Suppose that €R and €(0,») and that Z has the standard normal distribution. Then X=u+0Z has
the normal distribution with mean p and standard deviation o.

For a particular value x of X, the distance from x to the mean u of X expressed in units of standard
deviation o is.

a. Of course, by symmetry, if Z has a mean, the mean must be 0, but we have to argue that the
mean exists. Actually it's not hard to compute the mean directly. Note that

22

e 2dz e 2dz

E(Z)= j \/_ J \/_ e ? dz + J \/_
The integrals on the right can be evaluated explicitly using the simple substitution u =z2/2.
The result is

-1 -1

E(Z)=—+—=0
( ) N2m 27
1 =, =
b. Note that var(Z)=E(Z2)= — | z’e 2dz
N2m 7
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Integrate by parts, using the parts u=z and dv=z¢(z)dz. Thus du=dz and v=-¢(z). Note
that z$p(z)—0 as z— and as z——. Thus, the integration by parts formula gives

var(Z) = Jli¢(z)dz =1

Since we have subtracted off the mean (the center of the distribution) and factored out the
standard deviation (the horizontal spread), this new value z is not only a rescaled version of x, but
is also a realization of a standard normal random variable Z.

In this way, we can standardize any value from a generic normal distribution, transforming it into
one from a standard normal distribution. Thus we reduce the problem of calculating probabilities
for an event from a normal random variable to calculating probabilities for an event from

a standard normal random variable.

The normal distribution has probability density function f given by

f(x)=§go(x_uj: 1 egl[%j for xeR

o O0+/2T
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