Trigonometry Warm Up
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1. Determine the exact value of sin=-.

2. Solve: cos @ =%,0 <6<2m
: . X _
sl‘i Sin %I_:_ n 4 Rm‘%’;
' x = - -2 ‘s 08 1+ n Ol and B4
: = RAR= 7 L%y )
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“9‘..3)&2 dct-3

el

3

3. Solve:2sin?6 —sinf® =0,0< 6 <31 4. Prove: cos’ x—sin*x=1-2sin’x

Swnb [&s‘m&-\)f-o (S= cosq'x-s'muoc
. -\ = '
SsnB=0 o ”;‘99 e =osx + 0o ™% -5
AN §,=0 - ﬁ}g_ F) L = ()(1-snx - g.nax)
) = 1 oqand

0,=7 s dnis +1n QL § 2 L
esza.lc . eaz% :RS
o, = - v LS=RS

y=3T O, = 1;&-6- o The 'ldﬂw \s Frue

)
94 = 32"-\-3.11: e%‘: %‘F'\'Q‘IC

5. A Ferris Wheel has a radius of 10 m and completes one full revolution in 36 s. The riders board the ride from a
platform 1 m above the ground at the bottom of the wheel.
a) Determine the equation of the sine function that models the position of a rider above the ground, h(t), in
metres, at time t, in seconds.

'V‘;‘: '+°‘ | h(O)= 105in Yo (£-Q)4(| < rodians
or =30's or W(¥)=105in 10°(E- D+ < degrees

p.S.= #[36) =9s

b) When will the rider be at maximum height? 88

c) What is the maximum height? 2lm
d) Sketch the graph of the ride for 2 cycles.
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5.1: Part I-Trigonometry —Double Angle Formulas

Primary Trigonometry Ratio (valid for right angle triangles only)
SINE COSINE TANGENT

0 sin(0) = cos(0) = tan(0) =

o

=pl o)
=l <]

a

Reciprocal Trigonometric Ratios

The reciprocals of the primary trigonometric ratios sine, cosine and tangent are cosecant,

secant and cotangent, respectively.

COSECANT SECANT COTANGENT
1 1 1
0)= 0)= t(0)=
cse(8) sin(0) sec(9) cos(B) cot(9) tan(0)
Graphs
y=sin(0), Period =27 y=cos(6), Period =27
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Special Angles
A
Sine Al positive
@ 2|1 —
3|4
. Tangent | Cosine
V3 1 ’

Reciproca
Identities

CSCA = —
SinA

sec(A)= L

cos(A)
tanl(A)

cot(A)=
tan(A)=

cot(A)= !

cot(A)

tan(A)

Quotient
Identities

sin(A)
cos(A)
cos(A)
sin(A)

tan(A)=

cot(A)=

The Hexagon Trig Trick

P agorean
Identity

sin® (A)+cos® (A)=1

tan® (A)+1=sec”(A)

cot® (A)+1=csc”(A)

Retlectio
Identities

sin(-A)=-sin(A)
cos(-A)=cos(A)
tan(-A)=-tan(A)

sin®(x) cos” (x)
tan®(x) 7 1 7 cot”(x)
sec” (x) esc”(x)
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COMPOUND ANGLE IDENTITIES
cos(A +B)=cos(A)cos(B)Fsin(A)sin(B)

sin (A +B) =sin(A)cos(B)+cos(A)sin (B)

tan(A)<+tan(B)

tan(A+B)= 1¥tan(A)tan(B)

DOUBLE ANGLE IDENTITIES
sin(2A) = 2sin(A)cos(A)
cos(2A)=cos* (A)-sin®(A)

cos(2A)=2cos*(A)-1

cos(2A)=1-2sin*(A)
2tan(A)

1-tan®(A)

tan(2A)=

Example 1: Express the following as a single trigonometric ratio.

a) 2sin(54)cos(54)

b) 1-2sin’(3x)

¢) 2sin (zj cos(zj
2 2

=S 0 =
sin(104) ws (6% - g (_@
= sin(x)
d) sin(2x)cos(2x) e) 2cos’(30-2) -1 f cosz(g)_sinz(gj
= a4 =osaBed e
= tos(66-4) - s

Example 2: Express the following as a single trigonometric ratio and then evaluate.

a) cos® (%) - sin® (%)
©S Q (%)

ws (%)
A3

—_—

o

" n

J)

2tan (EJ
by — 8/

= |

Example 3: If cos(x) =§ , find the exact value of cos(4x) .

ws (4= ws]a(3)]
=d a)sa(ax) -
= afpester-1%)

=2[2(#-1] -1

= o9&

1 2
= Q(";}g - |
_ M
~ 5
= - 531 Page |3
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Example 4: If cos(x)= —55 <X, find the exact value of sin(2x).
-3 . .
s, wN=3 - Sin (@) = 290 (=) 03(x)
. =2(3)-%)

> . s-3° -2

S SH’\(?O = 5 25
= 4
)

Example 5: Determine the exact value of cos (%)

ws[2(F)] = ©s(¥)
205%(5) -1 = os(F)

COS(IQE):i J @_@ & SIne. _‘%C iSé}))(i\_)
. R\F,
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Practice - SD\/U-T\DNS ) osh = 1-2sn (95)

Ql ws@ -1 _ - (e

1. Multiple Choice: Select the best answer for each of the following " - YA~ =S3

. 0 -%- ; i\

& i.  Given cos(e) == in the first quadrant, the value of sin (2 ) is: A= = sSin Ca

ﬁ b ﬁ c JE d. % :‘% :§‘“(:

2 ' 2 ' 6

C/ ii.  2sin ( 7; ) cos( . ) is equivalent to : Sin ('S\) sin ( )

a. sin(z) b. cos (ﬂ) C. sin(z) d. cos(z)
8 8 4 4
ﬁ iii. The exact value of 1—2sin? (E) is: = (S ;2(_"') = COS(
8 Y

a. -2 b. Q c. —ﬁ d. 2
2 2
2. Express as a single sine or cosine function.
a) 10sin(x)cos(x) = S<in(@x) b) 1-2sin ( ) OOS()‘L‘)
¢) 5sin(2x)cos(2x) = .g'. sin(4x) d) 2c0s’(50)-1 = cx5(106)
3. Simplify each expression.

sin(2a) Qsm(a)cos(d)
a) cos(a) cos(a) 2sin(a)

b) 2tan(a)cos’(a)=g 9N gmé{a} = 2sin(a) @032 = sin (39)

¢) 2sin’ (@) +cos(2a) = Isin (a) + |~ Q@) =)

4. Expand using a double angle formula. (’) |- D —09nd ("h()_]
Dbosler) @ 3sin(dx)= pon(an)os() = 2 sine(H)
= G(_Q 6(37‘) :I b) 6005(?’6)): or |- [2@3(47() -\—J
-—l:ldos 79 ¢ © l—cos(8x)= _ -,(
_ _ten(%) =~ (4
or 6[' -2sSIn (3)()] d) tan 4x) | +ton' () or |- [CO$2(4X)— SW\Q(Llﬁ]
= b-12$in (5?‘> e) cos(2x)— M ws"(-x\) - w

o 6lailr-sn] 0 A SING = sin'(4) -cos ()
- 6605'1(3%' bs IY\Y37‘> = dewos CX) ~2cox(9) - Page | 5




5. Two ropes (2m and 3m long) used to stabilize a pole for a volleyball net are anchored to
the ground. The angle between the two ropes is equal to the angle between the ground and
the lower rope. Determine the distance from the base of the pole to the point at which the

ropes are anchored to the ground.

d
0% ws(®)= < us(a8)= 5 0= 3d*-ad -6
, .- [ 43
ws(90) = 208 (6) - d J;:(ab
b}
%‘. - a(g_ _) = .a__ig'_ﬁ.q > ‘_t:g_—\i
d=? 4 & or= 138 m
3= 3 "I

6. Express sin(26) and cos(26)in terms of tan(6).

7. Find the exact value of b.
tana (§)- 1
(_E) 2 wb 24en(§)
4l (B 7
2() Ty_ b 12
l-(_(l—“) =) $on ( %)=
B a,+b
Loy =
) 4 Q= od—b
o +FHa-144 =0
s ERED T wbo=-RrR7
201) 122 fa+1al3) +b
= M ~b=24-0{
=-19 81247
020 -. o.=-12+RQ
&
G- Sm@Q an@wsB) c&sé; ws(&@ = 0052(6) - §)';z(&)
| |
= ton(®) s (e) =Sy o
_ | ~ l
= dion(6) - ’(eb T lttan(®  of (6) +

v ‘
4 tan () h:\?(e) }

1]

= 24on(8) - \++an’(95

_ _ton(®)
\+ton () = _
\++ari(6) | ++:,.e
Sl 0 Pl

1+ tonb)




MHF 4UE Name:

Practice-Double Angle Formulas-Solution
Practice

1. Multiple Choice: Select the best answer for each of the following
C . . 2. . (0).
—~— 1. Given cos (6’) = 3 in the first quadrant, the value of sin B is:
V3 J6 J6 V3

— b. — c. — d. —
2 2 6 6

A | B 2S81n g CcoS § 1S equlvalent to:

sin(zj b. cos(zj C. sin(zj d. cos(zj
8 8 4 4

L

—B__ §i.  The exact value of 1—2sin’ (%) is:
a. —\/5 b. g c. —g d. \/5
2. Express as a single sine or cosine function.
a) 10sin(x)cos(x) = 5sin(2x) b) 1- 2Sin2(%) = cos(4—eJ
3
¢) 5sin(2x)cos(2x) = 5 sin(4x) d) 2cos’(50) -1 =cos(100)
2
3. Simplify each expression.
a) sin2a _ 2sina b) 2tanacos’ a = sin(2a) c) 2sin’ a+cos2a=1
cosa
4. Expand using a double angle formula.

a) 3sin(4x) = 6sin(2x)cos (2x)
b) 6cos(6x)=12cos*(3x)-6
)

c) 1-cos(8x)=2sin”(4x

2tan (2
d) tan (4x) = ﬁ((zl)
e) cos(2x)- sin (2x) =2cos”(x)-2cos(x)-1

sin(x)



5.

7.

Two ropes (2m and 3m long) used to stabilize a pole for a volleyball net are anchored to the ground.
The angle between the two ropes is equal to the angle between the ground and the lower rope.
Determine the distance from the base of the pole to the point at which the ropes are anchored to the

ground.

3m

2m

cos0 = ﬂ

2
d
cos(20)=—
(20)=3

d=?

Express sin26 and cos2@in terms of tané.

. . 0
sin20 = 2sinBcos0 x cos
cos0
cos0O »
=2 x cos’0
cosO
= 2tan9><—2
1+ tan®0
_ 2tan0
1+ tan®0
Find the exact value of b.
tan| = |= 2
8 12
m®t ;) a+b a+b
tan| —+— |= >1=
8 8 12 12
a+b=12
T a
2tan| — 2 —
[8) (12}
1=— ~— 7 S51=— "=/

1-tan® (ﬂj
8

1=

" 144-a’

)
1_ N
12
24a .
>a”+24a-144=0

— cos(20)=2cos*0-1

s=(2)
—=2|—| -1
3 2

3d®*-2d-6=0

d=ﬂ
3

d=1.78 m




Warm Up . [&wg(g e) ) a
= Q s (209)

A. cos(gej B. 2cos(20) @2cos(36) D. 2cos(§9]

2tan(gj z
2. The exact value of the is: ._? ‘EN\( ) \

1-tan® (
8

A.% B. |3 @1 D. %

3. If4tan(26)—3=0,0<(9<E ,and 13sin(a)+5=0, 0<a<3— determine the exact
4 2

1. The expression 4cos? (E 6) -2 expressed as a single trig function is:
2

value oftan(0)+sin(2a).

x
fm[&Er):% ,O<&<% sn(x)="% , 0<x<F 5 A
Qtan(®]
"cofn%Q - % sin@«)= 2 s1n(e)cos(=) v
2 — af=\[-13 =
8 tan(6) = 3- 34an(6) =3(3)G5 | cosx‘f-ﬁ
3@3(&%‘8{&\(&) -3=0 = .‘l%%. - =3
[3 4on(® [[+an()+3 =0
Jm,\(g):—é -b,,,:@—_—g, - 4an(B)+sn(a=x) = (3“)4— (%2
is inadmissible - 5A
- 0<9< % ot

4. Determine the exact value of cos® (%Tj .

s ()= cos [a )]
(> (?—1':) = 26032(1;5)— l
ws(h_)*'l o5 ()

qu)H a(ﬂ—)
3 = WOS 38

() = ()

r ..COS( ) Page | 7




5.1 Part II- Proving Trigonometric Identities

Fill in the blanks with the words in the box.

Counter-example trig-identity
identity

A statement of equality between two expressions that is true for all values oé the
variables for which the expressions are defined is called a(n) ' - .

¢ An identity involving trigonometric expressions is called a &_-lgg % '3@,1\:]:\3@ .

e Our goal is to prove that one side of an expression is g%!gl to the Sther side of
the expression.

e A Mmmp_\g_ can be used to show that an equation is not an identity

equal

Strategies for Proving Trig Identities:

» Write everything in terms of sine and cosine

> Be aware of equivalent forms of the fundamental identities, ie: sin2(0)+cos2 (8)=1
has an alternative form: sin2 (0)= 1-cos2 (0)

» Try to rewrite the more complicated side of the equation so that it is identical to the
simpler side.

» Usually any factoring or indicated algebraic operations should be performed, ie:

1 + sin(2x ) = (sin(x) +cos(x))2  or
sin®(x) + cos®(x) = (sin(x) + cos(x))(sinQ(x) - sin(x)cos(x) + cos® (X))

= (sin(x) + cos(x))(l - ésin(2x))

» If an expression contains 1+sinx , secx+tanx or cscx +cotx multiplying both numerator
and denominator by 1¥sinx , secxFtanx or cscx Fcotx would give cos2 x,1 or -1.

1. Prove the following identities:
1+sec(x)

a =csc(x b) sin(2 =M
H_'s;—’c(a‘;é(x)+sin(x) (x) )9\-&}(“2:‘) 1+tan®(A)
(S.= - Q =2V = Q sin(A)ews (A
+o.1\(7?_:sm(7<) N s(x)+) RS. | ++an(®) = q,‘\sn'?;\‘(kg ‘
Lt st s'w\(x)t\ +oos(x)] 2sin(A = L.S.
T Sk < 1 _ o
al " Sin(x) o = : --LS. =RS.
@) SIn(x) \+(S;_g% e by
st = é,SSC('K) R (O ) s e
ws® = KS, - . 2 Page | 8
- o @S(® oS Eysnk) s
sin(X)+ sin(x)ws(x) ; Lﬁ?‘\.'p“%,hx_ La s drue i

CQSCK) - T n.;u.l\ln\a L R



¢) cos*(x)-sin*(x) = cos(2x)
L.S.= cos"(?() - s'm"(x)
= [(95" (=) + s‘m‘(x)][cosz(x) -s n\nz(x)]

=(\) |es - sin ()]

= os(@x)
= RS.

- L.S.=RS.
. The ‘\dm\i\i,.,& 1s Yvue

1-sin(2x) _ 1-tan(x)
cos (2x) _1+tan(x)
1 = 4un )
| ++on ()
| - s'msm!x)
sin(x)
I+ @s (0

e

RS. =

—
—

ws(x) - sin(®)
= cos®

s @)+ Sinlx)
s (x)

_ @s(x)- sn(x) . w0s(® - sin(®
W@+ o) s - Sl
@S ) - 2sm(X) cos) + sin*(x)
©s* () - sin'(x)
_1-%m (3%)
os(ax)
LS.

- LS. =R.S.

{

. “The \dentihy, s true

d) cos*(A)+sin*(A)=1- lsin2 (2A)

2

L.5.= @s D+ (A)

= @5 (A) + 250 (OS@® +s0'(R)

- 2sn(as|

= [gﬁ“(pb-\- S (Aj]a— 2518 03 ()

= - 3[a s‘m(A)ms(A)lQ

= |- S."\a(aA)
a

=RS.

VLS.=R.S.
- The '\den\-'\-\wa s Yrue.

) 2cos®(x)+sin(2x)sin(x)=2cos(x)

LS. = 2cos () +sin(@x) sin(x)
= 35 () + in(x) () sinx)
= QS + A5 (})os (X)

= des(x) [Oosa(x} r &)

= 2 s
= RS.

- LS.=R.S.
= The ‘\den{—]Jna_ is Yrue.

Page | 9
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PRACTICE

1. Prove each identity.

) %4%(9)

b) tan(x)+cot(x)= Sin?QX)

0 1+tan’ (x) _1-cos’(x)
1+cot®*(x)  cos®(x)

D oo 1wy 2 )

© tanl (;ics(ii)(x) =ese(x)

f) cos(a+b)cos(a-b) = cos*(a)-sin*(b)

cos(x)-sin(y) ) cos(y)+sin(x)
cos(y)-sin(x) cos(x)+sin(y)

g)

1+tan(A)

T(A) -sec(A)=csc(A)

) sin(t)- cos(t) .\ sin(t)+cos(t)

cos(t) sin(t) = sec(t)ese(t)

.. [1+cos(2x)][1+cos(x)] _

o)

[sin(2x)][cos(x)]
4-sin®(2x) =, )
k) —4cos4(x) = tan*(x)+tan® (x)+1

sin®(x) .\ cos® (x)

1+cot(x) 1+tan(x)

) 1-sin(x)cos(x)=

_sinx-y) =co - cot(x
) sin(x)sin(y) t(y) t( )
) sec(x)+tan(x): cse(x)
sin(x) sec(x)- tan(x)

2", If 2 cos?(x) + 4 sin(x) cos(x) is expressed in the form Asin(2x) + Bcos(2x) + C where

A, B, CeR, determine the values of A, B, and C.

3". Write 2sin(2x)++/12cos(2x) in the formy = Acos(2x-6) by finding 4>0 and 6 [0,27].

Page | 10




5.1 Part III Solving Trigonometric Equations

What is a trig equation?

e A trig equation is an equation that contains one or more trigonometric functions.

How is it similar to a trig identity?

e A trig equation can be but does not have to be a trig identity

» A trig identity is an equation that is true for all values of the variable for

which expressions of both sides of the equation are defined

e A trig equation that is not an identity is only true for certain values of the variable.

What does it mean to SOLVE a trig equation?

e Much like solving a linear equation, we are looking for all of the values of the variable

that makes the equation true.

Ex.1) Find the exact solutions for2cos(x)++/3 =0 for x €[0,27].

+43 O
Q(DS(’K) P S R ?(12113*'1:7

ws@)= 5~ 'S 5r = 3E
x ©
S X2 ST e %
2 S .IS—VQ.I-n QQHQ3 '."x:_b_)’é"

W EDoub\?m demarn
Ex.2) Find the exact solutions for 2sin ( 2x f for x €[0,27]. -5 3% 6[0 art]
28 )= g Metod O: Add poieds of IT +o 3x, ord 3, :
sn(a)= ¥-3 y=Frar dxy= Frau
. - E AA3 = Xy =
RN 9(3};? ;"yg 24,
- 5in 18 e v Q1702 37 % 43

T o G e F Mokl ke of T o e
\ -~ QK %= Kot 7(n|=I+1f
- E Q'K - 3: 3 _8
xXE 2 3% =4 T TC
2= 3 "X‘?)‘é—?%)ﬂe&
Ex.3) Find the exact solutions for 3tan®*(0) =1 for 0 €[0,27].
6)=
S"hlhf) l - &.‘-‘—% or 61=TC-"1‘:5
{Tﬂ-ﬂ@= 3 - S
ton(®)= = %‘ - e - A ﬁ
L= 0=t 94=31E'C
- 4on is +e ond -ve, = T% "

tonsider all o\,uodmr\'s




Ex.4) Find the exact solutions for tan®(6)+3sec(6)+3=0,0<0<2n

ton () + 3sec(8)+3 =0 s s+ =g v sedf)+i=0 n/‘\
seC(8) - | +3 sec(8)+3 =0 sec(8) = e sed()=-]
) CQS(&)="3' o¥0) ="
sec(B) + 3sec(8)+a =0 2= & 8= T

-~ @S is ~ve n Q2163, .
- e' I'L B =TC+=x 3

[sec(8)+a |[sec(®)+1] =0

- = 4x
)
~0= %I? T, ﬂ(?}g
Ex.5) Find the solutions for 3 cos?(8) —sin(d) —1=0,0<6 < 2m
3 (O-sin(9-1 =0 - 39n(8)-3 =, o sin(6)+1 ):o
-a®| -sin(®)-1=0 sn(®) =3 sin(8)=-|
3|1- 9@ -$m(® Lo 20.330 b= £

3-3an(®)- sin(®-1=0
3sinfe) +sin(®-2=0

-sin is we in Q1 $02
L 0,50730 o 8% ©-03D

= 4

6 » _
[3 an(® al[sm()ﬂj 0 %
= B= '%c) 0.330,2 .4
Ex.6) Solve the equation sin(4x)—cos(2x)=0,x €[0,27]
sin(An-cos(a9) =0 Changp. Hhe domo.'m'-(we[.os‘"‘:]
2 sin(@dws(2x) - ws (20 =0
eos () [25m(3)-1] =0
\ -
. (.os\éax)zo or () -1 =O
S_LC §m(§x)

0?7(\= ]a't' oY 9:7(2= 2 ‘o = 6

o . < 3E d ssn is+ve in Ql ond 62,
— =4 2Ty fdd AT 4o X 2 TC
Rlimate b fd clomnal oges - 5= (= 2K
- TC L
do | e Tra o axy=Hram ¥ XL x =
fiodto | 9, = Sk xy= IE
| Fa el L5 o: . 5 ;r Aq= BAT Kg= Ih+
do|Hind all 3% F ?(,_,,_1_*_. - B e
soluhons “in 3 = O
Wen domaun




Ex.7) Solve sin(2x)-cos(2x)=0, o0<x<2n

$in(2)-os (3 =0 Donaiin: 0 € 2x $4TC
Sin(ax) =ws(Ix)
ton(3)= |
. o= X Add AT 4o 2%, ord axy o fHnd
R | Gotermal angles.
~tonis +ve in QL3 03, Ve \
M= f  or ax,=T+E Wy= FHAT  dxy = A+
K=Y = T % = K gz B
- Sc 3° g 4= %
P\H'emﬂ-e- athod | K= 2
Add?"'mds'b'xn i) | T x=E& ST 9r 13C
%, &te 4o Kd all +pu4co\\' I Iy
oldons in Hha domasn = 2

Ex.8) Solve 4cos(2x)-sin(x)csc®(x)+2=0,0<x<2m
4 os(3) - sin) es (X +2 =0
< 2 S\l\( )
4 [I - QsIN (70] B

A - 3$m(><) -

‘(’K) +Q "O

g sin (%) —bSin®+1=0
[‘i sin(x) - )-J[Q nn‘(x)—\] =)

Nt (x)-) —O or sin (x)- 1 =0
SN (X) = - Q s’m(x): + T{Lﬁ'\
e 15 C o %
S NN IS e ard -ve, -gm is +ve ard -ve,
considar all O\}MF""*S convder all q’undmn\'s
b1 371.'
I\ - oK - I
rx3=:%t xy= K= T %= g

oo X 6)"\731'-’ 6)%)%7—‘1—>—6 Page | 13




Practice

1. Solve for x on the interval [0,27].
a) 6sin®(x)-sin(x)-1=0 b) cot(x)cos®(x)=cot(x) c)
4tan(x)-sec®(x)=0

d) 2sin®(x)-sin(x)-1=0  e) 4sin®(x)+2sin*(x)-2sin(x)-1=0 1)

sin(x)++/2 =-sin(x)

g) 2cos(3x-1)=0 h) sin(2x)cos(x)-cos(2x)sin(x)=0 1)
sec” (x)-2tan(x) =4
) 3tan(§j+ 3=0 k) -6sin(2x)cos(x)+8cos(2x)+3sin(x)+4=0

1+sin(x) s cos(x)

1) cot(x)cos® (x)=2cot(x) cos(x)  1+sin(x)

=4 1) 2sin®*(x)+3cos(x)-3=0
0) 2sin(x)tan(x)-tan(x)-2sin(x)+1=0 p) cos(x)tan(x)-1+tan(x)-cos(x)=0

2. A weight hanging from a spring is set in motion moving up and down. Its distance, d, (in
cm) above or below its “rest” position is described by d(t) =5 (sin (6t)-4cos (6t)) . At

what times during the first 2 seconds is the weight at the rest position (d=0).

3. The diagram below shows the boundary of the cross section of a water channel. The

equation that represents this boundary is y

y =16sec (%J - 32 where x and y are both measured in

cm. Find the width of the water surface when the water

depth in the channel is 10 cm. [Round your answer to
2dp] .

sin ?(x) - 3sin(x)

> O over the interval 0 <x < 2.
1-2c0s(x)

4. Solve

5. Solve sinx = 2 , 0<x<25 xeR (Use GDC).
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Solving Trigonometric Equations Practice Solutions

Practice

1. Solve for x on the interval [0,2m7].

a) 6sin®(x)-sin(x)-1=0 b) cot(x)cos®(x)=cot(x)
t ?(x)-cot(x)= Res. si
(2sin(x)-1)(3sin(x)+1 )=0 cot(x)cos®(x)-cot(x)=0 es. sin(x) #0
) B cot(x)[cos2 (x)-1]=0 x = kot
sin(x) = 2 F sin(x) =~ cot(x)=0 cos*(x)-1=0
. . 1) . _1( 1] cos(x)=0 cos(x)==1
x=sin"| = | or x=sin"|-—
N 3 T 37
X=—,— X=0,27m, T
X = 2,5—5[ |X = 3.48rad ,5.94rad| 2 2 inadmissible
6 6
¢) 4tan(x)-sec’(x)=0 Res. cos(x)+0 d) 2sin®(x)-sin(x)-1=0
4tan(x)-(1+tan®(x))=0 (2sin*(x) + 1)(sin(x)-1) = 0
tan® (x)-4tan() +1=0 sin()=2 or sin(x)=1
2
4i«f42 -4(1)(1
tan(x) = o QL. x =2km- 2 x = 2kt + 2
2
+2
= % x = 2kn + 22~
=23 (o 7R 1x A 5w
X=tan'1(2+\/§) 0rx=tan"(2-J§) 6’6 2’ 2
x=2% x="
12 12

e) 4sin®(x)+2sin®(x)-2sin(x)-1=0

[4sin3 (x)+2sin® (x)]- [2sin (x)+ 1:| =0
2sin’® (x)[2sin(x) + 1] - [2sin (x)+ 1] =0
[2sin(x)+1][ 2sin*(x)-1]=0

-1 1 \/E

si =— or sin’(x)==——>sin(x)=—— or sin(x)=-—
in(x) =2 or sin* (x) =2 sin(x) = (x)=-
x =2ko- = x=2kn+ = x = 2kn- =
6 4 4
X=2k:)t+7—7[ x=2kg-[+3_ﬂ X=2kgt+5_gt
6 4 4
X=11_7[,7_7[ X=£’3_7[ X=7_:T[’5_g.[
6 6 4 4 4 4




Solving Trigonometric Equations Practice Solutions

f) sin(x)++v2=-sin(x)

2sin(x)=-\/5
sin(x):£
2
X:2k:7[-E
4
x = 2kn+ 2%
4
x= 7% 5%
4 4

g) 2cos(3x-1)=0
2c0s(3x-1)=0

3x-1=(2k-1)§

—(2k-1)"
3x=(2 1)2+1
x =(2k-1)%+1

(k-T2

x =1.38rad,1.90 rad, 2.95rad, 3.99rad,5.04rad,6.09rad

h) sin(2x)cos(x)-cos(2x)sin(x)=0 i) sec*(x)-2tan(x)=4
sin(2x-x)=0 1+tan®(x)-2tan(x)=4
sin(x)=o0 tan® (x)-2tan(x)-3=0

x =k (tan(x)-3)(tan(x) +1) =0

tan(x)=3 or tan(x)=-1

x=kn+1.25 or x=kn-=

4
. X
i) 3tan(—j+3=o x=1.25,4.39| or x=3% 7
2
4 4
tan(zjz-l
2
X k-2
2 4
x = 2kn- 2~
2
x=3"
2




Solving Trigonometric Equations Practice Solutions
k) -6sin(2x)cos(x)+8cos(2x)+3sin(x)+4=0

-6sin (2x)cos(x)+8cos(2x)+3sin(x)+4=0
-12sin(x)cos*(x)+8 (1 -2sin” (x)) +3sin(x)+4=0
-12sin(x)(1-sin®(x)) + 8-16sin” (x )+ 3sin(x)+4 =0
-12sin(x) + 12sin®*(x) + 8- 16sin”* (x )+ 3sin(x) + 4 =0
12sin*(x)-16sin® (x)-9sin(x) +12=0
4sin”*(x)[3sin(x)-4]-3[3sin(x)-4]=

[3sin(x)-4][ 4sin*(x)-3 =

sin(x) = 4 or 4sin*(x)=3
3

inadmissible

2 3
sin®(x)=2
(x)=3
V3 3
sin (x) . sin (x) .
x =2k + x x =2k - x
3 3
x =2k + 2n x =2k + ar
3 3
R 57 4n
3 3 3 3
1) cot(x)cos®(x)=2cot(x)
cot(x)cos”(x)-cot(x)=0 Res. sin(x) =0
cot(x)[c s*(x)- ]=0 x = kot
cot(x)=0 cos®(x)-2=0
cos(x)=o0 cos(x)= +/2
inadmissible
T
2 2




Solving Trigonometric Equations Practice Solutions

1+sin(x) . cos(x)

cos(x)  1+sin(x) -4

m)

[1 + sin(x)]2 +cos®(x)
cos(x)[1+sin(x)]

=4 Res: cos(x) # 0 and sin(x) -1

[1+ sin(x)]2 +cos®(x)
cos(x)[l +sin (X)]
)

1+ 2sin(x) +sin”® (x

cos(x)[1+sin(x)]|
2sin(x)+2 _
cos(x)[1+sin(x)]

2[si F1] _
cos(x)M 4

cos(x) =

N | =

X=2k:1t:|:E
3

o
3

n
X=—,
3

n) 2sin®(x)+3cos(x)-3=0

2[1-cos®(x) |+3cos(x)-3=0
2cos”(x)-3cos(x)+1=0
(2cos(x)-1)(cos(x)-1)=0

1
cos(x)=— , cos(x)=1
2
T 57
w257
3 3




Solving Trigonometric Equations Practice Solutions
0) 2sin(x)tan(x)-tan(x)-2sin(x)+1=0

[2sin(x)tan( )-tan(x ] [2s1n 1] o
tan(x)[zsin(x)-l}[zmn -1] =0
[2sin(x)- 1} [tan(x)- 1} =0
sin(x)= i or tan(x)=1
s [

6 6

T
4’ 4
)-

p) cos(x)tan(x)-1+tan(x)-cos(x)=0

[cos(x)tan( )+tan(x J [1+cos( )]=0
tan(x)[cos(x)+1]-[1+cos ]=0
[cos(x)+1][ tan(x)-1]=0

cos(x)=-1 or tan(x)=1

x=alor [x=2,3%

4’ 4

2. A weight hanging from a spring is set in motion moving up and down. Its distance, d, (in
cm) above or below its “rest” position is described by d(t)=5(sin(6t)-4cos(6t)). At

what times during the first 2 seconds is the weight at the rest position (d=0).
0 = 5(sin(6t)-4cos(6t))
0 =sin(6t)-4cos(6t)
4cos(6t)=sin(6t)

_sin(6t)

- cos(6t)
4 = tan(6t)
6t=tan"(4)
6t=kmrn+1.33

kn
t=—+o0.22
6

t=0.22s, 0.74S5,1.278,1.79S



Solving Trigonometric Equations Practice Solutions
3. The diagram below shows the boundary of the cross section of a water channel. The

equation that represents this boundary is y = 16sec (ﬂ—zj - 32 where x and y are both

3
measured in cm. Find the width of the water surface when the water depth in the channel is
10 cm. [Round your answer to 2dp] .

10 cm water depth corresponds to -6 = 16sec [%) -32
3

Rearranging to obtain an equation of the form sec [%) = % or

)%

coSs| — |=—

36 13 1
g.[X \

X =10.40

sin ?(x) - 3sin(x)
1-2cos(x)

> O over theinterval 0 <x < 2.

4. Solve

sin(x)(sin(x)-3) “o
1-2cos(x)
Zeros of numrator :
sin(x)=0
X = 0,7, 27
Zeros of denominator :
1-2cos(x)=0

1 + . + .
cos(x)=_ | T | T |
X=E,5—ﬂ (0} E T 5_7'[ 27T
3”3 3 3



Solving Trigonometric Equations Practice Solutions
5. Solve sinx = X , 0<x<25 xeR (Use GDC).
2
x=0 and x=1.8954943

-l
n=1.89548Y4Z ¥=0




! s omgund axges (pphonal questn)

3", Write 2sin(2x)++/12cos(2x) in the formy = Acos(2x-6) by finding 4>0 and 6 [0,27].

< Sm&o'rﬁms@'() %: Acos(x-&) 2 usl\\% 1denhties
=3 s'm(&x) + Q\(g 605(330 la: A[U)S(&x) o5 (0) N s'm(ax) $.|Y\9']
= 213 ws(@)+ Asin (3x)

A3 L %h\whg He expressons, A=Y
:q{_@_lmsl&’a* as'm(abb] 0sO=% and sinb:F

wSE LsTl?\Je
14 s 6= % od 9nB=3 - o=
. Gression becomes -
4 [(m (%) os (29 + sin(E) sin(an)]
= 4 ws(Qx- %>



S5 Wam Up

: 2
O £ 31“9=3,15c‘5661£, find Hhe ook value of sIN4O.

Q@ Find 4he exact volue o ws T .
3 Prowe - OSX-SINK ecAX - tanadX

ws'x«-sm'x
® Sole: snx =3 xelo,25]
Yolukions :
© N SIn40= 25N s
2 o -Q(Qslnﬁcose)(\ ~Q3n’0)
" =4 (B)-D)1-aET]
X=432 - -85 8
= 45 q (“ )
nwsB= T _ -85
8\
® wsy(
2T )|
as' [AF)] | = o w5 T J B2+
COSQY_QG%)] - COS;-\-\ P, ol
&\ [,Eb] | os X 1 |1+ l o’f:t;‘
- oS |2 - 2
- 2 Q]a '\—5:

Q! r_ |[Z
— 516 —Jh +|
+o a ’\j
= P24+




5-3 Wam Up \'as contd

® Ry= secantonox
l Sinox

OSXK  cosX
| - AWINXOSK
o8 K -SINK

os'x 45inK - QSINKQSA
= (cos?(+§‘“ XXU)S‘X <INX)
_ ng-x -3 nx)a
(COS'X S Y\XXCOSX - YI‘X)
Cos% — SINK

oS + X

=

—

—
-

= LS --13=RS
s e \,dnnl—\%a s e

® Gmph %.=§‘nx ond laazal

V5

‘a‘;

Altemole ®ldon o @:

2.3

%\é;‘ - wsa[a(%i(

,'\E_;l_'Q_ = COS[Q(‘%)]

5@9 - 2w (B)-
J@'

&a * = COSQG%>
/\H?;Q + ol - (.032(:{%>
i\ﬁgi e = &Sérg)

x € [O) Q.'S]
X, = [. 3954943
’Xazo

la: sink



Derivatives of the Sine, Cosine and Tangent Functions

Using the GDC, determine the following:

smx_ b)hmcosx 1_

—)0 X

e

Using the above limits, the identity: sin(a + b) = sin(a) cos(b) + cos(a) sin(b), and first principles,
determine the derivative of y = sin(x).

dy _ . sin(x+h)—sinx

dx 0 h
M l’\ NN/ = S
= }-‘\;‘osv&)&o( e (h) '6‘)) common 'Pac\'or s From the Pirst and
=ik m)[_sﬁn)-‘ns.-d«):us@) lost +erms of +he- numerzior
ho
= lim I:sﬁablwsk—ul + M
0 h h
= co i SI oSl it of lhe Sum 1's [Re sum e limila.
el ok Lo o o i o of
= sinbYlim cu%s}:l cos@)hv:a %} ond x)are,mrl' d on h
.@L‘“’" v Ll s wsfx\ cans\:.(uwrl-kn os Hadors ‘o the
= snv'ﬁc)(o) -l-COSQt)(') \ef of +he limid,
= Cos(z()

E Therefore, the derivative of y = sin(x) is u CDS(’X) (or '3(51(- g.‘ﬂ(X) = (DS(X) )-

! , n-!
E In general, if y = [Sin(g(x))]n, theny' =_ Y\ |h Qﬁ(ﬂ)ﬂ . COS[%GO:, ° %‘6() .




Using the previous limits, the identity: cos(a + b) = cos(a) cos(b) — sin(a) sin(b), and first principles,
determine the derivative of y = cos(x).

@—lim cos(x+h)—cosx

dx h>0 h

- M-hsmms:na,)— cos(x)

O

:'.‘M M‘TCGM-H e Slnb{\sw{l\)

5&‘)""" “Mﬂ — sinddlim 5_)

ho h hYo
= Cos)(o) = =eH(1)
= —smXx)

E Therefore, the derivative of y = cos(x) is _— S'm Cx} (or {‘7 CQS(X): ‘§M(}‘)
i -1 ‘
 In general, if y = [cos(g(x))]", theny’ =1 E;gs(ca(;())] .- gm(‘%(x)) . %'(x>

Determine the derivative of y = tan(x).
= sin&)
CQS&)
y’:-_ cosbd(ot) — STE)(-SHY)
(Coskd)”
= Cos™M sintx)
Cos')

1

|
Cos'&()
= sec’tt)

Therefore the derivative of y = tan(x) is SQC(?() (or _d" ‘l’&ﬂ()() = QQCJ(K) ).
E In general, if y = [tan(g(x))] theny = N° [-(:an(q&))] - L [Q(x» Q'(X>




Determine the derivative of the following:

a) y=csc(x)

Y= 260 -(sm@

oGty Y- (S w0

ettt m%)

L _cost) sn)

7 sin®) = =1 wi()
 cactpoth) Sirk) si)
- = - cedX)cotix)
c)y = cot (x)

Y:. Coﬁ)
sink)
y'= — sibd[sird]— cos@fcostd)]
[Smﬁ()]"
= — sin)-costy)
sin (2¢)
= =[sintreos)]
Sin*%&)
= =1
Sin)
= —csc’bc)

or Y= [&m(ﬂ]ﬂ

‘3" = | ['tan(x)-_l-a sec’ )
- sec(®)
‘o' ®
1 . ot
T 3@ sn'®
|
)
= -cs’®)

b) y = sec(x) .
Y= CL_) ‘a-" (‘Dﬂ
y.. Ofcosk) =\ (=s 1) --(cosé?)f (—snrbO
(cos&)” _ Sk
y'= k) ws’é()
Cos'E) __I&) sink)
Y= sedjbarty) Bl

= Sedxtani)

Derivatives of Secondary
Trigonometric Ratios

;
' In general,
1

mese@= =0s(%) cot(x)
E %sec (x)= Secb(\) chm(x)

oot 0= - c5C3()



Example 1: Differentiate the following functions:

a. y=sin?(x) c. y = sec(x) ‘a_—té-a\sﬁijs(x)] [anﬁ:)]
\ . - L
Y= Asin(x) es(x) Y= @skd y'= Sm(")
I_ 0ros(x)- \Y:S""(")] m(,‘)
asCOJ® )
v sm® tan(x) = se(AtanG)
\3 _ﬂ_ﬁ‘s > lé secfx)
b. y =sin(x?) d. y = (tan(3x)),/cos(x)
y= a)s(%)( (;X) y'= 5oC (37)+3+n) oS + [m(sx)]-%[coscx)ﬁ )
= s 3 ooy oy 3D
‘3-.—.35&37(-& ol

COS(X
Example 2: Find the equation of the line that is tangent to the curve y = (x)

at the point on the curve
where x = m

) Derrvechve. 3 Tongent point of %=T

dy . Sin(x) «x — s 4= m:c(T_t)

ax 2 o
2) Evaluate %\ X=TC "b E Wm

%Q\mm: fS’tn(th)c)-lcos(@ (" ('u‘)['x trt)]
- 0-1 %= 11‘ —
I WMMJ"-\N‘\QM%&*\'\\!&Q}%E
= T[z

\Slb 'fIL'f?( T
]
vA

y=2- sl et =iy

° 0 {
=2—G|o>"6ﬂ 0 /r Tl-— lTT J’ ’E T TC \/
rhcal #50'=0:
o)~ | o ¢ y'DNe Pt x= % \é A5 ) 'Eon(l) |

e

cos’(P=0

Example 3: Find all extrema for y = 2x — tan(x), x € [0,

= Iy
s = iL_L r=I _ r;_g =N\ A
= & \
es(x)= *33 31t \
_5(3 |
o = ]E. A*'K: LSHF) ‘a" (—‘? - ) 1
1 = 3K 4
: S 1S 4ve ond —we, 2
(,onsadn.r Al owodmﬂ's -’—3 \
T 3T+
SR = 15 , Xy = 3}_—}' . Lol vox o 1”) locod min ot ( )




Example 4: Find the derivative: y = tan(sin(cos(x?)))

‘3‘ = sec“[s‘»nl}»s(x’)]] - s wstc)) - - 5in () - ax
= - 2 stn(x)- tos|eesx)] - se’ [S'm (sos (76)]]

Example 5: Find all local extrema for y = 2cos’ (x) +1,

)= 2 [26s6) -snte]
= -4 sin(x)wsk)

bl #s 2 t§=o

0= -4 sin(x)w0s(x)
sn(x)=0 or s(®)=0
Xe= &
/)(\::O Y 33
X, =T g = aE
Xy =T
g +
L 4 ¢ } °
0 %'7. Tl T oc
F)

- Lol win gonts occur ot (5, 1) (3

ond locod mox it o (0 3),

1

x€[0,27]

A x=0, y= 2wS (0)+)
= Q+|
=3

A% =T, 4= 08 (1) +|
=2+
=3

At x=2r \3=Qw§(am)+|
=3

At %= X ) Y= 208 (Z)+1
=\

)
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Practice Questions 5.2: Derivatives of Trigonometric Functions-Solutions
1. Multiple Choice. Identify the choice that best completes the statement or answers the

question.
A 1. If f(x) = 2cos(3x), find f’(g).

a.0 b. 3 c. 6 d. )

C 2. If f(x) = sinx + cosx + x, find f () .

a. 2 b. o c. 0 d. 1+n

D 3. If y = tan2x, find y " at x =§.

f(x) =2cos (3x)
’(x) ( )sin

gE—"e

=0

f(x)=sinx+cosx+x
"(x)=cosx—sinx+1
(

f
f’

7)=-14+0+1
=0

/(x)=tan2x

7' (x)=2sec’(2x)

/" (x)=8sec? (2x)tan (2x)
f”(%) =8sec’ () tan(7)

=0

A 4. Find the slope of the tangent to y = cos?x at the point (g,i).

a. —— b. 1 C. 2 d.

B

2

f(x)=cos’x

’(x)=—2cosxs1nx——sm2x

el

2

D 5. Find the slope of the tangent to y = x%cos (4x2 + 7) at the point where x=1.

a. 6.011 b.
c. —4.203 d.

3.023
8.009

f(x)=x cos(4x2 +7)
f,(x) :ZXCOS(4x2 +7)_8x3 Sil’l(4x2 +7)

/(1) =2cos(11)-8sin(11)
=8.009



6. Differentiate the following:

a. f(x)=cos(3x?)

i (x) = —6xsin(3x2 )

b. y=sinvx? -1
Zx 2
Yy =——=—=cosyx’ -1
Z\/xz—l

_ xcos«/x2 -1
Jx? =1

c. y=(2x%—4x)cos3(2x)

y'= (4x — 4)cos3 (Zx) + (2x2 — 4x)3cos2 (2x)(—sin(2x))(2)

= 4cos? (2x)[(x — 4) cos(2x) — 3(x2 — 2x)sin(2x)}

d. y=(1-3cos*x)*

V' = 4(1 —3cos? x)3 (6cosxsin x)

=12sin2x (1 — 3c0s2x)3

e. f(x) = (sin3x + cos3x)*

__ tan (3x)
" sin (2x)

B 3sec? 3x(sin2x) —tan (3x) (2 cos (2x))

(f’(x):4(sin3x+cos3x)3 (3cos3x—3sin3x) Y =

=12(sin3x + cos3x)’ (cos3x — sin3x)

sin® (Zx)

7. If y = A(coskt) + B(sinkt), where A, B, and k are constants, show that: y”' + k?y = 0.

y=A cos(kt) + Bsin(kt)
V' =—Aksin(kt) + Bk cos(kt)
y" =—Ak’ cos(kt) — Bk” sin(kt)
= —k* (A cos (kt) +B sin(kt))
=—k’y
Y +kry=0

8. Prove that y = secx + tanx is always increasing on the interval —% <x< g

y=secx+tanx
y' =secxtanx+sec’ x
sinx+1
cos’ x
T T
——<x<—=
2 2
—l<sinx<l1

O<sinx+1<2

, sinx+1

since for xe(—%,%} , sinx+1>0 andcos’x>0= y' =

That means secx + tan xis always increasing on this interval.

> 0.

cos’ x




5-4 Warm Up

. Solve for x: V3 cos(x) = sin (2x), =2w < x < 2m
. Solve: sin (g) + cos (g) =2,0<x<2m

Prove the following identities:
) 1 1 __2cos(x)
a cos(x)sin(x) = cos(x)—sin(x) - cos(2x)

b) 2cos3(x) + sin(2x) sin(x) = 2 cos(x)

Differentiate with respect to x:
a) y=cos3(x) b) y = sin(x)

c)y = x3 + sin?(x) d)y =sin*(x3 - 1)

Find the equation of the tangent line to the curve f(x) = 6tan(x) — tan(2x) at x = 0.



5-H Warm Soludhons

® «\).g-wsx = Sin K

QsimxeosK -+ 3 cosx =0
wsx (2smx-43)=0

ws%x=0 or SInX =%
%= L—E o= 33—-5
— 3T ¢
%a= A sin+ 1n O\ 1 @2
Xy =~ - I
® §£ X5= 3
Ay = %—am
. -5T
3
/X% = %E—QIC
= - 4
3
( | & CoSX
@ 0‘) TosX+eNK T COSX-SnK —  cosarx
B l |
LS= wosX+snX T osx-SnX

DS K ~SINX + CoSK + SIK
N SR
o (O3
Lo AX

RS

i

i

O sn@)+os()={a 2 Targ. Seh
sin (F)+2m (Yo%) as(3)=2

lﬁ+ 3N Qg‘) =Q

Sinx = |
¢

=
=

I
a

b) Qo5 % + SINOXHNK = & OSK
LS = Qs + sindxsing

= ABS’K + QSN A o8 X

= 208 (S + §in*x)

= 208X
= RS




® o \azcasgvc b) \6=$'m37<

tg 3% (-5 La'z 3 08 3%
= -35IMK 05 K
C) Y=7 265’ d) \6-— SN (7( 1)
§' =34+ Qumasn 0'= 4sin’ (- - s (-0 31
v \_ 2 2 .
® -l:(x)—(osef_‘:( Sec CSS() d £(6)= b +an(o)- +an [l
= s X - Qser (&x} = 6(0)-0
=0
00)= bsec¥(0)- 2 [26) . Y-0)=H [x-0)]
= g()=al\ ) Y=4x
=4 . “Tha. aopadion o e Yogprt”

oxr %x=0 s \3=)~lfx.



{ 3
"%? *“F'k/ ,!

| :ix.;;z[g;os%@.*.(-snhﬁx).qj _gl_)L_= 5(+st") [cosr' (.L.X *)J

d = —4sintXx dx 36os\l—(l+5mr)
. .|cos 4Xx ) =
C ys= tan{x™ ) o) y=2Zsin® xoosix
%{— %[sec (x‘)J (SX") q_cllx_ 4sinx cosxcos 3X +dsin'X ([~ sin Bx) ()
X
= SX"SEC"(X’) = Ysinxcosx cos3IY—Esin3XSIn *x

= .'Zsmx (Qcos'xc,osBX—B snX sln3>(>

4 oypain xg”

o s - ons” v
. l +j97[(_smxt+ y(cosx'j(zx)z —BGos‘y. (—s"‘Y)i%

2
] (l;"ati':) I+snnx":|l_y; +axycosX'= 3Sm7Cos‘y_jy7_c_
= IS sec
j(- ('-l---3‘hou'\>()z J ] —3sin Cos ==-1-2aX COS'X‘
_A_;L_ SmxX—3 % ). )’
X

dy = —]—axycosX
&I;C (Smxt—- 35»\7'@:"7)

2. Find the equation of the normal to the curve y = x +tanx df the point where x =

= = +
m:aJ;L_zl-l-Sec"x Pt x Jn.rr')"‘%"' I
%

Y=1I+
%‘l =1 +Sec"(1[¢,) V)
A=T .
! .. The Q?udt.lon of Fhe normal 1s:
=+ .
&g -r)= 46
=141
TR L
(\ﬁ- = ._l;x 1'.}1;.4'_1‘1"7-1-1
=142 12y = 4% +TW+3T+12
=3 l'l'X-l'Ilvj-"-l»'ﬂ—jQ:o
Mo = X 35-T—3 =0
Nole: IB : ax+by=c j{_‘wm
'X+3Y:TT-|-3



Differentiatation Rules for TrigonometriC Funhctions

Recall:

e The Product Rule: [£(x)g(x)]=7"(x)g(x)+ f (x)g'(x)

i eules el orle(l &
e The Chain Rule: dx[g(x)}'—n[g(x)] dx[g(x)]

e The Quotient Rule: [f (x)}z / '(X)g(X)—gz'(x)f (x)
g(x) [¢(0)]

Ex. 1. Differentiate with respect to x.

a) y=sin(2x’) b) 7(x)= _Tl csc(—8x)
y'=[os (@) (6x) PR="3 [ csc(87 wk (53] €9
= (o cos () = - 2csc(8m) cot (-8%)
c) y=cos’(x* —1) d) y=cot’(1+x7%)

'= 2 o)) « [-sinfod-D1 - 2x lé’=3(»’c’(l )« s (146 2
la =:-5:: S((:(x:z()[ ;51(;2':))1 2 =-Gxat'(1+1)- csc(1+7)

Page 1 of 2



Ex. 2. Find the equation of the tangent line to y = BY at x=Z.

COS X

Y:. ‘l’.qhx
y:—.-. sec X
H-Lx.-.—.'l:l;. » Y'= sec :[{_

Y;‘a‘,;q{_
Y

(o

G

Y= 4
e £ i
y=1%
- The oa;mino'n of fre 'Eqnjent line s :
Y-I= :H—(x—:x{_)
Y=tx-HI+33

1ax -—-3)!—"1""'-}'34—5- =0 (s'l:.cmclqu ]Covm)

Page 2 of 2



ST T TS | e ey
AL CCOS X L —COS X)

D-f@”""s'”x '@ =-smx

'&):' l+cCcosx Possible P.0.1 = f"(x).-.-. o
|4CcosX =0 %x=0,T

CosSX==] " .

7(='|T (-I.o) (0"“') {-n" 2-0

—smy - -+
T
(o) | () f@ | o> fev

~ W

=T
(11‘):11’) is a critical pomt .

l+cosx | + + .- Theve s & poit of iflectisn at (W),
& | + +

y
$&) ' Ne mg,th:.. point *

5 Y=x+sinx

¥ >
of - ar

’) Y= Sinx G—COSX)
= SinxX — snxcosX
ﬂ-: Cosx — [C-esxcc:sx + sinx [—sinx)]
= cosX —Cos*X 4+ Sm X

A x=0,y=0
At x=2

2 2%
= Cosx—cCos X+ | —cCces _
” V= =n 3 (i-corag)

= E(-y)

= |4 Cosx—2cos X
= (1+2cosx)(1—cosx)

.-.ﬁ%zo = %(32-)
x aE
.14 2cosX =O or 1—CosxX=0 B Y
Cosx = —L CosX e < . The pomts ,0) and (21 35
y ’(,;'l X=0 y Pomsa’re@o)qd( ,*)
¥ 3 (1.0)
X
S.X=21 oKX LT
3 ?
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Optimization Problems with Trigonometric Functions

Ex 1: A rain gutter is to be constructed from a metal sheet of width 30 cm by bending up one
third of the sheet on each side through an angle, . How should 0 be chosen so that the
gutter will carry the maximum amount of water?

let the ara. of Yhe cross -sechion 4 o lo b
be A. ) ] ) :
O% h h{.s/ 1n
%&a-?-l-wdd:((l;b)h ______ 81'__ 10em __lg_li:___
A= 3(o+b)h) B ¢ @ H
5 = x
= 3o o+ 20 ws(8)] [ sin(e)] =8 wse)=2
= \DOS'W\(_GB[OOS(GB-\' \] \OS'In(Q:h \0608(9)::7(

For maximam, find A'=0:
A= 100 cos(6)] s (8)+1] + 100 sin()[-5in(8)]

=100 cos (8) + 1D ws(B) - 100 $IN'(8)
= |00 cos (6) + 100 cos(8) - 100 [I—ws’(e)]

= 300 cos (6) + 00 cos (8) -160
= 100 [2 cos(8)-i]] s (6) +1]
orthel #s = A‘:O’

20s(M-1 =0 or ws(®)+l =0
ws(8)=3 ws(8)=-1
6= s &= T
?;t medmissible - 0<b< 3
o 0<O< g

- 6 should e ot § redions.

Note: He sewond derivahwe Yest @n ‘2 used +o vox'u-F\& Hat 6= %7 resulis

"n e max oreo



Ex 2: Aladder is to be carried down a hallway 2 m wide. Unfortunately at the end of the
hallway there is a right-angled turn into a hallway 3 m wide. What is the length of the
longest ladder that can be carried horizontally
around the corner?

Nole: A+ some ona\e, &, e | op

The goal is shifted from finding the longest . e

ladder that will go around the corner to \e’“{)\"‘ ‘L ) will ke of o

Jinding the shortest ladder that will get stuck. PAINIOUM.

Lok dha lodder e | whore L=0,+0,, ond
—/y
& he do orale te loddor magks o cone, 3m| 57

by

os Shoan. Note: 0<0<3

sin®)= 5_3; wos®)= 3

g, 'ST?@) L= Zes o)

L= 0,+0,

.3,
T oon® T cos(®)

= 3fm(e] -+ alees(@]”

L= -3[sim]] " Tos(6)] - a[ws @] [-since]
. 3 ws(8) + Asn (0)
sin(® ws’(9)
rthal #s L'=0 Whan &2 0.6,

e 32— 2
~3cos ®) +asin (O 5 sin(08s3)  (05(0%53)
S\na(e) Caszce> - L = 3.02

. 3&=3 3o
Qsﬁng(%_._é.@() MMS\MDQ—%LQ\%&\'W
2 w}l\ &appm 34.0om.

L
tan(® = (3)°
5= tor' (3
&= p.8s3
ov O= 439°




Ex 3. A fence 8 m tall runs parallel to a house at a distance of 3 m from the wall of a house.
Determine the angle, 6, the shortest ladder will make from the foot of the ladder to the

ground, if the ladder is to reach from the ground over the fence and to the wall of the
house

ek L be e lerghh oF e shordest lodder,

oo L=0.+05, and & be He On\%w,%o. \oddor
foms wh He q)w\ud.

. 3 3
=0, 40, =g ws®=

_2 .3 b g .8 3
L= 30 os® S M= S0 L= os(e)

= %(._S'm(e)]-‘-\- 3[0:3(9)]"
L'=-8 [s‘m(e)]—a[cs)s(eﬂ -3 [ws(é»}—a [-sin®)]

= 28ws® 35 (6)
2 AL S
Sin (9) 6932(0)
otheol s = L =0

8 o50) _ 3sin(®

$Sn(®) w520
3es(® = 351n(6)
fon'(8) = %
$on (6) = (g-){”' L 0<H<d

b = 0.9 - The shordest \odder will make on cmbb, of
or 6= 54 .
opproxc. 0.9 rodions with the ground .



Related Rates Problems with Trigonometric Functions

General Method for solving related rates problems:

1. Draw a picture and give names to all quantities involved.

2. Which rate do we want? Which rate do we know?

3. Find relationships between the quantities that are true for all times in the problem. The goal is
to have a complete chain between the quantities whose rate we know and the quantity whose rate
we want.

4. Take a derivative with respect to time of both sides of every relationship.

5. Plug in the specific values for the moment in time we care about. Do not do this step early.

6. Solve for the rate we want.

1. Alighthouse is located on a small island 3 km away from the nearest point P on a straight
shoreline. If the lighthouse beacon rotates at a constant rate of 4 revolutions per minute, how
fast is the beam of light moving along the shoreline when it is 1 km from the nearest point P?

lek % ke ‘e diston Hhe shoreling, & e He of the beam
m\dxi - e disanc olorgy eling, oxaje

do _
Guens: dt =4 rev/min ‘l? ) _1 dt 4 rev/min
= §1C vd/miN an(®) = .
Pird: 827 hen x= ke sel(0) & - § s
3 '. \_, - ,1' ,
A‘\' WVW(A’&NM\ x=l, At "lhe H\?‘Oﬂ'\’ x=l 2 s&(&)— __(3 . > ] shoreline
e ,\j dx _9
3+ I
3 10 1 dx
\ . dX_ g0 _
sec(6) = 110 o QBT 2 gag

= The beam s Mo\im% o approx. 338 key/min olma Yo shoreline.

2. If the height of an isosceles triangle with base 2m changes at a rate 3 m/s, how quickly is the

angle opposite the base changlng when h=./3 m?
lek h be $ha N»\%UO ‘H\L‘\'ﬂm\%\e)ebe,-{-m_omb\e oppoSiie the base. /N
ond t be ‘the fime.

Jcom(g')= h
s &  _1 dh
G\\msd;&%-sm/s ’5’5“-3(%)'@= #%&F 2m
wa '—'? =
Fd: {Z=7 whan hed3 m At 4he nstort, h=J3 = 40 =3 sec(f)= %
£y -\
o 15, @) 8- w0
o)_ 43
Cos(a)-,i('f—)f:\'f -%—-g_g:—\
3 -
(' %‘)= 2 %;B: '53‘
.t)_i o
sec(§)=2 e oppos e the base is decreas o
3 vgx'\"’;,mo& rod /s. i



3. A 10-m ladder leans against a house on flat ground. The house is to the left of the ladder. The
base of the ladder starts to slide away from the house at 2 m/s. At what rate is the angle
between the ladder and the ground changing when the base is 8 m from the house?

Lok % he He honzontal distance of the bose of Hhe (odder Yo dhe houw,

O be Hhe ongle hehuen e bose of Yhe lodder ord Hhe groend
ond t e He hime

X | wsl)=
Guwen: %zgm/s - g'n(®,&= L. é_‘ﬁ.
Prd: 87 e x=8m 4
a=7 At dhe instank, x=8 2 $=a_sin(®)= 2 -
e =8, -(3)-€-%0
sin($)= T8 & -1
an(®)= 2 >

.-.Wam\s\e, between Hhe lodder ond e ground s
dn.cmas'wa o o va¥e of £ rd/s.

4. Arunner sprints around a circular track of radius 100 meters at a constant speed of 7 meters per

second. An observer is standing 200 meters from the track’s center. How fast is the distance between
the runner and the observer changing when the distance between them is 200 meters?

R L&xum&s\mbehuem%runmnndmobw,
100 ! X B’ e e 01‘16\9— od' the CE}“‘W ‘PDﬂNld b\a “"LQ— l'mo, O'F C‘D%H'
Lo ‘ . +o #he rumr od the line oF it o the dbserter,
290 a b Yo distane e vumer 1S W\"*‘% (&"C\U‘g‘ﬂ
ond + ke He Hime
Given ;1 %%— = F ms = (200) +(100) - (206)(100) cos(6)
F"d" 'E?é:? vhen X=J00m Q.x %7_40 o0 s'\n(e) _ﬁ%
a do
=06 =00 4 At o nstant, =000 = 482 g0y = =
3 _ 4
o = ok (209 & - 45 000(AE) (2
N\\U\ K= m) dx 3 “%‘
(300} = (200) + 100 -2(100)(265) cos(®) &
2D - os() SeTe
~ (100303
i =ws(®) - The distna is inoreasing of o rode of
'3 - snB)= W:i C . ‘Y':f‘ opprx. 0-F8 mfs. L



5. A Ferris wheel 50 meter in diameter makes 2 revolutions per minute. Assume that the wheel is tangent
to the ground and let P be the point of tangency. At what rate is the distance between P and a rider
changing, when she is 15 meter above the ground and going up?

Lok s bethe distance between Yhe tider and point P, Wheel
Ghaﬁuw\o‘)ln.od'%wﬂ-wrof-mwhww
b‘& fhe sha‘lQ‘H‘ ine distane o ‘e vider od

He straight line distone Yo P, x he Ha
hovizonts) distance. of-Hee rider 4o P, y bethe
vidar's ko,‘ig)\\'l' ond & be He Hime.

Given: %%—: 4t md/rﬁm

ground P
Bind: %%'—? ushen Y IS m
(e ¥ s%= (25)a+(25)a—&(&5)(25) cos(6)
%= 25°-10° s _ . A
= 5431 as Gt = 1350 sin(®) o
’ =8> g= . SE é&. :
ST P e s - g
= d
5430 A(54%) 92 = 1250 (&) (4)
Sin(0)= 7 ds 1000~
® LT T
. e 5Aal
Sin(8) = ds .
a5 o = 8331
= al |
5 - The distance between e rider ond pot ¥ 1

Woreading, o 0. rote of apprx. $3.FTm/min.



Related Rates Practice

1. Arotating beacon is located 2 km out in the water. Let A be the point on the shore that is closest to the
beacon. As the beacon rotates at 10 rev/min, the beam of light sweeps down the shore once each time it
revolves. Assume that the shore is straight. How fast is the point where the beam hits the shore moving
at an instant when the beam is lighting up a point 2 km along the shore from the point A? [Ans. 8o ]

2. A winch on the back of a stationary tow truck is used to drag a large load along the ground. The winch
is located 2 m above the ground and cranks the cable in at a rate of 0.75 m/s. At what rate is the angle
between the cable and the ground changing when the

32
16

angle is equal to s [Ans. =—— rad /sec]
4

3. Two sides of a triangle have lengths 8 cm and 15 em. The angle, 6, between them is increasing at a rate
of 160 radians per second. It follows that the length of the third side, c, is also increasing with respect
to time.

(a) Use the cosine law to find an equation relating the angle 6 to the length of the third side, c. [Ans.
c2=289-240co0s(6)]

(b)Find the length of the third side, ¢, when 6= g . [Ans. c=17]

(c) At what rate is the length of the third side, ¢, changing when 6= g ? [Ans. 13 cm/s ]
7

4. The light on the top of an ambulance rotates and makes one revolution every 5 seconds. The light runs
along a wall on the side of the hospital as it rotates. If the light is
situated 10 metres from the wall, then how fast is the spot of light
moving along the hospital wall when the spot is 3 metres from the

. 1097
centre of the door, located at point P?[Ans. 9

m/s ]

5. A spotlight on the top of a police cruiser makes one revolution per
second. The spotlight is 40 meter from a long straight wall. At what
rate is the spot of light moving across the wall at the instant when

DOOR

the beam makes an angle of % with the wall?[Ans. 32071 m/s] P ORNTAL

spot
40

police cruiser



Related Rates Practice-Solutions

1. Arotating beacon is located 2 km out in the water. Let A be the point on the shore that is closest to the
beacon. As the beacon rotates at 10 rev/min, the beam of light sweeps down the shore once each time it
revolves. Assume that the shore is straight. How fast is the point where the beam hits the shore moving
at an instant when the beam is lighting up a point 2 km along the shore from the point A? [Ans. 8o ]

=10rev /min = 20nrad / min

dt
ax =?when x=2km do =10reVv/min
dt dt

X
tan(0)= > . -

» do 1 dx
sec (G)E =2 dt
2
when x=2,c0s8(0)=—— .
V2* +2° shoreline
2 —
cos(0)= 5 dx v
dt

J2
sec(0)= &
Plug in:[%} 207 = %%

dx _ 8o km / min
dt

2. A winch on the back of a stationary tow truck is used to drag a large load along the ground. The winch
is located 2 m above the ground and cranks the cable in at a rate of 0.75 m/s. At what rate is the angle

between the cable and the ground changing when the

angle is equal to Ty [Ans. ﬁ rad /sec]
4 16
a =-0.75m/s
a9 _ ? when0="
dt 4 i § dx 3
2 —p Substituting the values 0 =— and— =-0.75=-=, we obtain
sin(0)=— 4 dt <
X do 1 ., 3
x = 2¢sc(0) —=-—cos(=)(-%)
dx do e 2 44
—=- 0)tan(0) —
It 2csc(0)tan( )dt =§(£)
d0 _ 15in(0) dx 8 2
dt 2tan(0) dt _3V2 g / sec
16

_.1 dx
=3 cos(0)( dt)



Related Rates Practice-Solutions

3. Two sides of a triangle have lengths 8 cm and 15 cm. The angle, 0, between them is increasing at a rate

of — radians per second. It follows that the length of the third side, c, is also increasing with respect to

time.
(a) Use the cosine law to find an equation relating the angle 6 to the length of the third side, c. [Ans.

c2=289-240co0s(6)]

c®=8%+15°-2(8)(15)cos(0)
c*=289-240cos(0) 15

(b)Find the length of the third side, ¢, when 6= z . [Ans. c=17]
2

0=E—>cos(0)=0
2

c*=289-240co0s(0)

c®> =289

c=17

(c) At what rate is the length of the third side, ¢, changing when 6= z ? [Ans. 2 cm/s ]
2 17

when Ozﬁ, @zirad/sec
2 dt 60

dc do
— = in(0) =
2c at 240sin( )( at j

17@ =120(1) (ij
dt 60

de 2
—=—cm/sec
dt 17

4. The light on the top of an ambulance rotates and makes one ~ -~
revolution every 5 seconds. The light runs along a wall on the side c
of the hospital as it rotates. If the light is situated 10 metres from
the wall, then how fast is the spot of light moving along the
hospital wall when the spot is 3 metres from the centre of the

door, located at point P?[Ans. 1(;97[ m/s]
5
a9 = l1'ev/sec = 2—7[1'ad/sec
dt 5 5 X p HOSPITAL
%:?whenx=3m — cos(0)= 10 = sec(0)= 109
\}10 10
tan(0)= x i 2
10 Plug in: 7¢1()9 .E:i.g

» d0 1 dx 10 5 10 dt

sec®(0)—=—.—
dt 10 dt dx 1097
10 —= m /sec
dt 25

when x =3 ,cos(0)= \/
10°+3°



Related Rates Practice-Solutions

5. A spotlight on the top of a police cruiser makes one revolution per second. The spotlight is 40 meter
from a long straight wall. At what rate is the spot of light moving across the wall at the instant when the

beam makes an angle of % with the wall?[Ans. 32071 m/s] X

F 3
v

% =1rev / sec =2nrad / sec

g:?whentng—)f):E
dt 6 3
tan(0)= -
an(0) 0 |
e
secz(ﬂ)@=i.% police cruiser
dt 40 dt
when =" ,cos(O):l
3 2
sec(0)=2
Plug in:(2) .2 = 4%%

dx _ 320tm /sec
dt



Related Rates & Optimization Involving Trigonometric Derivatives
Examplel: A ladder 10m long rests against o vertical wall. If the bottom of the ladder slides oway

from the wall of a rate of Zm/s, how fast is the angle between the top of the ladder and the wall
changing when the angle ig ~ rad?

Lek % be the distance from the botlem of the |adder
1o e wall , ® be the an le. ketvean the ﬁr o.[: $he
& ladder and The wall and ™ be +he +ime in seconds.

Sm &=
1O

- :D'F-fe_vcv&iafe et time:
dx = lw\ls cosBdo = L_dx.
dt ot

lom

Clﬂcmjmj oct a Yﬂd’&

&

. The anale Us
Bt :
de OjC =~ 0.283 va\e\/g .
o

ned 4000 m form the base of a rocket launching pad. If

travelling of a spead of 600m/s, determine how fast the
camera’s angle is changing the moment the rocket has reached a height of 3000m,

Lot h be the. haight of +he, det, 6 be the angle of +he angle of +he
comern. and t be “the tme 1n seconds.

h V .Eo\'\e :‘._L__——
Yooo

o Secode - ) . dh.
k'—\-oOo Py dt Ypooo dt
_;L4= koo 1. dh
3t MIS de - Yoo Ot
o+ ]
de - 7 Lhenh = 3600m Cos'®
dt 1 4\?
Lone =3000 = 4000 (600>(§)
’*OOQ
= 3 _.{l6
Cos® = 1. > N = 13
5 o 125
Te50 — =~ 0.0962

.. The camevas omjl{ Is

claomjmﬁ a‘l: a ml?. o_)[: = 0.0‘lél‘mcl/s .



Example 3: A steel pipe is being carried down a hallway 9 m wide. At the end of the hall there is a

right angled turn inte a narrower hallway 6 m wide. What is the length of the longest pipe that can
be carried horizentolly arcund the corner?

I A
9}/ , G
) m‘:e' A M,WWS.‘E
/j‘?‘ i 11_
@5 i
AREE L__ /4
g :} B “}’% Sin S'
C oSG‘ = ﬂ—'
)
L= _
Cos&
o<6<L I
L

Note : Bt some anale , 8.
Tﬁe lenj\'k ,L ,La\\ Le Q

minimuMm — l'ke. Y'e'-‘llulreel
\eh \'h 0(—. "ke_ ‘bnjesl:'
ladder.

Q"" clgv |voc"we Jest -

et e |£v\3“7\ 0-(: e ladder Le L= _['.|.1’_
and B ke omjle shoon -

L=, +1,

=3+ C = y!
L=t s - L=%eso)

L' (B\ = —-°I(Cos s)-"(—SmS) - C(élnG)‘zCe s©&
= QAsin® — CcosS
Cos™ & sn'e
Cv-l-l'lc_gi s = L.'(S) =0
s’ —-6ces*® _ o
Cos" O s O
q$lh39 =€ °°538
'l:O\n-ss' = é_d
]
B
6 =2
tan =

4
tone = —7"5—)3

-E -l JS'

— () i-_

8 = ta (_;)

O = Y).1° or 6.3 % vad

L=_9 4+ [«
Cos OFR Sin 6318
L= 21l

Lh(e) = ‘lcosecosxe —:anse[—s'me)(;l s-me) — [6 (_s»\e)sm‘s —2ASInB¢o se(coosa):]

cos'®>

U

snte

CoSqe

-
—

°lc<>s1'9'+l? SN O cos® + Csn 3O +12AsnO cos™©

snte

C]COSS(CQS‘S +'D.§m"8) + ésm@(s IS+ 2605 0)

Cos'tS

sinte

= 9(cos™® +251'®) 4 6(5in® + 2 Cos™O)

Cos>*

L' > ++

U Min V«Inﬁ .
SN &L1® >0 ,costll 2O

Sn>S
 The lengfh of e longest
P'Pe s~ w .
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HFFIIEA‘L\.D“ D‘F Ae«tvxl'\v'es o? 'l’.Vljbnome'\'Vfc_ 3tunc+|o;\s

) h= Jo+20sm (i—.-ﬂl‘)
u

él%_:_ QOCOS(L}._‘E_-Iﬂ'L> (q-J_>

= ECos(j;-l-Tf)
Iy
= = SCOS(O-FTT)
Jdt 1.5 -
= —4.95

.". The vote at which e L‘e\ﬁ\’\t IS C"\“"j""‘j
s agpox. ~49S mfs .

2)//=,_ ' hfim Nole : suﬂ(:.l%_ cosX =._%_
x ol W,

l'\:. SS.WIX

. » b= Scosx
Jomain : 0< X< I

2

09 Avea 0-(: fhie pen = Brea of the 2 As +Area of Yect"\rule.

or frea of o :QLJi.‘o‘n:l-l' wh
Tropezeid Formulo.:
A=4(abh = bhtwh

= @c::sx)(s sl'nx) + 5( 5 s'm%
= ASSMXcoSX P ASSInx
= A SINX (cosx -l—u)

. The avea of the pen 1 [aSsmx(Gsx+i)] m™



L) Afx) 255\5‘\)( 6.]. co .S)(> or AKX)= A5sinx + A SInxosx
A'G) = AScesx (i +cos;c) ¥ QSsmx[ sinX)
= 25cosX 'I'Q‘S'Cos X—ASSIn"x
= 25[Cosx 4 coOSX — Sin*x ]
= 35 [cosx +cos™x—~ (1 = cos™)]
=25 [ 2cosix +cosx—1]
= 35 [Qeesx = 1)(os x +1)]
crifical drs = A'(x)=0 N

Qs X— | = O o0y CosSX+Il=0 \
CosX = Cos X =—I| (_:)< >
2 N] _/

X=T
X=I!l;. ":\ﬂf.lMIS.Slth o< X <_{
AN-T Y x<J_._E.

H(I[.s) = QSSMIL (l-l-' oosl-[sb

= RSfx\— 14 \3

=
= 3503 . Area rs 3513 m
I B

age denvative test -

A'Gd) = 25[acos™x+cosx — 1]

;\"(X) lc‘ba:s;((—-smx) —SIny
= =100 oS XSIMX — SINX

H“(JI§ <6 A~ max value at x=T0
3 3



3> o losn'nx
Domain: 6< x<_t_[_
. . 10cosX%

|

Joecm

O<1¥<.TI'

0) Prea O'F *‘eﬂtﬂﬂjle =. Qﬁoc.os')b (tosmx>
B = 200smxcosx

L) BX)= 100 sin 2
R'(X)= loo(es ax)(2)

= A0DCoS AN

cvrl:ul s = P]'(X) =0

200Ces AKX =D
7(°")(.,31 CosAX =0
cu\l_@/) ’ Ax=T.
K= 2_]']'_'_
Y

H@q 200SIn T cos l'I'

- o)

r‘]\f-ea Is IDOCM

2" elevwa)t we test :
A‘(x) = 200¢cos QAX
RA'(x¥) =-4bosin 2x

or A(X)=a00sinx cosx
A'G) = 300 (cosx cosx- Sinx SINX)
= 200 (s - sin’x)
= a0 (1-2sindx) or 200(2esk-)
arhal #s+ A'()=0
0=200(1-2sIn"%)

1= sin'x
i$= sINX
onsider Q| onla_ H0SX< 3
LY
SoX= l‘l

R" (Q < 0 ;{ mMaX. value



‘64) Method ® :
Gvacplﬂ y-_—.xsnhx ,"05K XK 35 USwj &bc

B DAL
. FMJ ﬂ?e Bcvos

Xz0o or X=3.4IS92F
x=T .. a=T - PointA isnot on Hhe ovigin.
MQ‘.KOJ @
XsnX =0 17 (o)
X=0 oy SnX=0 r\(-;;
X=0 ov X=T (-"D)\/
C.aa=T ©-)
B 9&) = xsmx
j'(") = SmX4 XCDSX -
o . ' _ g ‘
tiretoaing Kool o R P U

== ® Hind Hhe moximum
Xeosx == sinX b T3] Toa] »oladste
X==Cmnx "
CosX X = . OBF5F3
X= -‘l:.am X oR uéma +he GDC-
X+ +anx = O O) %1:7( ond |az=-'hmx
;X +tnx =0 is sohshed ®-Hnd ph. of intersechion:
X =3.03835%8
~1S= X + tonx
’ Ls=(2.0233578) +
o) 3‘(") = SinX+ XcosX +on (2.0983579)

3“(7() = CoSX 4 CoSX —ASINX =0
= QCo0S X —XSiny - LS=RS



Applications of Trigonometric Functions

1. A wall of height 8 m stands parallel to and 27 in from a tall building. A ladder with its foot on the
ground is to pass over the top of the wall and lean on the side of the building. What angle will the
shortest such ladder make with the ground?

2. Akite 40 m above the ground moves horizontally at the rate of 3 m/s. At what rate is the angle
between the string and the horizontal decreasing when 80 m of string has been released?

3. Arevolving beacon is situated 925 m from a straight shore. It turns at 2 rev/min.
a) How fast does the beam sweep along the shore at its nearest point?
b) How fast does it sweep along the shore at a point 1275 m from the nearest point?

4. Two sides of a triangle are six and eight meters in length. The angle between them decreases at the
rate of 0.035 radian/s. Find the rate at which the area is decreasing when the angle between the

sides of fixed length is %-

5. Aladder 10 m long rests against a vertical wall. If the bottom of the ladder slides away from the wall
at a speed of 2 m/s, how fast is the angle between the top of the ladder and the wall changing when

the angle is %?

6. The base of an isosceles triangle is 20 cm and the altitude is increasing at the rate of 1 cm/min. At
what rate is the base angle increasing when the area is 100 cm??

7. Avehicle moves along a straight path with a speed of 4 m/s. A searchlight is located on the ground
20 m from the path and is kept focused on the vehicle. At what rate (in rad/s) is the searchlight
rotating when the vehicle is 15 m from the point on the path closest to the searchlight?

Answers:
1. 0.588
0.05 rad/s
a)11624 m/min; b) 33708 m/min
0.727 m%/s

g rad/s

0.05 rad/min
0.128 rad/s

No un oA wnN



Poplicakions of Trigovomettic Tunchions soludions

Let L be tha lgth of e lodder ond
L=, 40, , ek & be o awsln_—\rko.taddavmkasv»fﬂﬁ

*lhgmmd
$uD= 2 JF
Cor no = [N osH = [
-
ed L5
I 4// '
= 5m6 ¥ s 0= 3w@® O
I . S © 5’0
L= g5ine) + 9% (wsO) §ws® 2% sind
= "BasO  -a%(-sind 00 T o5t
S0d w00 3wos’B = 27 sntE
S
x = o &
2
3 = tan® _ 03053
B = 0.53%00

. e shorkst leddor waill moke |
on Ovgle of appox. 0.538 rod

@ .z Lok 6 be Hho onda o shirg fors with the. hevizontal,
7 x ke He jorzontal distona  of Yo ke and + e

Y
40m o Jhe hme in 2onds.
tan & = %
sec?6- 48 = -40x". 4%
K = 30 -H0° A 40 4
- =W . 47
4043 dd_ -4 43
= <7 = 3
®s0= "gp &t " (oG)e T T3
_ A3
= 9 - -13043 r. e arde is dacreosioy
4600 ok approX- 0.02F v/
__ & pere = 3}
=T 3 er apprnx:0.0QH-



Ppplications of Tv’tq\onome\ﬁc Tunchions  soludions

® e Lot & be the ongle do team of Lot from e

keaon Homs with & perendiier line o the shere,
Rl AN X be Ho Norizontl distanc of he Uight fem
re A1 /on

Jhe perpendiadar ine and + = HBme n mndes

Beacon
a) A+ closest point _ X
6=0 - -Ea.n:& T b
:o08 0= | e O 4f = 925" oF
I (‘ITC) = '?LS‘%TE
. X
ll@&?cq = &
- The beacon s Slueep'wg o apprx. GO0 m/ min
o s nearest pont .
b x= 1335 m
\\v\po\enuse—-‘-/has"-s-ms" tan & L’Q%
= J 2481350 sec_’g.de__ A dx
- 25,5770 JE = ;s
@0) . )~|TC = L - 'dl
036 = 42 3 @5 dt
B0 dx
- 3% 310844 =
= 2= 3 244 pra

- The heacon is Sweeping o appox. 33100 m/min
ot o pownt 13F5m fom He nearegt point.



App\ cations  of Tr’ug\onomdﬁc Tunctions  soluions

®6mt Le‘\'ebe_‘\"lkavg\z,be:\vwwa-mxedﬁd&,h&'
e‘g: MMQMGP%-\'F}%\Q,ARMW&MMQ
3m ond £ e the Fire 0 seconds
%;-0.035’@/6 A= 8(25‘1\9)
h= bsin® A= 24 snb
W &= Er %‘:a*\wse-ﬁ
x_233
Fe% & o (F)- (0.039)
= - 0.%2F
- “The ovea s decrms‘)r%ac\- o rote of opprox. OFaFmls.
®
5 ek e omgle behween o loddor ond Hhe wel
> w O, x be tha hovizontad distance of ke ‘vose
x of Yo ladder o Yhe wall and t e tima in seconds.
d
'&‘E:Q'"/S sind = T
Me;lz'})l wSG-%: %%}ﬁ
= L
0S4 = 43 'ﬁ%%zl_é-(&)
& [
dt = 7©

s Tha cmgle, is 'lncrem\'wa o o o ot %Pod/s.



Ao\ cokions  of Tr’ng‘onome\ﬁc Tunchions  soludions

® | Lot © le He buse angle, b e the olfhde, A be He
h orea. ond £ e Jho ¥me in mmsles.
& n
* Boon ten® =
%E:\Cm/m'm SQC?O %%:Té%
A= B Gy &. L
A= 10h ﬁ)'dT‘IO’l
do
when A=(00cn, at = 9})
h;chm .
od 6= F . The base anle is mcveo.':‘.'m%cﬂ-avok,o? 25 vod /i
® x let & bahugla,al: e %orclight fem He
. per pendialar lina ol Hha beam o Yhe path ,x be
o Uo distance. the car ratels From He closest powt
od + e o Pme in sends
= A
a& = A m/s %
" tan & =75
7‘2\50‘\.) de
hypolenuse = Joch+ 57 20 - 4 = 5 -
- 2 do&
o (715:) ©oak =515°L|
= g dt = Qs

- T searthighd is whobm o o rale of

X2 (or0138>\‘0d/8 when the ‘ from
05 : cor is \5m

He po‘ml- on he poth  diosest dp the seard\\lﬁhjr.



[

cluss on e

LT
e

o

w0
[T
oo
5

Vi

by

e f

Y,
Y

‘E‘

lerivat

NI | v

nal the volues of o o

g gl

©y

Tl o}

i
i

fion. Fi

"

of the func

P

here behween x

+
i

graph o

%

iento
¢} How many tangents paralle

5o

b

aroc

Y

= I

rict %

=0

t

one are

S

i

3

#

Answers:

146



PRS soluhons
®

@\é = §)ﬂ'7<[QCDS‘X-H> , ..1% £ & %

'.> DSX = ] or (,057{:-&-

' cosx (awsKH)+ SIx (-2 $11MK) : I
%"‘ oud ot doman = 3

= dos X +cosx - AHIN'K A=K

.

D= 2wSx +@37% ~Q(1-0s*%) + 3 ¥a=73
0= 205K +coSK ~Q +A@S X + 3 At x5 y= s\nF)[Qm(_I)-H]
0=4 cos°x+wsx—-§ = r[«?(")*'

0= % cos®K + 205X -3

0= (4 cos +3)( 2o x ) = SN ( 3) [aws( 5)+ ]

- E[a(3)
= —F

- Points (£ 43) ond ( )



Warm up

1. Find d—yfor each of the following. Completely simplify your answers.
X

a) y = cos(x* +1)% +sin®*(2m)

0) !a'= —§»n(7<2+l)3- 5(7(’4«\)(970 0

4= ws(atw) ( )
2 . a "2 —sin(adx)- @ 2,
= - Gx (%) sin? (o) L - jméé.n)(aﬁ) '
7,8
At sdukion © g‘:&cm@-]‘:s‘m(ﬁ)]-sﬁ-asm@-ws{@-ai?
-~ Sinx) ss() _ (%) os({7)
=—a s'm(/g)cosfﬁ) I
~~% sin ()

. Dy . . X
2. The position of a particle, in metres, is described by s(t) = 10c0s[5t - Ej ,for o<t<m,

where t is time, in seconds.

a) Determine the position of the particle when t=2 seconds.

S()=10 cos[‘s(a)— 3.5]
=-0.38 m

b) Determine when the velocity is zero.

V)= s'@ =-bsin(st-F) - ()

< The parhde. is appox. AHm b He

SoLuT IDNS

b) y = cos>(+v/x)-sin?(vx)

lett of Mo relerenc ponk,

At solukion WSirg q‘o.mu] & \uhions:
2 -5 sin(5¢-%) 5t-E = k1
+= kTC“"%.
find when vl =0: t %5 n
= Kg+ wT
O=-SDsin(5t-% ol
0= sin(5t- l:) :%ﬂl , SUb ke 0,133
- T _
;? or 5¢- =T o 5{-%: JdT or S-l;- Tqr'::’;?,‘rc or St-g =4
5‘{?:"% - S_L'E 5t= ﬂ% 5+ = ’-EE— 5t = I%,-r
- TC - A4 = T
t= 3% t=% t= % t= L e 30
Nolodiy is zen wen 4= 5, F,IC BT 4 B




The Number e and the Derivatives of y = e* and y = Inx

Introducing a Special Number, e

Leonhard Euler (1707-1783) was a remarkable Swiss mathematician and physicist. He
made massive contributions to mathematics, especially calculus, as well as physics, optics,
magnetism, astronomy, and shipbuilding. Euler popularized the use of the symbol © and
developed new approximations for it. He was the first to use the symbol i to represent
imaginary numbers. Euler also developed the irrational number e, which is known as
Euler's number and is defined as a limit:
nfy)
e=lim| 1+—
X—>00 x

Let's examine some integer values of x to see the limiting value of this expression.

Euler's Number e :

X X
)
X
1 2
10 2.5937
100 2.30481
1000 2. 316223
10000 ?. HBUS
100000 . 182068
1000000 . F\132R0

We see that as x becomes larger, the value of the expression changes by a smaller and smaller amount. In fact, the
change can be shown to approach 0. In other words, the expression is approaching a limiting value. The limiting
value of this expression is the irrational number e = 2.718281828459..., a non-terminating decimal.

: o 1 . .
By making the substitution # = —, we get the following alternate definition of Euler's number:
X

xX—0 X t—0

x 1
e= lim(1+l) =lim(1+1)

This limit is called the ___ Fypdamental ot of Calenlus.

The Inverse of the Exponential Function, e*

In previous mathematics courses, you learned that the inverse of an exponential function is the logarithmic
function with the same base. Today, we will use similar ideas to graph of g(x) = e* and y = log, x.

The inverse of the exponential function g(x) =e' is gi1 (x) =log, (x) =In (x) .




Rather than using log, (x) , mathematicians use In(x) to shorten this expression. In(x) stands for the natural

logarithm of x and is pronounced “lawn x.”

Like every function, we can find its inverse by reflecting the function in the line y = x. Hence, to graph y = Inx, we
can interchange the values of x and y from the table of values of y = e”*.

= y=e* x y = lnx
-2 0.135 0.\35 -3
-1 0.36 0.36 -1
0 1 ‘ 0
1 2.72 232 \ -———/
2 7.39 q_'go' & : : — Lo l ) |
L fYz) = In(z)
y=¢e* y = Inx
Domain
Sxe® 3% x70,%x€R]
or TXER, X 70§
Range
191 70,y ek 4R}
or SueR|uof

In advanced functions, you learned the logarithmic laws and properties of logarithm. We can apply similar laws
and properties when working with In.

log.ab = log.a +log.b In(ab) = M(O) + In(b)
a

log. = logca —logb In (%) = .QM(&) - On (b)
log.a™ = nlog.a In(a™) = n !b/\(a)
logga=1 Ine= ‘
alo8aX = 5 elnx —

X
log,1=10 In1l= 0

Exponentiol form : Lay;[r\-hw(lc form
x= b9 < y=log




Example 1: Solve for x:

a) 5(10**2) =200 b) 10e?*~1 +500 = 1000

0= 40 De = %0
lo% (\Ox-u) - lﬁ% (’{0) e&x—\ = 50
xX+2 = \oca (40) on (e,aﬁ) = n ()
x:\o%&o)—a Ax-| = (D)
x=-0.4 = () -]
A
X =AM

Example 2: Water is brought to a boil then removed from the heat. The temperature of the water, T
-0.57t
degrees Celsius, is modeled as T = 80e

+20 , where t is in minutes.
a) Determine the temperature after 15 minutes.

_ -0.53(5)
|=%0e +30

=2.0

- The demgerature is approx. 20-0°C.

b) Determine how long it takes for the temperature to reach 30°C.
-0

P=%We +
l -0.5+t
T=¢
o (2)= -0.5%
wm(z) -
-0.5%
3.05 =%

H— ..‘.ukes QVPNX, 3,65 mins ““ Md\ 366 .




Example 3: Apopulation of fish in a lake at time ¢t months is given by the function F ( )

P

_ 20000
1+24e +
How long will it take for the fish population to reach 15 0007?
20000
(5000 = o %
[+ AHe
-t
4
| +24e =3
-t
7 _ L
e = 3
+ A
“F = 0n '+a>
L
t=-4 n(m)
£213) -t will oke oppex. 13| months,
The Derivativeof y =e*andy = Inx
Recall- llm \+7<)x e
The Derivative of f(x) = e*
Lot x=e -1 . x4 =
Proof: Let f(x) = e*. e_-m'h » n (X-\-\)': h
Then, from first principles: f'(x) = \.‘m < i lim € "\ _lim X
>0 S WO Th T x20 n(e)
_ A/ N )
- l\m e (e - llm
h=0 | h Tx20 % 0n( 1+
_ % lm -\ = lim—
=€ wo “n x>0 12M(l+x)
= ‘ =
=e q‘gf,’;[on(w)]
m[m(«+x> ']
\
. TowmE
If f(x) =e*, then f'(x)=_¢€

(x)
By the chain rule, if f(x) = e9™), then f’(x) = Pg * o (x)

=\

)
or %' (x) el




Examples: Differentiate.

a) f(x)=3¢" b) f(x) = 2;2

(=3¢ F6)=2¢" - 2

= Hxe”
C) f(x)_x3e—x d) f(X) _ ex2+3x
%% 3x
Ped= 357" +'Ke, (\) £'(x) = (ax+de
= e ( 3- 'x)

The Derivativeof y = In x
Proof: Ld— e’% =

D fferentiode both qides:

L

Sb e =% :

Inxtheny' =__ X%

ify = .
Ll %'(K)
Derivative of y = In g(x): ca(.x\ ) 3 () _or ()

/)
v

Ex 1: Differentiate and simplify.

§ femxinx b foo- ) f()- ln[x ﬂ
[ - 2_L1 X+
F0)= 2 n(x) + PE= XX =) £0)= In(x-1) - Qm(x*rb
= Qx 0n(x) + x x £ (x) _
= 'XY_Q G +1] _ - n® o
= 3 _ K+ =(x-1)
X 3|
= 2
d) f(x) e” ln(\/_) e) f(x)=In[vx®+x? %2
-4
f 00— e« ax- Pm(»r ) + e_ {" ;ﬁ M= 3 (%% %) * (35 20)
=€ [&'x D(A%) + 2 ] = 3wax
_ X T2 A (%3+x)
"'-—'5;(‘"[47( QM@-K_)"'K( = 3x42

2x (x+1)




Ex 2: Find the equation of the tangent line to the curve y = e™* that passes through the origin

Y=-€" N o fnd e it of doggncy
Slope of 5, Me e”-0 e (|+'x)—o
\LS\Nz (0 0) ('x e 0?_—,( 0 g,NEO l+;<_:9‘
= %* - Point of -\m&ma is (—l e) ord m_‘.=ie,2
\3‘ =m; - ¢ = S—;(_ - Equotion s 33‘2'_225’::2) j 4=
X X
-xe =€ -~ The equation of Hhe Yongent line s y= -ex-
Ex 3: Find the p(;(nts of inflection for y = f(x) =™, - ‘6
Fx)= -&xe . M + —
| - 2 -X —.‘.'_ _‘_
') = Qc+‘lx &ﬁw&cu
=-2¢" (\ ax) .
POT > +'G)=0 fE)- ™. 2
iy —o or |- ' =0 -(,13‘ ) - POTs o
1 M®=e e’
e x N (-&,¢%),(%:¢" )
Ex 4: Find local extrema points for f(x) = —. RO
4 (x) - ]
Py = KRG §) ey
” Te
- 1m )
5 o=
] _ L
£F@=0: 0=1-m& - <
n(x) =\ - There is &\omﬁwmxai-(e
X=e
'P\(K\) e - 2f.()
XX:Q (et in W“)
Ex 5: Find the inflection points for f(x) = x*Inx. x>o
P69 = 2ainid - % f)
= x In(x) +% M € w
£6) = 20+ Ak %+ ST AT
e =
=20 +3 fe?) (63 )_in(e )
L0920 on(x)="= S e

-3 _3
o P0T o (o7 -3¢°)




Ex 6: Find the local extrema fory = f(x) = x2e™*".
RS | - --(-l)7~
M= axe e ne (39 ()= (0)%e
2 -1
=axe” (1-%) - e
( £o)=

2
-F'(K) =O: %X=0 or l-Xa =0 "(:CD - C\)n e—(\)
A=t| =g
+ - 4+ -
L'k ; = 0 ‘ - locad mox o (—\,é) ond (\,‘eL,
U :
Derivatives of y = e* and y = In(x) Practice ord Lol Mt ot (0)0> .

Multiple Choice: Identify the choice that best completes the statement or answers the question.
1. The graph of y = e”* lies between the graphs of which two functions?
a. y=2x&y=3xb. y=x%&y=x3 cy=3*&4*¥ d. y=2¥&3*
____ 2. Determine the value of x in the equation lnx = 1.
a. 10 b. 0 c. 1 d. e
3. Simplify the expression Ine3¥,
a. 3mme3* b. In(3x) c. e3¥ d. 3x

4. What is the value of In 0?

a. 0 b. undefined c. 1 d. e
5. Determine the value of x in the equation 2e* = 6.
a. In6 b.In3 c. 3 d. 28
In3
6. If f(x) = 2sinxcosx, find f’(g).
a. 2 b. 1 C. n 1 d 2
2
7.1f f(x) = cos(sinx), find f’(1).
a. 0.2314 b. 1 c. 0 d. —-0.4029
8. What is the slope of the graph y = 5e* atx=1?
a. e b. Se c. 5 d. In5

9. 1If f(x) = 2x2e*, find f’(1).
a. 2e b. 6e c. 0 d. 4e




10. If £ (x) = e**~**1, find f'(1).

a. 2 b. 1 c. 0 d. e
11.If f(x) = e*/x, find f'(1). 3e
a. e b. 2e c. — d. e
2 2
12.If f(x) = Vx +e* + e, find f(1). 1
a. 1++e b. i c. 1+e d. 5
2 Ve
13.If f(x) = sin (e¥), find f’(0).
a. 1 b. 0 c. cos(1) d. cos(e)

14. Find the point on the curve y = e* + x where the tangent is parallel to the line y = 2x.

a.(l,1+e) b. (0,1) ¢ (-1,-1+ é) d. (-2,-2 + eiz)

2x+1

15.Find the point on the curve y = e where the tangent is parallel to the line y = 2ex.

a. (1,e® c. 1

b. (0, ¢) d.

Full Solutions:

16. Find the derivative. You do NOT have to simplify:
a.  f(x) =In (tan?(sine®)) b. f(x) = eS™secx c. y= In(ln2x*)
17. Find the absolute maximum and absolute minimum of f(x) = MTx on the closed interval xe[2,10].
18. For f(x) = x*e*: Determine the intervals of increase and decrease.
19. Find y’ (do not simplify): y=(e"* + xsecx + 1)3
20. Findy” if y= xzem ©
21. Simplify the expression (e2%)(In e?*) + In (e**1)

22. Solve for x (to nearest hundredth if necessary):
a. e”2X*t3 =4 b. In(x? —2x) =4




Practice Questions 5.3: The Number e and the Functions y = e* and y = Inx
Multiple Choice: Identify the choice that best completes the statement or answers the question.

D. 1. The graph of y = e”* lies between the graphs of which two functions? e is approximately 2.7
a. y=2x&y=3x b.y=x%&y=x3 cy=3*&4*¥ d y=2*&3*

D. 2. Determine the value of x in the equation Inx = 1. Using e as the base, represent it in exponential form.
a. 10 b. 0 c. 1 d. e

D. 3. Simplify the expression Ine3*. Bring 3x in front and [ne = 1.
a. 3Mme3 b. In(3x) c. e3¥ d. 3x

B. 4. What is the value of In 0? 0 is not part of the domain.

a. 0 b. undefined c. 1 d. e
B 5. Determine the value of x in the equation 2e* = 6. Divide both sides by 2 first.
a. In6 b.ln3 c. 3 d. 28
In3
A 6. If f(x) = 2sinxcosx, find f'(3).
T
a. 2 b. 1 c. . +1 d 2
f(x) =sin2x
f'(x) = 2cos2x
f' (g) = 2 cos(m) = =2
D 7. If f(x) = cos(sinx), find f’(1).
a. 0.2314 b. 1 c. 0 d. -0.4029
f’(x) = —sin(sinx) * cosx
f'(1) = sin(sinl) * cos1 = —0.4029
B 8. What is the slope of the graph y = 5e* atx=1?
a. E b. Se c. 5 d. In5
f'(x) = 5e*
f'() = 5e!
= 5e
B 9. If f(x) = 2x2e*, find f’'(1).
a. 2e b. 6e c. 0 d. 4e

f'(x) = 4x(e*) + (2x?)e*
f'(1) = 4e + 2e = 6e




Practice Questions 5.3: The Number e and the Functions y = e* and y = Inx

D 10. If f(x) = e**~**1 find £ (1).
a. 2 b. 1 c. 0 d e

f(x) = (2x — 1)e* ~x*1

ff) =e

C 11. Iff(x)—ex\/_ find f°(1).
€ b. 2e c. 3e d. e
5 had

f'(x) :exﬁ+ex%

, 1
f(1)=e\/T+em:2e

A 12.If f(x) = Vx +Ve* + e, ﬁndf(l)

a. 1++e b. 1 c. l+e d. 1
2 \/E 2
f1@) =E+ et +Ve
f100) = S+ ted
fﬂ%”f
C 13. If f(x) = sin (e¥), find f’(0).
a. 1 b. 0 c. cos(1l) d. cos(e)

f'(x) = e*cos(e*)
f'(0) = cos1

B 14. Find the point on the curve y = e* + x where the tangent is parallel to the line y = 2x.

a. (I,1+e) b. (0,1) C. (_1’_1+§) d. (_2,_2+ei2)
y' =e*+1

Weneedy' =2 =>2=e*+1

1=e*

x=0,y=1

B 15. Find the point on the curve y = e?**1 where the tangent is parallel to the line y = 2ex.

a. (1,e?) c. (%,ez)

b. (0,e) d. (_1%)

yl — 262x+1
Weneedy' = 2e => 2e = 2e?**?
1=2x+1
x=0y=e




Practice Questions 5.3: The Number e and the Functions y = e* and y = Inx

Full Solution:

16. Find the derivative. Simplify your answers:

a. f(x) =In (tan®(sine®)) b. f(x) = eSi™secx c. y= In(ln2x*)
_ . . , 1
y = 2In(tan(sine*)) y' = e5"™*(cosx)secx + e’"™*secxtanx Y’ = et (8x3)
— 1 2(cineX X\ (pX) — aSinx sinx SInx 4
= Ztan o™ sec“(sine*)(cose*)(e*) =e +e— e
__ . cos (sine*) 1 XN\ x
=2 sin (sine*) cos?(sineX) (cose )(e )
2(cose™)e* __ 4(cose¥)e*
- sin(sineX)cos (sineX) - sin(2sineX)

17. Find the absolute maximum and absolute minimum of f(x) = mTX on the closed interval
x€[2,10].

1
,_xTinx () 1-inx

<

x2 T ox2
yVy=0->1-Inx=0-> x=e.
Note: x = 0is VA but is not part of the domain. Hence, f(x) is continuous on the given domain.

£(2) ~ 0.35, £(10) ~ 0.23, f(e) ~ 0.37

~ f(10)is the global maximum and f(2) is global minimum.

18. For f(x) = x*e*: Determine the intervals of increase and decrease

f;(X)=4x3ex+x4ex= X < —4 —4<x<0 x>0
x’e*(4+ x) 7 i — n
f'(x) = 0implies x = 0,—4 !

. f(x) is increasing if xe(—o,—4)U(0,)and decreasing if xe(—4,0)

19. Find y* (do not simplify): y = (e¥* + xsecx + 1)3

y' = 3( eV* + xsecx + 1)2(£ + secx + xsecxtanx)
2Vx




Practice Questions 5.3: The Number e and the Functions y = e* and y = Inx

20. Find y” if y = x2eVsin*x+cos®x+1 @ Recall: sin®x + cos?x = 1

y = x2eV?
y' = 2xeV?
y'" = 2eV2

21. Simplify the expression (e2™¥)(In e?*) + In (e**1)

Using the properties of Natural Logarithm:
e2lnx — plnx? — 4.2

Ine? = 2x

In(e**)=x+1

w (@MY (me?) +In(e®™) = () Rx) +(x+1) =2x3+x+1
22. Solve for x (to nearest hundredth if necessary):
a. e 3 =4 b. In(x? —2x) =4

Domain: x2 — 2x > 0 which implies x < 0 or x > 2

Ine 2*t3 = [n4 et =x?—-2x
—2x+3=1In4 x> —=2x—e*=0
_ n4-3

X = = (0.81 Use Quadratic Formula: We get x = 8.46, —6.46

-2




Warm Up: Derivative of Other Functions
1. Differentiate each of the following

(@ f(x)= 1n\/F neos(x)]

(Do Not Simplify)
sin(x)

2= J;— - [cw) cx-o} ‘222‘2

(%)

+ n() = Pneos)] * cosi)
&) (%)
(b) y=e""_e%sin?(e¥)
. 5bw(x-3) <
h=e e -3¢ sin(e)- ex + 005 (eX)
2. Determine the exact point(s) of inflection of the function f(x)= x(ln(x))2
t _ 2 A
PO =[ontel + - o) - $(ANE : %20 < Nok ‘in dewuin
Q
=[]+ 20n
— —+
. Px)e ‘; >
u - (-]
#(X):&MX)-‘%‘*F = o 0 ¢
_ (X)) 2
X

£(6)= ()]
- ¢
-.POL o ('é: > ¢
) +2 =0
)=~

Xz e

Poscble POTs : $(x) =0 :



The Derivative of Exponential Functions f(x) = b*

Proof: LQ;{- _FG() b Let ‘X=0r‘" X+ =
_fm b In(xc+) = b 2nle)
)= h?0 _h Ash>0, al-150 = X0
‘ m X0
= lim bx! bh-\z }EL"Q h = o0 {1+
h0 h
- lm M
% lim b"-l T X0 L (=)
= >0 h
—— = lim _on(e)
In(b) K20 [y [ NK QM(HXY
= b* on(o) _ Qm{.a) i}
In[ (1]
The derivative of y = b* is: M(" = bx'ﬁd\ (o)
. . N ) %(K) ]
The derivative of y = b9® is: = * g (x)

Ex 1: Differentiate.

a) f(x)=3"
F(x)= 3 n(?)

c) f(x)=3"

F(x) = 2x- 37‘2' m(3)

b) f(x) {%j
Fo= (3) on(3)

=~2*ln2a

d) f(x)= 4723
-C() Alxﬂx 67(+2$ Q}/\(‘l) 3 +,1x+2x =«
= 3%, na [Mq)-(am) +On(3)]

- 9n (%)




Ex 2: Find the equation of the tangent line to the graph of y = f(x) = x(27%) at (0, 0).

PR=T +x @) @) (1)
= 3 =% (7)) . The egpotien is Y=

Fo)= 3
= |

The Derivative of Logarithmic Functions f(x) = log,(x)

Proof: |t Y= l%b(x)
Exponantiol fom: x=b?
Diiferenbicde: | = b‘a.mb).%,%
|

b dn(b) %7%

- %X=b? : é& —

= 'xo:\(b)

|
The derivative of y = log,( x) is: U,\. = xin(b)

T o/t
The derivative of y = log, g(x) is: Ea' = %C:s)- ()

Ex 1: Differentiate.

a)  f(x)=x"logx b) f(x)=128%
PO K iy e @ 6 - D 6l
X
= o | 2 log () + — 0
'x{ R Qy\C?»)] = I L"‘”\“‘@- On(0) \uﬁ(X)]
0™

| - x pnGo)]’ ooy ()
x-n(10)- 10"




Ex 2: Differentiate.

a) y=log (x2+1)
CCRE
07 T a9
A

- (%41) In(io)

¢) f(x)=1log(Inx)

1
f'x)= —=
n(x) * fn(10)
:
= X In(X) On(10)

Ex 3: Find the absolute extrema for f(x)=

6= ”“‘"“"Lf " dmf)

_ 1= n(w) Lea(x)
- QIA(\O) . 'xa .

$69=0: 1-n(10) lg) =0

|
9.0(5(2() = Qn(10)
K= PP
X= UFR

b) f(x):logQ(x22X)
Q= T L e o T ld

T ()
=2
xIn(2) !
10% over the interval [1, 10].
(0= l%c)‘—) =0

%gﬁ.
mﬁ=%£§=am

H@=%§)

= To
- ‘The absolste. min is ot (1,0) ond
Yo dbsdude Mox s of  opprox.
(2.#2,0160) .




Ex 4. Determine the point on the graph of f(x)=In(x+4+¢e™*) where the tangent line is

horizontal.

_?'()— |+ efz"‘-(-s) ‘X“J"‘Qnél>
N e [? 5 Ls
-3% = 0.366
_1-3e
X+4+&>"
< f0366) = IS5
horizental » £'x) =0
-3¢ =0 +The. poink on Hhe qeph whare. o torggnt
e.3x= _é_ line s horizonted s o.ppr“&-oﬁ‘ (0'%355)’
~3x = an(3) -
Ex 5: State the intervals of czncavity for the function f(x)=xln(4-x*). - veshichon: ’-l—'x?%
2 g ax_l e
1'®= om(4 —x)+ Zli'xz -2 :xi:
2y _ 2% PR=0:  AWm(A-11)=0
= 04/\(“\'7( H-x .2 X=0 7(2-12 =0 noA ’LL
\ ! miss\
£y = Mq—x’)—;zx(-»c)] K =E2U3 7w gex<s
= 2 2
H-x (4-%*) £'6<) ONE = (‘l—x’)’::o
o = x(H%Y) ~ Ax(-%) 4% L{_xj? & nodmissble
= G — A22Q T _9exed
(4-x7) N
- 8% + Ax>- lox+ 4°- 4xS e _g 0 3
(N~ QL * @
POL
9% 3~ 24% -
o
= TR . &) is concove up on Ho infenod (—Q,O)

and concawe. down on (0,3)




The Derivative of Exponential and Logarithmic Functions Practice

Multiple Choice:

Identify the choice that best completes the statement or answers the question.

1. If f(x) = 2%, find f'(0)
a. 2 b.
2. If f(x) = 90(23), find f'(3)

a. 60In2 b. 30

3. If f(x) = 2(3%%), find f'(3).

a. -2 b. 6
Full Solutions:

4. Find the derivative:
a. y = (105mx)3%
b. y = sec®(10¢")

x%+1
x—1

c. y=logs

. In2 d. 1

. 90In2 d. 180In2

. —2In3 d. 2m

.y =log;/(x —1(2x+1)(x +5)

X X
.y = sec (;)cosz(g

. y=5%loge3*

5. Water is brought to a boil then removed from the heat. The temperature of the water, T degrees

Celcius is modeled as T = 80e 957t + 20. At what rate is the temperature decreasing when the

temperature reaches 30°C.

6. The velocity of a car is given by v(t) = 60[1 — (0.7)¢], where v is measured in m/s and t is

. . . . L 2
measured in seconds. Determine the time at which the accelerationis3 m/s".

\%

138
7. The mass of polonium is given by the function,M(t) =M, (—j where M is the initial mass of
2

polonium, in milligrams, and M(t) is the mass, in milligrams, after tdays. At what rate is the

polonium decaying when a 100 mg sample has decayed to 75% of its initial mass?




5.7: The Derivative of Exponential Functions-Solutions

Multiple Choice

If f(x) = 257 find f'(0)

) a. 2 b, o c. In2
f'(®) = 25 (cosx) (In2)
£(0) = 251M0¢os50(In2) = In2
2. 1f f(x) = 90(25), find £'(3)
a. 60ln2 b. 30 c. 90In2
f'@) = 90(25) n2))
£'(3) = 90(2)(1n2) (3) = 60In2
3. I f(x) = 2(3°°%), find f'(5).
b. 6 c. —2In3

a. -2

f'(x) = 2(3°°5%)(In3) (—sinx)

)=2 (3“’55) (1n3) (=sin%) = —2In3

s
2

7 (

4. Find the derivative:
a. y=(1057m%)3%

y' = (1057)(In10)(cosx)3* + (105"*)3%(In3)

= (105"*)3*[In10cosx + [n3]

b. y = sec5(10¢")
y' = 5sec*(10°") sec(10°") tan(10°") 10¢* (In10) (e*)

_ 5sin (10¢7)10¢" (In10) (e¥)
cos5(10¢%)

Identify the choice that best completes the statement or answers the question.

d. 180in2

d 2=

d. y =log;/(x — Dx + D(x +5)
y = %log7(x - D@x+1)(x+5)

= %[log7(x — 1) +log,(2x + 1) + log,(x + 5)]

1
2(x+5)In7

2

' 1
2(2x+1)In7

y = 2(x—-1)In7

1
2(x+5)In7

1
(2x+1)In7

_ 1
T 2(x=1)In7

e. Yy = sec (%)cosz(;—x

= cos(xx)
5
, . x| 5%=x5%In5 ) )
y = —Sin (5—x . Note: factor 5*and simplify

- sin(Z¢)(1-xIn5)
5)(




x%+1

c. y=logs— f. y=5%loge3*
y =logs(x? + 1) —logs(x — 1) y = 3x(5%) log e
, 2x 1

y' = rDms DS y' =loge[3(5%) + 2x(5%)(In5)]

= loge(5*)(3 + 2x(In5))

5. Water is brought to a boil then removed from the heat. The temperature of the water, T degrees Celcius is
modeled as T = 80e~%57¢ + 20. At what rate is the temperature decreasing when the
temperature reaches 30°C.

We need T'(t)when T(t) = 30. T'(t) = 80(—0.57)e 057t
-0.5 (0@ _os7@) 1

30 = 80e—057t 1 20 T'( =% ) = 80(=0.57)e™"*"=057 = 80(-0.57) (g) = _57
10 = 80e 057t
1_ p-057¢
8
;= In (%)

-0.57

6. The velocity of a car is given by v(t) = 60[1 — (0.7)!], where v is measured in m/s and t is measured in

seconds. Determine the time at which the acceleration is 3 m/s % .

V() = 60[1—(0.7)']
a(t)=60[~(0.7) In(0.7) |
3=60] —(0.7) In(0.7) |

-1 ,
201n(0.7) (07)
0.14=(0.7)

t=5.5sec




t

1 \38
7. The mass of polonium is given by the function, M (t) =M, (Ej where M is the initial mass of polonium, in

milligrams, and M (t) is the mass, in milligrams, after ¢ days. At what rate is the polonium decaying when a 100

mg sample has decayed to 75% of its initial mass?
t

EMO Y (1)138
100 2
3 %
3)
3
4

1
2
t 1
In =—-1In| — |=¢=57.3days
138 \2

M'(57.3)=?
() :100(1}”8 1n(1j
13812 2
572
M'(57.3)=£mj(1j”x ln(lj
138 )12 2

=—0.38mg/days

The mass decreases at a rate of 0.38 milligram per day.




KW Up

Differentiate :
R TS
® Y= e @ 16)=xe ® té=37< +9ex

|
@ %: ,,S e 4 @ ‘3: 3 CX @ \3:6—3?(2
cos(x) K
@ %‘—' e %: e,q s'm@’)()

Solutons:
W -3 . xR
® y=e éa“x @ +w=e ix-e (@) @ y= 3+q¢e
- e _ A g a2 %
i =e ;Q’X e
=g (\-Qxa
- 1o
-l e
4 u= (e ’ !
?5 d f;zz.:o—g( _,()( ) ® 4 =33+ 3
=~ e +| e |-
*” ? | | = 3% [ 1]
e"(&é"ﬂ)"'—
-3%°
@ ‘:e, ("GX) _ CDSX‘ : t Hx
% e @ la ;ge’ecosv((: Slm() %: e -4 .5‘|n(ax).1.eqx. (Qs(;)x)Q
3 SmK =g e [& sin(2x)+ coS(&x)]



Optimization Problems with Exponential Functions

Ex. 1: The effectiveness of studying for a test depends on how many hours a student studies. Some
experiments showed that if the effectiveness, E, is put on a scale of 0 to 10, then
-t
E(t) = 0.5 (10 + te%), where t is the number of hours spent studying for an examination. If a

student has up to 30 h that he can spend studying, how many hours should he study for
maximum effectiveness?

Donaiin - 0<£<30 Use. endaints o chack for movimon
£'1=0.5[¢ > ste > ()] oHochueness ((absote. Mo
= 0Se (- & E()=0.50+e*] =5
EBD: o ep o - £ E(ao):o.s[lo+(w)e’5]&3.es
no sol'ns + _ _(so)
’Z_‘a‘o E(%o)=o.5E0+(%O)e =35

- The moimum effechveness is ochiered vohen
o student shudies 20N for o dest.

Ex 2: The number of insects on a small tropical island is given by P(¢) =8000¢"* for the period

starting January 1, 2001. P(t) represents the insect population after t months.
a) What was the populatlon on January 1, 20017

3(0)
P0) = 3000 ¢ *° .
- The indhiad on Was 3000.
- g populod
b) When would the population double? Round to 1 decimal place.( exact date)

000 = 3000 &2 %**
0.03%

A= e
(D) =0.03k

MR = & 5 k=203l
003 (33 months ond 3 doys)

c) Determine the rate of growth in population after 4 months.

mpop;lad\en w\\\ dovble on
Dec 3™ , 2003 .

P (4)= Q0 200

= 991
. Tha rede. oF qrowth s apprx. AH insects per menth.
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[LogarithmiC Differentiation

1. Take natural logarithms of both sides of an equation y = f(x).
2. Simplify using logarithmic properties and laws.
3. Differentiate implicitly with respect to x. _
4. Solve the resulting equation for ' or Z—y Note: you may need to substitute the |
X i
expression for y into the derivative to express the derivative entirely in ferms
of x.

2

Ex. 1. Differentiate: y=<Y* —1

(c+3)
Toke +he In
oF both 9465 B Jny = |n gﬂﬁj
(x+3\* N
In Y = Ine*+ n (x’l'l)"""n(x'l‘@’-
lny = X +LIn(x=1)=2In(x+3
Deforntiote. (] :‘7 Z"/(X e S
Ll = 1]l gy, _
7’% +11b-(2‘>il> x:i-a
dy - _
o =)
Sub axpression 4 ¢ ——
N = € Nx=) |] KX =
jcor\?f dx  (x+3)" [+X"—1 x+3]

56



2
Ex. 2. Find % if y:,/’g:, y>0 forall xen
X X

I Y= In @Ji

X542

\ny = _Ll:ln(xﬁb— In @‘-‘ra)_]

el - p— )
gi_ X+ x+:>:|

= |z<_+l_ Ll >
X =X %a (’X’H %+

Ex. 3. Differentiate: y = (sinx)*, sinx>0.

]h)’ xln(s.'nx)
%’T&_— In(sm)()-]-x(smx CosX

é}‘*: 7/ [lhsmx 4 XCa‘l:xJ

X

_3T)/_.= (Sn;\xY [ln (siﬁx\+xui>c]

X
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Unit 5: Optimization for Exponential Functions-HW

1. Suppose that the monthly revenue in thousands of dollars, for the sale of x hundred units of an
electronic item is given by the function R(x)=40x’¢"" +30, where the maximum capacity of the

plant is 800 units. Determine the number of units to produce in order to maximize revenue.

2. The hypotenuse of aright triangle is 12 cm. Calculate the measure of the unknown angles in the
triangle that will maximize the perimeter.

A movie screen on a wall is 20 meter high and 10 meter above the
floor. At what distance x from the front of the room should you
position yourself so that the tan ratio of viewing angle 0 of the
movie screen is as large as possible. (Hint: Maximize tan(0)).

Dogt donX3*
20

10

X

4. A drug isinjected into the body in such a way that the concentration, C, in the blood at time t
hours is given by the functionC(t)=10 (e'2t -e™ ) At what time does the highest concentration

occur within the first 5 h?

Dort do' X 5. Two poles, one 6 meters tall and one 15 meters tall, are 20 meters apart. A length of wire is
attached to the top of each pole and it is also staked to the ground somewhere between the two
poles. Where the wire should stake to have the angle formed by the two pieces of wire at the stake
be maximum?

6. An isosceles triangle is inscribed in a circle of radius R. Find the value of 6 that maximizes the area
of the triangle.

58



Unit 5: Optimization Problems-Solutions

1. Suppose that the monthly revenue in thousands of dollars, for the sale of x hundred units
of an electronic item is given by the function R(x)=40x’¢"*" +30, where the maximum

capacity of the plant is 800 units. Determine the number of units to produce in order to
maximize revenue.
R'(x)=40 [2)(e'°'4X - 0.4x2e'°'4"]
= 40xe ¥ (2-0.4x)
R'(x)=o0: ,2-0.4X=0
X=5
.. 500 units mustbe produced

2. The hypotenuse of aright triangle is 12 cm. Calculate the measure of the unknown angles
in the triangle that will maximize the perimeter.

12

P=x+y+12

P(0) = 12sin(0) + 12cos(0) +12 ; 0< 0 < g

P'(0) =12cos(0) -12sin(0)
0 =12(cos(0)-sin(0))
cos(0)-sin(0)=o0

sin(0) = cos(0)

tan(0) =1

01
4




3. A movie screen on a wall is 20 meter high and 10 meter above the floor. At what distance x
from the front of the room should you position yourself so that the tan ratio of viewing
angle 0 of the movie screen is as large as possible.( maximize tan6).

tan(a)=£ 10+xtan(9):_o
X x-10tan(0) x 2
[
tan(a+9)=3? 10x +x°tan(0)=30x-300tan(0)
tan(a)+tan(0) 30 tan(0)(x* +300)=20x
1-t tan(0) x 6
1(:111((1) an(0) x tan (6) = 22-|_03x00 10
X
?+tan(9) _30 L zox .
10 (X)=———
1-| — |tan(0) X~ +300
X

- 20(x* +300)- 40x”

f'(x)

f'(x)=0:600-20x*=0

(x> +300)2

30 =x*

J30=x
tan(9)=\/3_0

0B79.6°

4. Adrug is injected into the body in such a way that the concentration, C, in the blood at time t
hours is given by the functionC(t)= 10(e'2t -e® ) At what time does the highest concentration

occur within the first 5 h?
C'(t)= 10(-2e'2t +3e'3t) ;0St<;5
C'(t)=0:-2¢* +3e3' =0

e3'(-2e'+3)=0



X 5. Two poles, one 6 meters tall and one 15 meters tall, are 20 meters apart. A length of wire is
attached to the top of each pole and it is also staked to the ground somewhere between the two
poles. Where should the wire be staked so that the angle formed by the two pieces of wire at
the stake is a maximum?

L=1+1,

tan(a)=

% |

15 15
tan(B)= 20-Xx

0=m-(a+p) s P

tan(0) = tan(:zt -(a+ [3))

tan(0)=-tan(a+p)

) tan (a)+tan(p)
1-tan(a)tan(p)

6 1
6. 15
X 20-X

)

120-6x+15X
" 20x-x°- 90
9X +120
"~ x*-20x+90
9x +120
Xx*-20x+90

Let f(x)=

,then f'(x)=0P

9(x2 -20x + 90) -(2x-20)(9x+120)=0
9x* +240x-3210=0

X =9.7847 or x =-36.4514

0=92.7°




6. An isosceles triangle is inscribed in a circle of radius R. Find the value of 6 that maximizes the
area of the triangle.

sin(20)= % 1y =Rsin(20)
h
cos

20) = R th =Rcos(20)

(
A=(R+h)y
A =(R+Rcos(20))(Rsin(20))

&
A(8)=R*(sin(20)+cos(20)sin(20)); 0 <20 <~ W

2

A(0)=R® (sin(26)+isin(40)j ;050 s%
A'(6)=R*? (2cos(26) +2cos (40))
0 =cos(20)+cos(40)
0=cos(20)+2cos*(20)-1

= (2cos 2(-)) 1)(cos(20)+1)

(
cos(20) =— or cos(20)=-

ala wl.‘:l

T . .
or O==— not in the domain
2




D10 Wam Up.
© D]WO*Q’ 05 ()
® ta=e §lﬂ(&X) b) \9,2 F @\é?-'?(lé)g(?() d) 3: |+;<2%37‘)

® Find the obsolele mox and min valwe(s) of Hhe funchion
H)=re " on the intenal [0, 0n3].

(3 Pnd dhe equation of ¥he. Yangent o dhe Curve defined by Y= R
ok is perpendiculor 4o Yo line 3x +9y =3.
@ %O\\re,‘. X+ S\Y\(‘X):e,x.oos(‘?(‘) n e 1nlerval 'Ke[o)&n],

SOLLA':loﬂS ‘

OFy t3'= 4™ 506+ e cos(2d) -2
= q e_qx [& sin(3x) +CDS[<§7<)]

2

b) %, woflx) . e
y = os(A)- (Slmbe +ws (O e

= - dwf) e [smx 3x cos(x)]

)
QY= log(A)+ "< om T d) y's xn® " % " [1“09300]
= g6+ e >
= ﬁgj -1~ 1033(70

12
_ 1= () - n(3) - log ()

In@@)-%*




H-10 Warm Up solwhons
@ M=e

~K

-

+ «oe-ax-(-a)

Axe
= e:ax((—AX)

-e

cribol #s » £(x) =0
0= e:ax(\-&x)
e =0

x = undefined

or |-adx =0

x=3

AL %=3,

y= (£)+n(3)

@ groph é‘ = o +Sin(x)

=&~ os(®)

pt of intersechion:
x,2 089, 2,24

6) = ()™
=0
2
at(é):(‘:&)ea[ )
=0.184

NonD= D e
2 0,123

w3

- The absolute mox is appox.0.(39
of x=% ond ‘e obsohde min 1s
0 o %5=0

+

—
=

g

—

s
%
L
A

f

+

I3

3
2= F
x=3

cy- )2 =3(x-3)

y=3%-% +3 +n(3)
Y= 3%+ I (3) -

Lo
=



Warm Up

1. Differentiate-Do not simplify the answer:
a) y=e*log, [\3/4+x2} 2
a a ’é;( 4 +‘x" . C&X)
‘3‘= axe” - IO%JIA3|‘I+7<’]+eK )

,\3’ 40+ In(®)

b f(x)= sec(x?) }

| 1+cos(x)
)= 4 [ sec() ]3 [‘sec(ﬂtan(x’)- (@x) - (+cos%)- sec()[-snGx) ]
- eost) [t +cose)]?
2. Determine the slope of the normal line to the curve ﬁ%ny(gy) =3 at point (1,0).
2 . a
On [’%’\‘fﬂ} on(3%) ar(0: 20)+as[3E) -3 F Bk 2 3020
, (0% + sin36) (O+) ~
o[+ sin(3p) -2 Crrg) = u' (2n3) &
sy 3 1+ 23R _o %‘3=—'§
SO 18 gy e 0T 83,

3. Using logarithmic diffetentiation, determine the derivative of y = [tan( 4+x* )] .

On ()= (x43) 9n [ton(+0)]

L dn _ , x4d) s (44:8) - (3%)

4 % = QM['EM\(‘HXZS] {'Dn(_ﬂ-\-?(z)
d 13 2 2
& = Lban(47) ]Em[mfw) ; M"ﬁﬁﬁ)"")

40



Equations of Tangents and Nermals

Recall: The normal to the graph of y = F(x) at point P is the line that is perpendicular to the Tangent at
P. The slope of the normal is the negative reciprocal of the slope of the tangent.

1 . : %) £g NS . 1 . 4 b & o ) %
Example 1: Determine the equation of the normal to the curve y = 2xe” at the point (O, 0},

1) = axe™
£‘(7<) = QCX—}‘ 27('6)‘

:F'(o)= 2
m, =-1

-
<. The e,V\acJ'lon of lhe novmal Is -
Y-o=-L(:-0)
=g

Example 2: Find the equation of the tangent to the curve f(x)=In(e™ + e“*)at the point wherex = 0.

y « AX
= +22e
- e
. The e,tpua'tlo'n D-F the ‘\:.amjen'l' ’s

y-ln2 :%_(x—o)
=2
Y _2_7(+an.

- &*(1+2€7
e*(i+e”)
= lj::éix
1+e”
.g‘(o) = 14+2e°
1+e°
= 3 )

-

2
{@=Infe+e)

= lhl

PFuge lof 2
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AT “}’ BLOvEr J;é 14

2 performs o cost control stugy

Fwn wnpie 3 A it

produce x kettles per day, the cost per kettle is given by C(x) = with g minimum

oduction mpacz”y of 10 kettles per day. How many kettles should be f@smr% to keep the cost per
ket ‘H; fo o minimum?

Cey= ‘*"‘" "’(3° "") C(20)= ¥ln2o + (ﬁ:_%-‘lo>‘

C.(X) .H'_.-I'Q(B )(.IJE =]a9% win value
_ C(i0) = 'i-lnlo-l'Cﬂ"
Sl ¢ =)
= Wo-3ox+% =132
Lo lae yCRlee - - 2o ketHes should be mevufoctured.
critical ¥ =
x"—-sox+-‘zoo:.o

(x—ad)x—19 = ©
=0 or X =

. . e e 50 3 AE L i 2« e o o FEE PR e ]
Exaemple 4: Find the aquation of the tangent line to the graph f(x)=sin® x af the point wherex =

.f(x).-_- Shox
-?‘(74)= 2sINXCOSH - Te eapmho'n of the JL"":S"‘)“ is

§ @)= Reng et V-3 5T
= 3@ y=~l_§-x -EL+2

= 33 ‘
% \27=Gﬁx—aﬁ'ﬂ'+°l

V=g Ex—-ny-aFE T+ =0
= é@‘-

=
[

Page 2o 2
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Practice: Sinusoidel, Exponential and Logarithmic Functions

1. Differentiate and simplify fully.

/ e
a) f{£)=N2+sin” 5t

y(*)%é-&- s ith'l:j-'i(.‘l sin S"E) @o s S%:) (s

= SSmS'Lcos S‘L

Ja+sinct

3 :7\ - 3 €S'€’§fl i

‘Fu&);seshat(amsit)
- C(Cos:tks‘“n

g A .
ﬁ?‘:ﬁ }; e 2 Eﬁg? { v xi ;

)'.z na {lojlx'ﬁ + 2'( l}x‘}

x4 na

= 2*ha logx+ »;ﬁa‘z '
n

= 2 ()1 Jog A"+ 4 (3)
Xina

=2 [X 6:\ 1)‘10327( "-j- '-l-]
' xn2

o x°
b} !’E(\x} o :u.ww.;).w_,,.w

] R
Lo COR TIX

' h'(X) = x (A-costx) =X (Wi TX)

(2-cosux)*
= Yx— xcosTx — 1 sm X
(Q-eos‘llx)‘
=X(4—2cosTx —Tx SinTrx
(2= cosTx)*

PN . \,’rﬁf P
d) g{x)y=e"" Invx

vy o 5
J&)=e ~(Ja-x1).|n.l§ +_\'l=i_.i.x e

= 4% ¥ (T + )

= e¥(&InK +1)
axX

~

) () = e

WG = e¥(+e) —3e*(E>)
("l'e‘\l s
= 3e* (] +€3“_ e_‘“)
7(' +e3u)a.

Page 1of 2



ad the maximurm and minimum velue of f{x =2sinx—x, 05 x 220,

-F(x) QCosx—l
cvibiea #s =2 5’ (") o .F(o) Zsmo °
Aesx—1 =0 _}@\- :.stE_—JI‘s_ :
Cosx =L = -1 .. The munimum value 13 ~3(3-sn

2

4% = 0. 6%5‘ max. Vo.lue ?:Jsge-;?ammum vnlug
g -P(Eg) = Qslv\S%L Eg[_ =T |

L= = -3 -SU.
Y 3
.'-X-:-]g_avssl_ = Teq%F -.-"r«h&
LG = 2smam - am
= <M
= -¢2%
3. Find the maximum and minimum value of F(x) = xe™*" on the inferval 0 £ x <In3,
. -2 -2
.F (x):. e . -I-Xe 6’2) ;(b) O win valme
-2%
= e 6-—270 _;:(J..)_..LC _l__o 184 max
_ _ ' Value,
= _I_Qz_ezx 'E("z‘) - ( m)g-zlns
CYI'}'IC—J # %{.6().:0 = IhE’ — o 122
l-3x = o ezlns -
7(“-‘2-: k -'.TEe MavXimum Va]'ﬂe- 1S E{:MJ
Sé‘)ej’:f";e“ Hic_ minimum valwe is O,
No SQ\\A'EW“
4_Determine the point{s) of inflection for Fiwy = iﬁ”‘i:‘“ .
L) = \:_w ECYS
'F'(U) = —li‘.:m.kl—ln C.l" FM ,-'-l-.‘i-i)k-‘t-‘l-t.ca (°,"l'.‘ﬂ) ('*-‘N-“)
w —= -2 — — — —_
= a-lnu" 3-lnw* = + + —
n* 2
£ = —ds 2N N — 2“(2"]“'”’7 N — - s i
(< e
= =W — Qu(.?.— lnu"\) ;(”) cDp cu <D Cu
w* PoL Wi o Pel1

. ~lnw?) X
2L (I:‘Q N ¥(e'%._) = :‘:- .. TRe Eomt °-r |“'“e°+-";"‘ ave
e (H2ge * =

= —2(3 —Inkl")
3

Possible 701 =>;"@0_
3-lnw“ =0

3 =lw” W :.'LE Page 250?“ 2 ; -e%’)z " —: e._'%]:.

e L A 1 —ex



MHF4UE Unit 5: Review

1. State in simplified form the derivative of the following:
cos 2x

— _ ,—3Inx 2 cosx?
a) y= sin 2x(sin2 x—cos’ x) b) = (e ) +log; 2
in(3x*+1
O f(x)=(3x>+e) e %) y=%

2. Determine the local extrema of the function 7(x)=Inx* —x.

3. The position of a particle is given by s(¢) = 5sin (21 - %j ,0<t<2x,where t is in seconds and

s is meters. Determine when the particle is at rest.

4. Find the point(s) on the graph of function /(x)=(Inx) 2 (Inx—1)that the tangent line is
horizontal.

5. Find the values of a and b such that f(x) is differentiable everywhere

sin x T
-, XSE
sin x — cosx

f(x)=
V4
ax+b , X>—

2
6. Given y= Axe" + Be", where A and B are constants ,show that % - ZQ =

7. Determine the point(s) of inflection of the function f'(x)= %cos(Zx) +sin(x) over the

interval x [0, 27].

8. Determine the equation of the normal to the function f(x)=2x—(In x)2 at the point with
x=e.

9. If f(x)= ¢2% on [-nt,n1] determine and classify all local extrema.

2
10. For what value(s) of k does y =¢" sin(x) satisfy y, 2% +2y=07?

ax’



unrt S Revied - Soluhions

Q ) \\«.,{ > (bs“‘h'\) N paﬁ‘e .:L

Sin(21) - (-Con2a))

- -
Sin(xx)

ﬁ 2 CHCL 35 CQ—J 2.)
S\njx \ C_Obf)kl

o) = (\Q J Oﬁ “yme '9‘-\0%

cosx™)

‘%l: -b DC? - QX 6‘\“(333

( _ -
(’j = ___%.__ - KR Ss'nﬁill\/

==X
c) Floy= (B3x*re) e

- = —2
CUxy = e - e (3X+e)
(Cr=aBX =€)

o obes M D e o B Y

Vo @1”66/31%1\&95(5934) + @gf;'m(af-—\)c&n(ai‘-@
Cos (31

= Gx [QQ&( o ) s Br ) + SinBx1)sin(3x"+) ]
oo~ (3C+1)

O




> >, (Y \ N ¢ | i 7oA i
- ‘ B it b o ) s \ JL. onts e 4 ] ..J(. - A
‘ -

5 o
o \-}\,, . ’; — - ]
b d
K T ke
=
~?
s —_—
% ~ ‘:’ 1.5 Y 5 x,)/_" Nt >, J AN D A
A = 4:.‘, cns— (AN = 2 i # )'») r] it’) ¢ (¢4 0N

3 3

—}- - —
efé oA g

>/ =
L i o <A - 4 ¥ .
8 = r-\t { \ _J!‘

el B =2 -~y 4 ‘, :?. ¥ H S

S

~{F A S A + e,
oL

s

.

\ o P s 3 ‘;‘ "_.. .
o Mmax (=2 o

- ol L moef N —17
{ 4 ~\ = ~ '~ & — ] ¢ \
YV Uv 7~ ) L = 1 \.4%/'1&)\ - T o%‘:};

= (1 . .
SR specfic solihens :
, 2#,-E=F o A,-F-
1 - kit+ I -

e?
|
A\
o~
N
1




)

K| £

Q__GJQI;S;) e A b | s
) ]
QK+ S = 24 | ‘”75
= 2| 4
K = 1Q 3 u%;
2317

.\ a
. fou= Tinay (woc—) Dp : (0, ©)

Clty= 2 (\nl}(é)( W —1) - ._li-()nl)

fr—
-

_,Laz(lrw\) /\,Q not- Q —+ lnl)

—
—

AnX ( 3na-2)
X

Fi(xy=0 * Inx=o

X )

2N -2 =0

X = __‘?‘——

2

(R pOk\\'S a(e C K O) ) ('6 3,



Pagﬁi 5 Sl(%‘§: gj( %_#—)
(o6 o { Sina— o) =Sinn[ CosX~+Sind)

Clmy =
L) "2( (Sint-Cosx)®

a
e
. 2;(:\\;_‘ \" ‘—/J

C ~
S B x S A=

e =4

Co = 1+ &
\"\-/‘uJ 2—
el

W

g —2Y' =Y
X X )
y '= pl(e +x€)x 3€

3N 15961< I+) + 3 €

oK

- &

S

X -3
\\j” = [81(_!%-3“)—1-63 J + 3€

A X
= e (2+x) +B€

a o0
LS ¢ ‘g”- 2y’ = DA€ -+ Pae —«i3€e

—_ = ( N ﬁ—:ﬁxﬁ_ - xer -—H‘a-e,&)

: X . is
= - Daxe - Re
= —— \1}

]



Flx)= 1 @ps(2x) +Sin(2)
Lf

oaeCo "'J

El(ay= =4 Sinl20) = COSCL)

Clay = - Cos(2x) — Sh(y)
Cos2x) 4 Sn() =o
|— 2Sin () +SinlL) = o
XSinlx) O T . =g

(Rsinla) +1) (Sin()=1) =o

J ¥
Sin(dy = =1 or Sin(a)=1
-

X= I ,1I¢ Or ;x—.-._g_

b G

Ponts of inFlecton . (lét g

Ly = oa— Qina) S
CH{y= 29— 2ak) (_\i\

S A SSS ‘%

=
T = —__g,
- 2e-a
- -& ‘
_(se-) = € (3—€
Yy = 25 O

.e .
%: de-a x+ k“a + Qe."'l

)J(—l-'él; )J(—’%;)

= T
Hey = 2e-



=Y . VA |
LA\ =i )
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77 & y
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- A (2

U
o
-
®
|

,,,,, = -
* 7
=4
- w1 " D
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S
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¥
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i z 3
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~
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et
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2 ois A N A ol )
o
' \
- A 2 7 5
-y 1 - i o o | 4 ®
- ]
‘-r'r
s
! ~ \
- = v [ . S
\ we - P s
LN o~ ,
— LA ) A ' N> WA e }
- 4 H
= f
{
e N LA N
- 4 - . { ¢\ - < \
I\ ! f ' . P o |
- — \ s 3 { - > o,
i \,‘\ ¢ \V& » y 4 & J
'd
LANRV AN ;
- by \ a LB, &5 ~ L2IV) L
\ o

KX

ksin (tkeos @ + ks (1) - 5 n(x)]
= & [ -sin@+ akeos (]




Y+ +d =0 |
€, [_k S I\(K) SIY\®+ &ka(’O]'\‘ Q ke, 9lhb()+§ek‘m$(K) + ekx§|n(ﬁ() =0
[k siNG) -sinGe) +ak W3 +2ksn(x) +Qcos()+2 s‘m(#)]:g

& [(l<+| + A sin(9) +(Qk+ )ws(x)] =0
-
solue dor k where. Yhe coefhuient s O to poke e Lxpression eopm.\ to 0.

Kkl =0 ’ Q\czt .ol
(k) =0 k=t

-
Kﬁ’l



