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                                                                              Warm Up 

1. The expression § ·
¨ ¸
© ¹

2 3
4cos Ǉ -2

2
 expressed as a single trig function is:    

       A.     § ·
¨ ¸
© ¹

3
cos Ǉ

2
  B.    � �2cos 2Ǉ  C.    � �2cos 3Ǉ  D.  § ·

¨ ¸
© ¹

3
2cos Ǉ

2
     

2. The exact value of the 

§ ·
¨ ¸
© ¹
§ ·
¨ ¸
© ¹

2

Ⱥ2tan
8
Ⱥ1 - tan
8

 is:                                                                                         

A.  3
3

   B.  3    C.   1  D.    
2

2
 

3. If � � Ⱥ4tan 2Ǉ -3=0,0<Ǉ<
4

  , and � � 3Ⱥ
13sin Į +5=0,0<Į<

2
, determine the exact 

value of � � � �tan Ǉ +VLQ 2Į .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. Determine the exact value of § ·
¨ ¸
© ¹

2 7Ⱥ
cos

8
 . 

 
 
 
 
 
 
 
 
 
 
 
 
 

21265130) - D

①
=2cos(3o)

⇒ tan 1=1

0

tango) -_ 42,0<05 'T sink)=
-E. oses

Stanco) 3

Tetany
-

a sin@4=2sink)cosG) *Esp

Stanco) -- 3- Stanco) =2(ft)
÷.SI?.pg3tan4O)t8tanCO) -3--0 = 121

tanto) -ifftanco)-131=0
169

tano) -- I tanto)= -3 i. tanldts.in/2d=Gt)tCYe)
is inadmissible = 5292

:
' Osos

507

.ws#T=aosGfIDcosfIF)--2cos2f7I) - I

wd=os4⇒
cos'E)tI
-2=6:(¥)

Iftar) -- cost

T2tI=w5(II)
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Fill in the blanks with the words in the box. 
 

Counter-example       trig-identity        equal       
 identity 

 
x A statement of equality between two expressions that is true for all values of the 

variables for which the expressions are defined is called a(n) ________________. 
x An identity involving trigonometric expressions is called a _________________. 
x Our goal is to prove that one side of an expression is   __________ to the other side of 

the expression.   
x A ________________ can be used to show that an equation is not an identity  
 
 
 
Strategies for Proving Trig Identities: 
 
¾ Write everything in terms of sine and cosine 
¾ Be aware of equivalent forms of the fundamental identities, ie:  sin2 (Ǉ)+cos2 (Ǉ)=1 

has an alternative form:  sin2 (Ǉ)= 1-cos2 (Ǉ) 
¾ Try to rewrite the more complicated side of the equation so that it is identical to the 

simpler side. 
¾ Usually any factoring or indicated algebraic  operations should be performed, ie: 

 
1 + sin(2x ) = (sin(x) +cos(x))2           or 
  

    
� �� �

� �§ ·
¨ ¸
© ¹

3 3 2 2sin (x)+ cos (x) = sin(x)+ cos(x)  sin (x) - sin(x)cos(x)+ cos (x)

1
= sin(x)+ cos(x)  1 - sin(2x)

2

  

¾ If an expression contains 1± sinx , secx ± tanx or cscx ± cotx  multiplying both numerator 
and denominator by  1 sinx , secx tanx or cscx cotx would give  cos2 x,1 or -1. 

 
 
 
1. Prove the following identities: 

a) � �
� � � � � �1+ sec x

= csc x
tan x + sin x

             b)  � � � �
� �2

2tan A
sin 2A =

1+ tan A
 

 
 
 
 
     
 
 
 

5.1 Part II- Proving Trigonometric Identities 

identity
trig identity

equal
counter- example

b. = RS .=2tanCA) =2 sin costs
tank)tsinTx

=
Htt lttanft) =sin(2A)

It si¥ 25nA)

t's:X:[÷:*, !÷÷÷¥. ÷÷÷÷÷±.Tsao =rs . =zsisnfY .us#
=
- costa)tsin4A)
sink)t sink)osC×)

'

.
'LS=RS
- i. The identitycosh)



Page | 9 
 

c) � � � � � �4 4cos x - sin x = cos 2x           d) � � � � � �14 4 2cos A +sin A = 1 - sin 2A
2

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e)  
� �
� �

� �
� �

1 - sin 2x 1 - tan x
=

cos 2x 1+ tan x
                            f)  � � � � � � � �32cos x +sin 2x sin x = 2cos x  

    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

LS .=os"Cx) - sin'Yx)

=[os4x)tsin4xDkos4x)-sink)] LS .=os4A)tsin4A)
-

- cos
"

+ 2sinh-kos.CA)tsinMA)
=( l)@5Cx) - sink)] - 2sintakes.CA)

=ws(2x) =[cos'tsinCAD2-2.in#o5A)--R.S
.

= I - f- [251nA)osCAD
'

:L -
5. e- RS .

i. The identity is true =L - Singhal
-_ RS

.

e.
'

L.S. -_ RS .

i. The identity is true .

LS .=2os4x)tsinC2x)sinCx)
I - tank)

Rs . =-
Ittancx) =2ws4x)t2sinCx) G) sink)

1- =2cos3Cx)t2sin4x)os(x)
=
-

It =2wsCx)[cos4x)tsin4x)]
cash) - sink) =2cosCx)

=y = RS .

cos + sink) : LS.=R.S .

i. The identity is true.

=wsCx)-sin×wsCx)-sin
cos tsincx) cosh) - sink)

=
65k) - 25in cos + sink)

-sinx

= l-s.int#cosC2x).:L.s.=R.S
.

= LS
.

i. the identity true
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PRACTICE  
 
1. Prove each identity. 

a)  
� �
� � � �sec Ǉ -1

= sec Ǉ
1 - cos Ǉ

    h)  
� �

� � � � � �1+ tan A
- sec A = csc A

sin A
 

b)  � � � � � �
2

tan x +cot x =
sin 2x

   i) 

� � � �
� �

� � � �
� � � � � �sin t - cos t sin t +cos t

+ = sec t csc t
cos t sin t

 

c)  
� �
� �

� �
� �

2 2

2 2

1+ tan x 1 - cos x
=

1+cot x cos x
   j)  

> @> @
> @> @

§ ·
¨ ¸
© ¹

1+cos(2x) 1+cos(x) x
= cot

sin(2x) cos(x) 2
 

d)  
� � � � � �21 1

+ = -2cot Ǉ
1+sec Ǉ 1- Vec Ǉ

  k)  
� �
� � � � � �

2
4 2

4

4- sin 2x
= tan x + tan x +1

4cos x
 

e)  
� �

� � � � � �1+ sec x
= csc x

tan x + sin x
   l)   � � � � � �

� �
� �
� �

2 2sin x cos x
1- sin x cos x = +

1+cot x 1+ tan x
 

f)   � � � �2 2cos(a + b)cos(a - b) = cos a - sin b      m)   
� � � � � � � �sin(x - y)

= cot y - cot x
sin x sin y

 

g)  � � � �
� � � �

� � � �
� � � �

cos x - sin y cos y + sin x
=

cos y - sin x cos x + sin y
       n)   � � � �

� �
� �

� � � �
sec x + tan x csc x

=
sin x sec x - tan x

                 

 
2*. If 2 cosଶሺ𝑥ሻ ൅ 4 sinሺ𝑥ሻ cos�ሺ𝑥ሻ is expressed in the form Asinሺ2𝑥ሻ ൅ 𝐵𝑐𝑜𝑠ሺ2𝑥ሻ ൅ 𝐶 where 
𝐴, 𝐵, 𝐶𝜖𝑅, determine the values of A, B, and C. 
 
3*. Write � � � �2sin 2x + 12cos 2x  in the form � �y = Acos 2x -Ǉ  by finding 0A !  and > @0, 2T S� . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

togged
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What is a trig equation? 

x A trig equation is an equation that contains one or more trigonometric functions.   
How is it similar to a trig identity? 

x A trig equation can be but does not have to be a trig identity 
¾ A trig identity is an equation that is true for all values of the variable for 

which expressions of both sides of the equation are defined 
x A trig equation that is not an identity is only true for certain values of the variable.   

What does it mean to SOLVE a trig equation? 

x Much like solving a linear equation, we are looking for all of the values of the variable 
that makes the equation true.  

General Solutions 

 L) II  cRV([)=cRV(Į) , WKeQ  [ = 2NȺ � Į , Nȫ Z 

Ex.1)  Find the exact solutions for � �2cos x + 3 = 0 for [0,2 ]x S� . 

 

 

 

LL) II  VLQ([)=VLQ(Į) , WKeQ  [ = 2NȺ + Į   RU   [ = 2NȺ + (Ⱥ-Į)  , Nȫ Z 

Ex.2)  Find the exact solutions for � �2sin 2x = 3 for [0,2 ]x S� . 

 

 

 

LLL) II  WaQ([)=WaQ(Į) , WKeQ  [ = NȺ + Į , NȫZ  

Ex.3)  Find the exact solutions for 23tan (Ǉ)=1 for [0,2 ]S�Ǉ . 

 

 

 

5.3 Solving Trigonometric Equations aw

-859970dgAfghan..
Bog"MBBS
stood TEAM

5.1 Part III

20547+53=0
i
.

it- E or Xa=It
cos = -12 = 5I = FI r

6 6 XX ,

i. a - I
'

: cos is -vein Q2&Q3 . :X -_ 5ft , FI6 L

Method ① :

Double the domain

→ 2XE[0,4ft
2sin(2×7=53 no

Method① : Add periods of 2T to 2x , and 2×2 :
sin(2×7=53-2 2×3=5-+2't 2×4=31+217
.

.

. ×=
2×3 - ¥ 2×4=815 , >

÷ sin is tire in Q1 's Q2 %= Xy - 4¥ ¥gz×,
Method② : Add periods of it tox , and Xa :

i.

2¥. 'Ez°r3IIIE¥ a :¥¥' 'I'EE't
Xz -_ I T 3

. :X = , > 7ft ,4I3
z

3. tanto) -- I
i. OF or 02=11 - Ice

tariffs =5I

tanto)=±¥ 6

- 2=I Oz-_ It 04=211- I <0s#
- - 6

It = HI 04
i. tan is tue and -ve

,

=
6 6

consider all quadrants
.

. .g=Eo,5fI,7fI ,
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Ex.4) Find the exact solutions for � � � � d d2 tan Ǉ +3Vec Ǉ +3= 0 ,0 Ǉ 2Ⱥ   

 

 

 

 

 

 

 

Ex.5) Find the solutions for  3 𝑐𝑜𝑠ଶሺ𝜃ሻ െ sin�ሺ𝜃ሻ െ 1 ൌ 0�, 0 ൑ 𝜃 ൑ 2𝜋 

 

 

 

 

 

 

 

Ex.6) Solve the equation � � � � > @sin 4 cos 2 0 , 0,2x x x S�  �   

 

 

 

 

 

 

 

 

 

tanto)t3sec(07+3=0 i. SECCO)t2=o or se +1=0

secta - lt3seddt3=o seek)=? seogfof, , t#
seek)t3sedGt2 Is!¥=¥ g- it

[secco)t2][secco)tD=O .

.

- cos is -vein Q2&Q3.

.
: 0=1

- E O
'

= 2¥
2=117
= It
3

i. 0=255, it ,

36510)- Sirico) - 1=0 .:3 sink) -2=0 or sink) -11=0

34 - Sinko] - sink) - 1=0 sink) =3 since)= - I

i. L 0.730 0=31
3- 3 n'(O) - Sirico) - 1=0 3 2

.

.

- sin is tue in Ql&Q2
,

35in + sink) - 2=0
.:O

,
0.730 or Oi E-0.730 #[3 sink) -2)[since)tl]=O 2.41

31T
2-

i. 0=321
, 0.730,2-41

sinlhlx)-cos (2×3=0 Change the domain :(2x)E[0,41T]

2sin(2x)ws(2x) - cos (2×7=0

coscaxffds.int#DIor2sinC2x) - 1=0
.

'

. cos (2×7=0
sin =L

2
2x

,
= LI or 2Xz= .:L =

-

.

-

sin is the in Ql and Q2 ,
x.= X

,
-_ 3¥ Add 2T to 2x , and 2×2

.

.

. 2×5=61to find coterminal anglesAha'¥II¥f*¥+*a*=¥+*←xs.is?IIEIEperiodto2xz=5zI2×4 = TI
X, ,X2 ,etc .

2

Xz= th Xz= Faith
to find all X3= 5¥ X4= 7ft =l3I
solutions in 12 tf
given domain

: .x=E > ZF.SI#7fI,Fa,5iE,YIs7I .
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Ex.7) Solve � � � � d dsin 2x - cos 2x = 0,   0 x 2Ⱥ   

 

 

 

 

 

 

 

 

 

Ex.8) Solve � � � � � � d d34cos 2x - sin x csc x + 0,02 x= 2Ⱥ  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sin(2x)- cos (2×1=0
Domain : 052×54 it

sinldx) --cos(2x)

tan(2x)= I

L= I Add 21T to 2x, and 2×3 to find
'

'

' 4 coterminal angles .
-

: tan is tre in Ql 403
, d w

-

'

. 2X
,
- E

, or 2×2 -- It# 2xz=¥t2E 2×4=547 at

Xie 2×2=541 2×3=941 2×4=1341
Xz=9I X4= Big

Alternate method : Xz=5I 8

~
8 a

Add periods to x. ,✓✓
. :X- I ,5fI

,GI, 13GtXz ,etc to find all tperof +II
solutions in the domain I 2

4wsC2x) - sink)csc3(x)t2=o

44-2 sink] - sinksink) +2=0

4- 8sin4x) -1-
sin
' +2=0

8sin4(x) -6sinYx)tl=O

[4sin4x) - I][2sin4x) - I]

- :4sin4x) - 1=0 or 2sink) - 1=0
sink)=± 'T sink)=±fT
i. x= I 2=

I
6

.

'

. 4
.

.

. sin is tue and -ve , sin is tile and - ve,
consider all quadrants consider all quadrants

X
,
= Xz= 561

.

.

.
Xs=E, xo= IF

Xz=7fI xy=
'II XE EF X

,
= IF

-
: x - II

, HI , 3¥ , IF , , 5457¥,
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      Practice 

1. Solve for x  on the interval > @0,2S .   

a) � � � �26sin x - sin x -1 = 0         b)   � � � � � �2cot x cos x = cot x                           c)   

� � � �24tan x - sec x = 0   

d)  � � � �22sin x - sin x -1 = 0       e)  � � � � � �3 24sin x +2sin x - 2sin x -1 = 0       f)   

� � � �sin x + 2 = -sin x  

 g) � �2cos 3x -1 = 0        h)  � � � � � � � �sin 2x cos x - cos 2x sin x = 0         i)  

� � � �2sec x - 2tan x = 4 

j) § ·
¨ ¸
© ¹

x
3tan +3 = 0

2
                      k)  � � � � � � � �-6sin 2x cos x  +8cos 2x +3sin x +4 = 0    

 l) � � � � � �2cot x cos x = 2cot x  m) � �
� �

� �
� �

1+ sin x cos x
+ = 4

cos x 1+ sin x
 n) � � � �22sin x +3cos x - 3 = 0

  

o) � � � � � � � �2sin x tan x - tan x - 2sin x +1 = 0                      p) 

� � � � � � � �cos x tan x -1+ tan x - cos x = 0  

2. A weight hanging from a spring is set in motion moving up and down. Its distance, d, (in 
cP) abRYe RU beORZ LWV ³UeVW´ position is described by � � � � � �� �d t = 5 sin 6t - 4cos 6t . At 

what times during the first 2 seconds is the weight at the rest position (d=0). 
 

3. The diagram below shows the boundary of the cross section of a water channel. The 
equation that represents this boundary is 

§ ·
¨ ¸
© ¹

Ⱥ[
y = 16sec - 32

36
 where x and y are both measured in 

cm. Find the width of the water surface when the water 
depth in the channel is 10 cm. [Round your answer to 
2dp] .  

 

4. Solve  0t
2sin (x)- 3sin(x)
1 - 2cos(x)

over the interval 0 2x S� � . 

5. Solve 0 . ,d d �
x

sinx = , x 2 5 x
2

 ( Use GDC). 

 
 

tEdEoEoga
•



zRes. cos(x) 0

      Practice 

1. Solve for x  on the interval > @0,2π .   

a) � � � �26sin x - sin x -1 = 0                                          b)   � � � � � �2cot x cos x = cot x       

   

� �� � � �� �

§ ·§ ·
¨ ¸ ¨ ¸© ¹ © ¹

-1 -1

2sin x - 1 3sin x +1 = 0

1 -1sin(x) = or sin(x) =
2 3
1 1x = sin or x = sin -
2 3

π 5πx = , x = 3.48rad ,5.94rad
6 6

                  

c)   � � � �24tan x - sec x = 0                                                 d)  � � � �22sin x - sin x -1 = 0    

� � � �� �
� �

� �� �

� � � �

2

2

2

-1 -1

4tan x - 1+ tan x = 0

tan x - 4tan(x)+1 = 0

4± 4 - 4 1 1
tan(x) =

2
4±2 3=

2
= 2± 3

x = tan 2+ 3 or x = tan 2- 3

5π πx = x =
12 12

 

e)  � � � � � �3 24sin x +2sin x -2sin x -1 = 0        

 

 

 

 

 

 

 

 

 

 

2(2sin (x)+1)(sin(x)- 1) = 0
-1sin(x) = or sin(x) = 1
2
π πx = 2kπ - x =2kπ+
6 2
7πx = 2kπ+
6

7π 11π π 5πx = , , ,
6 6 2 2

� � � � � �
� � � �
� � � �

� �

inadmissible

z

ª º z¬ ¼

2

2

2

cot x cos x - cot x = 0 Res. sin(x) 0

cot x cos x - 1 = 0 x kπ

cot x = 0 cos x - 1= 0

cos(x) = 0 cos x =±1

π 3πx = , x = 0,2π,π
2 2

� � � � � �
� � � � � �
� � � �

� � � � � � � �

ª º ª º¬ ¼¬ ¼
ª º ª º¬ ¼ ¬ ¼

ª ºª º¬ ¼ ¬ ¼

o

3 2

2

2

2

4sin x +2sin x - 2sin x +1 = 0

2sin x 2sin x +1 - 2sin x +1 = 0

2sin x +1 2sin x - 1 = 0

-1 1 2 2sin x = or sin x = sin x = or sin x = -
2 2 2 2
π π πx = 2kπ - x =2kπ+ x=2kπ -
6 4 4
7π 3π 5πx = 2kπ+ x=2kπ+ x=2kπ+
6 4 4

11π 7π π 3π 7π 5πx = , x = , x = ,
6 6 4 4 4 4

Solving Trigonometric Equations Practice Solutions



f)   � � � �sin x + 2 = -sin x        

� �2sin x = - 2

- 2sin(x) =
2
πx = 2kπ -
4
5πx = 2kπ+
4

7π 5πx = ,
4 4

 

g) � �2cos 3x -1 = 0  

� �

� �

� �

� �

2cos 3x - 1 = 0
π3x - 1 = 2k - 1
2

π3x = 2k - 1 +1
2
π 1x = 2k - 1 +
6 3

x = 1.38rad,1.90 rad, 2.95rad,3.99rad,5.04rad,6.09rad

 

h)  � � � � � � � �sin 2x cos x - cos 2x sin x = 0                            i)  � � � �2sec x -2tan x = 4                                                  

� �sin 2x - x = 0
sin(x) = 0
x = kπ

x = 0,π,2π

  

 

j) § ·
¨ ¸
© ¹

x
3tan +3 = 0

2
         

§ ·
¨ ¸
© ¹

xtan = -1
2

x π= kπ -
2 4

πx = 2kπ -
2

3πx =
2

   

� � � �
� �

,

2

2

1+ tan x - 2tan x = 4

tan x - 2tan(x)- 3 = 0
(tan(x)- 3)(tan(x)+1) = 0
tan(x) = 3 or tan(x) = -1

πx = kπ+1.25 or x =kπ -
4

3π 7πx = 1.25,4.39 or x =
4 4

Solving Trigonometric Equations Practice Solutions



k)  � � � � � � � �-6sin 2x cos x  +8cos 2x +3sin x +4 = 0        

� � � � � � � �
� �� �

� �
� �

� �
> @

2 2

2 2

3 2

3 2

2

-6sin 2x cos x  +8cos 2x +3sin x +4 = 0

-12sin(x)cos (x)+8 1- 2sin x +3sin(x)+4 = 0

-12sin(x)(1- sin (x))+8- 16sin x +3sin(x)+4 = 0

-12sin(x)+12sin (x)+8- 16sin x +3sin(x)+4 = 0

12sin (x)- 16sin x - 9sin(x)+12 = 0

4sin (x) 3sin(x)- 4 - 3 3> @
> @

� �

� � � �

ª º¬ ¼
2

2

inadmissible

2

sin(x)- 4 = 0

3sin(x)- 4 4sin (x)- 3 = 0

4sin(x) = or 4sin (x) = 3
3

3sin x =
4

3 3sin x = sin x = -
2 2
π πx = 2kπ+ x=2kπ -
3 3
2π 4πx = 2kπ+ x=2kπ+
3 3

π 2π 5π 4πx = , x = ,
3 3 3 3

 

 

 l) � � � � � �2cot x cos x = 2cot x   

 

 

 

 

 

 

 

 

 

 

 

� � � � � �
� � � �
� � � �

� �
inadmissible

z

ª º z¬ ¼

2

2

2

cot x cos x - cot x = 0 Res. sin(x) 0

cot x cos x - 2 = 0 x kπ

cot x = 0 cos x - 2= 0

cos(x) = 0 cos x =± 2

π 3πx = ,
2 2

Solving Trigonometric Equations Practice Solutions



 

m) � �
� �

� �
� �

1+sin x cos x
+ = 4

cos x 1+sin x
 

� � � �
� � � �

� � � �
� � � �

� � � �

� � � �

� � � �
> @

ª º¬ ¼
ª º¬ ¼

ª º¬ ¼
ª º¬ ¼

ª º¬ ¼

ª º¬ ¼

2 2

2 2

2 2

1

1+sin x +cos x
= 4 Res : cos(x) 0 and sin(x) -1

cos x 1+sin x

1+sin x +cos x
= 4

cos x 1+sin x

1+2sin(x)+sin x +cos x

= 4
cos x 1+sin x

2sin(x)+2 = 4
cos x 1+sin x

2 sin(x)+1

≠ ≠

� � � �ª º¬ ¼cos x 1+sin x
= 4

1cos(x) =
2
πx = 2kπ±
3

π 5πx = ,
3 3

 

 n) � � � �22sin x +3cos x - 3 = 0 

� � � �
� �

ª º¬ ¼
2

2

2 1- cos x +3cos x - 3 = 0

2cos x - 3cos(x)+1 = 0
(2cos(x)- 1)(cos(x)- 1) = 0

1cos(x) = , cos(x) = 1
2

π 5πx = , , x = 0,2π
3 3

 

 

 

 

  

 

 

Solving Trigonometric Equations Practice Solutions



o) � � � � � � � �2sin x tan x - tan x -2sin x +1 = 0   

� � � � � � � �
� � � � � �

� � � �

� �

ª º ª º¬ ¼ ¬ ¼
ª º ª º¬ ¼ ¬ ¼

ª º ª º¬ ¼ ¬ ¼

2sin x tan x - tan x - 2sin x - 1 = 0

tan x 2sin x - 1 - 2sin x - 1 = 0

2sin x - 1 tan x - 1 = 0

1sin x = or tan(x) = 1
2

π 5π π 5πx = , x = ,
6 6 4 4

 

p) � � � � � � � �cos x tan x -1+tan x - cos x = 0 

� � � � � � � �
� � � � � �
� � � �

ª º ª º¬ ¼ ¬ ¼
ª º ª º¬ ¼ ¬ ¼

ª º ª º¬ ¼ ¬ ¼

cos x tan x + tan x - 1+cos x = 0

tan x cos x +1 - 1+cos x = 0

cos x +1 tan x - 1 = 0

cos(x) = -1 or tan(x) = 1

π 3πx =π or x= ,
4 4

 

2. A weight hanging from a spring is set in motion moving up and down. Its distance, d, (in 
cm) above or below its “rest” position is described by � � � � � �� �d t = 5 sin 6t - 4cos 6t . At 

what times during the first 2 seconds is the weight at the rest position (d=0). 

� � � �� �
� � � �

� � � �
� �
� �

� �-1

0 = 5 sin 6t - 4cos 6t

0 = sin 6t - 4cos 6t

4cos 6t = sin 6t

sin 6t
4 =

cos 6t
4 = tan(6t)

6t = tan 4
6t = kπ+1.33

kπt = +0.22
6

t = 0.22s, 0.74s,1.27s,1.79s

 

 

 

 

Solving Trigonometric Equations Practice Solutions



3. The diagram below shows the boundary of the cross section of a water channel. The 

equation that represents this boundary is § ·
¨ ¸
© ¹

πx
y = 16sec - 32

36
 where x and y are both 

measured in cm. Find the width of the water surface when the water depth in the channel is 
10 cm. [Round your answer to 2dp] .  

 
 
 
 
 

 

 

 

 

 

 

 

4. Solve  0t
2sin (x)- 3sin(x)
1 - 2cos(x)

over the interval 0 2x S� � . 

 
 

 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

§ ·
¨ ¸
© ¹

§ ·
¨ ¸
© ¹

§ ·
¨ ¸
© ¹

§ ·
¨ ¸
© ¹

§ ·
¨ ¸
© ¹

-1

-1

πx10 cm water depth corresponds to - 6 = 16sec - 32
36

πx 13Rearranging to obtain an equation of the form sec =   or
36 8

πx 8cos =  
36 13

πx 8= cos
36 13

36 8 x = ×cos
π 13

x 10.40

,

t
sin(x)(sin(x)- 3) 0

1- 2cos(x)
Zeros of numrator :
sin(x) = 0

x = 0 π,2π
Zeros of denominator :
1- 2cos(x) = 0

1cos(x) =
2

π 5πx = ,
3 3

+ __ + __
|______||______|______||______|

π 5π0 π 2π
3 3

? ∈ ∪π 5πx [0, ) [π, )
3 3

Solving Trigonometric Equations Practice Solutions



5. Solve 0 . ,d d �
x

sinx = , x 2 5 x
2

 ( Use GDC). 

        x=0  and  x=1.8954943 

Solving Trigonometric Equations Practice Solutions



CP II

←requires compound angles ( optional question)

2 sin(2x)traces(2x)
y= A (2x - og z using identities

= 2 sin(2x) t 253 cos(2x) y=A[cos (2x) cosColt sin(2x) Sino]
= 253 coslaxtt 25in (2x)

↳airing the expressions , A-4=4(Fas t Isin (2x)) cosO -- Ea and sin O -- ta
- w
650 Sino

Hoos0=52 and sin 0=12 : . 0=61

.

'

. Expression becomes :

4[cos cos + sin(E) sinkxD
.

-

.

= 4 cos(2x- E)
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                 Warm up 

1. Find 
dy
dx

for each of the following.  Completely simplify your answers. 

      a) 2 3 2y = cos(x +1) +sin (2Ⱥ)      b) 2 2y = cos ( x)- sin ( x)
         

 

 

 

 

 

 

2. The position of a particle, in metres, is described by § ·
¨ ¸
© ¹

Ⱥ
s(t) = 10cos 5t -

4
, for d d0 t Ⱥ , 

where t is time, in seconds. 
 

a) Determine the position of the particle when t = 2  seconds.   
 
 
 
 
 

b) Determine when the velocity is zero.   
 

 

 

 
 
 
 

 
 
 
 
 
 

SOLUTIONS

a) y' = - sina.tl?3Cx2tDC2x)to 5- costard

= - 6x(x'+D. sin21×2+113 Y' = - sing) . 2¥)
= -TxsinG#

x

AH solution b) ykaostxlo-sincrxf.at#-2sinfrx).wsfrx)atrx=-sinfx)osCrx)

Tx
-
sinCrx)as€

= -2 sincrxkoscrx)
Tx

Tx

=-rxsin(2rx)
x

SG)=iowsf5G)- I]
÷ - 9.78 m

i. The particle is approx . 9.78M to the

left of the reference point .

Vlt)=s'H=tOsin(5t - Fi) . (5) AH solution using general solutions:
= - 5OsinC5t -E) 5T- E -- Kit

"ndwhf.io's;%s+⇒
O=sin(5t - IT)

= #kaot#t
,
sub ⇐ 0,433,4

i. 5T - E, of 5T - Ii - it as 5T-E, -_ at our 5T - 4I=3t er 5T
-I -41T

5t=E st=5fI 5t=9aI 5t= 13¥ 5t='It
t -- I t=9I t= BI t-- HI

20 t=I 20 20 20

i. Velocity is zero when f- Eo , # , , Bff and 17£ .



The Number   and the Derivatives of       and       
 

Introducing a Special Number, e 
 
Leonhard Euler (1707-1783) was a remarkable Swiss mathematician and physicist. He 
made massive contributions to mathematics, especially calculus, as well as physics, optics, 
magnetism, astronomy, and shipbuilding. Euler popularized the use of the symbol π and 
developed new approximations for it. He was the first to use the symbol i to represent 
imaginary numbers. Euler also developed the irrational number e, which is known as 
Euler's number and is defined as a limit: 

 
  
 

Euler's Number e : 
Let's examine some integer values of x to see the limiting value of this expression. 

x 
          

11
x

x
§ ·�¨ ¸
© ¹

 

1 2 
10 2.5937 

100  
1000  
10000  

100000  
1000000  

 

We see that as x becomes larger, the value of the expression changes by a smaller and smaller amount. In fact, the 
change can be shown to approach 0. In other words, the expression is approaching a limiting value. The limiting 
value of this expression is the irrational number e = 2.718281828459…, a non-terminating decimal. 

By making the substitution 
1t
x

 , we get the following alternate definition of Euler's number: 

                                                   � �
1

0

11lim lim 1 t
t

x

x
e

x
t

of o

§ ·  ¨ ¸
¹

� �
©

 

This limit is called the _____________________________________________________. 

The Inverse of the Exponential Function, ex 

In previous mathematics courses, you learned that the inverse of an exponential function is the logarithmic 
function with the same base. Today, we will use similar ideas to graph of                     .  

The inverse of the exponential function � � xg x e  is � � � � � �1 log lneg x x x�   . 

1lim 1
x

x
e

xof

§ · �¨ ¸
© ¹

2.70481

2. 716923
2
. 718145

2 .
718268

2. 718280

Fundamental Limit of calculus .



Rather than using � �loge x , mathematicians use       to shorten this expression.       stands for the natural 

logarithm of x and is pronounced “lawn x.” 

Like every function, we can find its inverse by reflecting the function in the line    .  Hence, to graph      , we 
can interchange the values of x and y from the table of values of      .   

     

            
Domain  

 
 
 

 

Range  
 
 
 

 

 
In advanced functions, you learned the logarithmic laws and properties of logarithm.  We can apply similar laws 
and properties when working with   . 

                              
 

    
 
 
                   

 
     

 
                         

 
                

 
                  

 
                

 
 

 

       

-2 0.135 

-1 0.36 

0 1 

1 2.72 

2 7.39 

        

  

  

  

  

  

0.135 - 2

0.36 - l

l O

2.72 I

7.39 2

{XEIR} {xlx >QXEIR}
or {XEIR >

X >O}

{ugly>O > YER} {YER}
or Eyerly>o}

ln(a) tlnlb)

Inca) - lnlb)

x

O

Exponential form : Logarithmic form :

x=bY ←

g- logbcx)



Example 1:  Solve for  : 

a)                   b)                     

 

 

 

 

 

 

 

 

Example 2:  Water is brought to a boil then removed from the heat.  The temperature of the water, T 

degrees Celsius, is modeled as  T = 80e
-0.57t  

+ 20  , where t is in minutes. 

a) Determine the temperature after 15 minutes. 

 

 

 

 

 

 

b)  Determine how long it takes for the temperature to reach 30o C. 
 
 

 
 
 
 
 
 
 
 
 

2x -I10×+2=40 toe = 500

log (10*2)=10440) eh-1=50
xt2= log (40) ln(e2×

"

)=lnC5O)

X=logC40) - 2 2x - I =lnC5o)

Xi -0.4 ×=lnG
2

x 2.46

F- foe
-0.5745)

+20

I 20.0

i. The temperature is approx . 20.0°C .

30=80505*+20

I
-0.57T

8- = e

en (F) = -0.57T
en=t
- 0,57

3.65 it

i. It takes approx . 3.65 mins
to reach 30°C .



Example 3:  A population of fish in a lake at time t months is given by the function  � �
4

20 000

1 24
tF t

e
�

 
�

 . 

How long will it take for the fish population to reach 15 000? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The Derivative of      and       
 

The Derivative of f(x) = ex 

Proof: Let f(x) = ex.  

Then, from first principles: f’(x) = 

 

 

 

 

 

 
 
If        , then       = ___________.  

By the chain rule, if           , then       = _________________________. 

15000=200002
It 246¥

I t24e¥=1
3

- t

4-=L
E 72

- E -- Ents)
t= - mental
t : 17.1

.

.

.
It will take approx . 17.1 months .

Recall: ¥no( It =e

Let x -- eh - I .
: xtl -- eh

exth - ex
lnlxtl)- h

lim-
no h i. himoehit -_fi7o¥,
=h÷moe4e =

lim'h
x-20 ¥en(Hx)

-

- e'' him I =
lime

h X-20 ln(Hx)±
-

l
X

'
=
-

= e lxitnolenlitx)
=L
enhtisnoatxi]
=
1-

x
once)

e = I

es
"
. g'Cx)

org
' egad



Examples: Differentiate.  

a) xexf 3)(                b) 
2

2)( xexf      

 

 

c) ��f (x)= x
3e-x        d) xxexf 32

)( �  

 

 

The Derivative of        

Proof:  

 

 

 

 

 

If       then    =_____________________.  

Derivative of         : ___________________________. 

Ex 1:  Differentiate and simplify. 

                         
��
b) f (x)= lnx

x
                      

��
c) f (x)= ln x -1

x +1
æ

èç
ö

ø÷
 

                                                 
 

 

 

        
��
d) f (x)= ex

2

ln x( )                                                  
��
e) f (x)= ln x3 + x2( ) 

    
 

��a) f (x)= x2 lnx

f(x)

a

+2

f' (x)=3e× f' Cx) - 2e . 2x

=4×e×
'

AM
X2t3X

f-
'

Cx)=3x2e-×tx3e-× fi) f-
'

(x) - (2×+3)e
-

- x'e-'' ( 3 - x)

Let eY=x

Differentiate both sides : et . ddt, = ,

Gaiety
dy i

sub eY=x : = I

+
x

gtxog'd) or g
gcx)

µ l l

f-
'

(x)=2xln(x) tx?-4 O' a
f
'

=
# X - lnlx) f- (x)=ln(x-D - lnlxtl)

=2xlnCx)tx
-

x2
f'G) = - III

=x[2lnCx)tD =
I - lnlx)
- Xtl - (x - t)
x2 =-

X
'
-I

= 2-
x'- I

2 ⑧
f- 'G)= e

"
. 2x - lnfrx)te×? # - Trx fyx)=IHtx7÷C3x2

FE
=e*[2xln(Tx) thx) =3x22

= (4×2 en +if 21×3-1×7
= 3×+2
-

2×6+1)



     Ex 2:  Find the equation of the tangent line to the curve       that passes through the origin. 

 

 

 

 

 

     Ex 3:  Find the points of inflection for            . 

 

 

 

 

 

Ex 4:  Find local extrema points for         
 

.  

 

 

 

 

 

 

 

Ex 5:  Find the inflection points for           . 

 

 

 

 

Y' = -e
"

→ Need to find the point of tangency
slope of tangent m=

e-
×
- O eifttx) -0

using 10,0) > (x ,E×) :
T Fo e' =D .

:Hx=o

-X DNE x= - I

= ez i. Point of tangency is the) and mt= -e

y
'

=Mt .

.

.
- e-×=e i. Equation is : y- e= -efx-C-D) fy= - ex

X y - e=-ex
-e

- xe
"
- e
"

i. The equation of the tangent line is y= -ex
'

f'G) = -2×5×2 "
Cx) t

,

-

,

t

-X
? 2

f
-

f-
"

G) = -2e + 4×25" -Fa Fa
= -25×41-2×2) cu CD cu

POI ⇒ f'
'

Cx) --O f = e-
(¥Y= e-±

- X
?

i. e =0 or I- 2×2=0
f ftp.e-t#Ie-I.:POIsat

ONE F- at ffs ,e÷) ,(Ts ,e÷ )x -- Ifs
>
X>0

+ -

f
' =¥HIh fix)•→

x
°
T e j

=

I - lnlx)
T f-(e) = line)X e

f-
'

(x) : 0=1 - lncx) = te

lnlx) -- I i. There is a local Max at (e , t)
.

X -- e

f-
'(x) DNE : x2=O

×=o (not in domain)
X>O

- tf-
'

(x)=2×lnCx) -1×2 - tx f''(x)-O
-
Z

O

=2xlnCx)tX CD e
'

cu

f-
"

(x) -- 2lnlxi-2x.TT 't ' flee})= (e
-I )2ln(e

- Z
)

=2lnCx)t3
3 -

3

f-" (x) : en = -3g
= - 2- e

-
3-

i.POI at (e-I
,

- Ze
-3)

X=e
2



Ex 6:  Find the local extrema for              . 

 

 

 

 

 

 

Derivatives of      and         Practice 

Multiple Choice:  Identify the choice that best completes the statement or answers the question. 
 

____1. The graph of      lies between the graphs of which two functions?  
 

a.  y = 2x & y = 3x b.               c.              d.             
 

____2. Determine the value of x in the equation      . 
 

a. 10 b. 0  c. 1 d. e 
 

____3. Simplify the expression       . 
 

a.          b.          c.       d.  3x 
 

____4. What is the value of     ? 
 

a. 0 b. undefined c.  1  d.  e 
 

____5. Determine the value of x in the equation      . 
a.      b.        c.  3  d.     

   
  

 
____ 6. If               , find     

 
 . 

a. –2 b. 1 c.    
 
   d.  

 

 

____ 7. If               , find      . 
a. 0.2314 b. 1 c. 0 d. –0.4029 

 
 

 

____ 8. What is the slope of the graph          at x = 1? 
a. e b. 5e c. 5                      d. ln5    
 

 

____ 9. If           , find      . 
a. 2e b. 6e c. 0 d. 4e 

 
 

 

-G)
2

f- ' (x) -- 2×5×7 x' e-"fax) ffl) - fi ) - e
=2xE''

'

( I - xD =e
"

f-(07=0
f' (x) :O : x-D or I - X

'

-0 f(D= (1)2e
-"T

x -_ It
-_ e-

'

t - +
-

thx)i .

.

>
local maxatfl , E) and ( I ,

T t t t
and local min at (0,0) .



3
2
e

1
2

____ 10. If             , find      . 
a. 2 b. 1 c. 0 d. e 

 
 

 

____ 11. If          , find      . 
a.   

 
 b. 2e c. 

   
                      d.   e 

 

 

____ 12. If               , find      . 
a.     

 
 

 

b.  
  

 
c. 1 + e d.  

 

____ 13. If              , find      . 
a. 1 b. 0 c. cos(1) d. cos(e) 

 
 
 

      ____ 14. Find the point on the curve         where the tangent is parallel to the line     . 
 

    a. (1, 1 + e) b. (0, 1) c.   (         
 
) d. (         

  
) 

 
 

____15.Find the point on the curve          where the tangent is parallel to the line       .  
 
 
 
 
 
 

 
Full Solutions: 

 
16. Find the derivative.  You do NOT have to simplify: 

 
a.                         b.                     c.                 

 
17. Find the absolute maximum and absolute minimum of         

 
 on the closed interval         . 
 

18. For           :  Determine the intervals of increase and decrease. 
 

19. Find y’ (do not simplify):  y =                  
 

20. Find        
2 22 1sin x cos xy x e � �  - 

 
21. Simplify the expression                           

 
22. Solve for x (to nearest hundredth if necessary): 

a.              b.               

a.         c.     
 
 
     

b. (0, e) d.      
 
 
  

a.An



Practice Questions 5.3:   The Number   and the Functions      and       

Multiple Choice:  Identify the choice that best completes the statement or answers the question. 
 

D. 1.  The graph of      lies between the graphs of which two functions?  e is approximately 2.7 
a.  y = 2x & y = 3x b.               c.              d.             

 
D.  2.  Determine the value of x in the equation      .  Using e as the base, represent it in exponential form. 

a. 10 b. 0  c. 1 d. e 
 

D.  3.  Simplify the expression       .  Bring 3x in front and      . 
a.          b.          c.       d.  3x 

 
B.  4.  What is the value of     ?  0 is not part of the domain. 

a. 0 b. undefined c.  1  d.  e 
 

B   5.  Determine the value of x in the equation      .  Divide both sides by 2 first. 
a.      b.        c.  3  d.     

   
 

 
 

A   6.  If               , find     
 
 . 

a. –2 b. 1 c.    
 
   d.  

 

            
              
    

 
              

  
 
 

D  7.  If               , find      . 
a. 0.2314 b. 1 c. 0 d. –0.4029 

 
 

                       
                              
 
 
 
 

B  8.  What is the slope of the graph          at x = 1? 
a. E b. 5e c. 5 d.        
 

 
 

           
           
     
 
 

B  9.  If           , find      . 
a. 2e b. 6e c. 0 d. 4e 

 
 

                      
                
 
 
 
 
 



Practice Questions 5.3:   The Number   and the Functions      and       

D  10.  If             , find      . 
a. 2 b. 1 c. 0 d. e 

 
 

 

                     
         
 
 
 

C  11.  If          , find      . 
a.   

 
 b. 2e c.   

 
 d. e 

 

 

              
   

  

            
   

     
 
 

A     12. If               , find      . 
a.     

 
 

 

b.  
  

 
c. 1 + e d.    

 
 

 
 

          
 
       

       
   

  
 
 
 
       

          
 

  
 
 

C     13.  If              , find      . 
a.  1 b. 0 c.      ) d.        

 
 

                 
            
 
 

B  14.  Find the point on the curve         where the tangent is parallel to the line     . 
 
a. (1, 1 + e) b. (0, 1) c.   (         

 
) d. (         

  
) 

 

         
                       
      
         

 
B   15.   Find the point on the curve          where the tangent is parallel to the line      .  
a.         c.     

 
 
     

b. (0, e) d.      
 
 
  

           
                           
        
         



Practice Questions 5.3:   The Number   and the Functions      and       

 
Full Solution: 
 

16. Find the derivative.  Simplify your answers: 

 
a.                        b.                     c.                 

                                                                                  
      

 
         

   
           

                                         
     

                                    
        

             
           

 
           

             

           

                     
             

           
  

17. Find the absolute maximum and absolute minimum of         
 

 on the closed interval 
        . 

   
 
          

        
    

                        
Note:      is VA but is not part of the domain.  Hence, f(x) is continuous on the given domain. 
  
                                 
 
                                                         

 

18. For           :  Determine the intervals of increase and decrease 
 
                 
           
                        

 
 

                                                                
 
 

19. Find y’ (do not simplify):  y =                  
 

                   
 
  

  

   
                  

 

 

                 
         



Practice Questions 5.3:   The Number   and the Functions      and       

 
20.  Find                             -   Recall:                

         
          
          
 

21. Simplify the expression                           
 
Using the properties of Natural Logarithm: 
                
          
              

 
                                                 

 
 

22. Solve for x (to nearest hundredth if necessary): 
a.              b.               

 
                                                                                              Domain:                                  

   
                                                 

                                              

                             
  

           Use Quadratic Formula:  We get              

 

 

  



 

 33 

Warm Up: Derivative of Other Functions 
 

1. Differentiate each of the following.        
 

(a) � � � �
� �

ln ª º¬ ¼�
cos xx -1

f x = ln
x +1 sin x

  (Do Not Simplify) 

 
 
 
 

 
 
 
 
 
 
   
 (b) 5ln(x-3) 2 3 xy = e - e sin (e )      
 
 
 
 
 
 
 
 
 
 
2. Determine the exact point(s) of inflection of the function � � � �2f x = x ln(x)  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

thx) -- VIII. If ftp.Ifx#+-soisxYosinCxl-en6scxDocoscxjsin4x)

y'=e5m
"-3)

. Is - 3e2sinYe×) . ex . cos (ex)

f'(x)=[lnCxD2tXo2ln(x) . # f"(x) DNE : x-D ← Not in domain

=flnLx)]2t2lnH)
- t

f-"Cx)#
O t a

f-
"

(x)=2lnCx) . # t ¥ op
e cu

=
2lnCx)t2
T Hei

'

) -- (E)fence- 'D
'

=
I
e

possible POIS : f-
"(x) :

.

.

.
POI at ( Este)

2lnlx) +2=0

lnlx)= - I

x=e
" •



The Derivative of Exponential Functions         

Proof:  

    

 

 

 

 

 

 

 

 

 

 

 

 

Ex 1: Differentiate.  

a) ( ) 3xf x                 b) 1( )
2

x

f x § · ¨ ¸
© ¹

  

 

 

 

c) 
2

( ) 3xf x                                            d) 
3 2( ) 4 3x x xf x � �  

 

 

 

 
The derivative of      is: _______________________. 
 
The derivative of          is: ______________________. 

Let fcx)=b× Let x-- ah - I .

.

.
Xtl - ah

f
'

= him b*h-b
lnlxti) -- hlnla)

h Ash-so
,
ah- I → O :X -70

=h÷mob×hb
'in:no÷=¥:

.at#y:enhenfeI,-xtinoencas--bxlhIsmobhhIFenland

E) =L.info#ln(ItxF--bXlnCb
) =lnCa)lnL¥noHtx5]

y
'

-_ b?lnCb)

y
'

- b'
"'

og 'Cx)
. encb)

f'G) =3
"
.tn/3)

f'G) = ( ta)
"

- ln( I)
=-2-×/n2

f-
'

G) = 2x . 3×2 .en(3) f'(x) -- 4×3+2!@x4D.enkD.3Xt4x3t2x.3x.en

=3? 4×3+2×+4) .(3×2+2)tlnC3D



Ex 2:  Find the equation of the tangent line to the graph of               at      .  

 

 

 

 

 

 

 

The Derivative of Logarithmic Functions              

Proof:  

 

 

 

 

 

 

 

 

 

Ex 1:  Differentiate. 

a)     � � 2
3f x = x log x  

 
   

b) � � x

logx
f x =

10
 

 
The derivative of           is: ___________________. 
 
The derivative of             is: ___________________. 

f-
'

G) = 2-×tx(2-
×

)oln(2) of- l)

= 2-7×12-Tena) i. The equation is y=x .

f- '(07=2-020
= I

Let g- logbcx)

Exponential form : X -- b 't

Differentiate : I = but . lncb) . IF
i

b 't . encbj
= dye
dx

ix.but : i. EH -- xatb,

y
'
-_¥

y
'=9
gcx) . lnlb)

f' (x)=2xlogzCx)tX2×÷ f, =
¥0, .io - logcx) .IO?ln4o)
Tx

10
=x@ logs t

=

loxfxmtoj-lnkdlog.CH#1O2x=l-xlnCloD4ogCx7XlnClo
) - 10x



Ex 2:  Differentiate. 

a) � �2y = log x +1   b) � � � �2 x
2f x = log x 2   

      c)   � �f x = log(lnx)                     d)   � � � �ª º¬ ¼
1

3
5log - ln ty an2x  = lnx  

 

 

 

 

 

 

 

Ex 3:  Find the absolute extrema for � � logx
f x =

x
 over the interval       .  

 

 

 

 

 

 

 

 

(E)(x'+ III. (2x) f' (×)= 2x.2xtxd.2.br
- X?2×oln(2)y'= jxslnllo)

=
-×

= ,÷, -11

(x't 1) Indo)

Toooo
f- 'G) =4-

lnlx) . lmao)

=
1-

Xlncx) lmao)

f'G) = Hi)=1%42=0×2
=l-enao)eog

Alo b%÷I 0.160

ln(10) . x2
f- do)= togo

)

(IO)

f- ' (x) --O : I - lmao) logcx)
-

-O
= of

logcx) -#
.
: the absolute min is at (1,0) and

x= 10¥
the absolute Maxis at approx .

X 2.72 (2.7-2,0160) .



Ex 4. Determine the point on the graph of -3xf(x)= ln(x+4+e )  where the tangent line is 
horizontal. 

 

 

 

 

 

 

 

Ex 5: State the intervals of concavity for the function 2f(x)= xln(4- x ) .     

 

 

 

 

 

 

 

 

Ex 6:    Determine the slope of the tangent to the curve yln(cosx+siny)+2 = 2x+1  at origin. 

 

 

 

 

 

 

f
, =ltE3×o x=Izen(T)

Xt4te-3x
-3x I 0.366

=l-3eXt4te-3×
f(0.366) 1.55

horizon:÷:*.io/;:::i:::.::.:mm.:::.Yo.:::e:t
.

e-3×= Iz
-3x=lnC 's)

→ restriction : 4-x'so

( ) -x's-4

f-
'Cx)=ln(4-5)t x44

=en(4-x
'

) - 2*2×2 f-"Cx) -0 : 2×(212-12)=0
-2 ""

. :X x'-12=0
± ← inadmissible

4X4-xD -2×4-2×7 X = : -22×2f-
' '

G) = -4¥ -tf)
= -axe¥÷i¥""""" "¥¥÷Ea nagging

=
-8×+2×3- 16×+4×24×3 f-

"

Cx) €-0
- -2 O 2

(4×2)
'

CU t CD

dtTTdEPfIf0co.o@2x3-24X-F.fis concave up on the interval C-2,0)

and concave down on (0,2).



The Derivative of Exponential and Logarithmic Functions Practice 

Multiple Choice: 

Identify the choice that best completes the statement or answers the question. 

1. If           , find        

a.  2   b.   c.        d. 1 

2. If          
 
  , find        

a.                 b.  30   c.          d.         

3. If              , find     
 
 . 

a.  –2   b.  6   c.         d.  

Full Solutions:  

4. Find the derivative: 

a.                                                             d.                          

b.                 e.          
         

    

c.       
    
   

    f.              

5. Water is brought to a boil then removed from the heat.  The temperature of the water, T degrees 
Celcius is modeled as                   At what rate is the temperature decreasing when the 
temperature reaches    . 

6. The velocity of a car is given by                  , where   is measured in m/s and   is 

measured in seconds. Determine the time at which the acceleration is 3 m/s . 

7. The mass of polonium is given by the function, � �
138

0
1
2

t

M t M § · ¨ ¸
© ¹

 where 0M  is the initial mass of 

polonium, in milligrams, and � �M t  is the mass, in milligrams, after t days. At what rate is the 

polonium decaying when a 100 mg sample has decayed to 75% of its initial mass? 

 

 



5.7:  The Derivative of Exponential Functions-Solutions 

Multiple Choice 
Identify the choice that best completes the statement or answers the question. 
 

1. If           , find        
a.  2   b.   c.        d. 1 

 
                        
                          

 
2. If          

 
  , find        

 
a.                 b.  30   c.          d.         

 
          

 
         

 
   

                  
 
         

 
3. If              , find     

 
 . 

 
a.  –2   b.  6   c.         d.  

 
                            

     
 
        

 
             

 
         

 

4. Find the derivative: 
 
a.                                                             d.                          

                                                
 
                     

                                                                                    
 
                                          

            
         

  
          

  
         

 

               
         

  
         

  
         

 

b.                  e.          
  
       

  
  

                                                                   

=        
      

           
          

                
  
  

        
   

    Note:  factor   and simplify 

             
      

           

  
 

 



c.       
    
   

     f.              

                                                             

                           
         

  
        

                                             

                              

 

 

5. Water is brought to a boil then removed from the heat.  The temperature of the water, T degrees Celcius is 
modeled as                   At what rate is the temperature decreasing when the  
temperature reaches    . 

                                                      

                         
       

     
                 

      
                  

 
       

               

 
 
           

  
       

     
  

 

6. The velocity of a car is given by                  , where   is measured in m/s and   is measured in 
seconds. Determine the time at which the acceleration is 3 m/s . 

                

� �

� �

� �

( ) 60[1 (0.7) ]

60 (0.7) ln(0.7)

3 60 (0.7) ln(0.7)

1 0.7
20ln(0.7)

0.14 0.7
5.5sec

t

t

t

t

t

v t

a t

t

 �

ª º �¬ ¼
ª º �¬ ¼

�
 

 

 

  

 

 

 

 

 



7. The mass of polonium is given by the function, � �
138

0
1
2

t

M t M § · ¨ ¸
© ¹

 where 0M  is the initial mass of polonium, in 

milligrams, and � �M t  is the mass, in milligrams, after t days. At what rate is the polonium decaying when a 100 

mg sample has decayed to 75% of its initial mass? 

� �

� �

� �

138

0 0

138

138

57.2
138

75 1
100 2

3 1
4 2

3 1ln ln 57.3
4 138 2
57.3 ?

100 1 1ln
138 2 2

100 1 157.3 ln
138 2 2
0.38mg/days

The mass decreases at a rate of 0.38

t

t

t

M M

t t days

M

M t

M

§ · ¨ ¸
© ¹

§ · ¨ ¸
© ¹

§ · § · �  ¨ ¸ ¨ ¸
© ¹ © ¹
c  

§ · § ·c  ¨ ¸ ¨ ¸
© ¹ © ¹

§ ·§ · § ·c  ¨ ¸¨ ¸ ¨ ¸
© ¹© ¹ © ¹

 �
milligram per day.

 

 
 



5- 9 Warm Up
-

Differentiate :

① y=e
"

② fcxkxe
"

③ y=3xt2e×
I

④ f-TE ⑤ y=3×e× ⑥ y=e
-3×2

cosh)
⑦ y=e ⑧ y=e4×sinC2x)

Solutions
① y

'
-

- e? tax's ② f'G) = e-
"
+x.e-
"
tax) ③ y

'=3t2e×

= EI = e-12×25×2
arx

= e-
*
( I -2×7

=
1-2×2

et

④ y=C2E×tD¥ ⑤ y
'

=3?ln3oe×t3×oe×

def, = - If2EID÷(257ft) =3×e×[en③tI]
=-1

e'
'

(2e'THE

⑥ y
' -63×7-6×1 ⑦ y '=ews×fsinx)
= - Gx = - ecosxsim,

⑧ y '=e"%4osin(2x)te"
×

.ws#.2e3iT--2e4xf2sinC2x)tcosC2xD



Optimization Problems with Exponential Functions 
 
Ex. 1:  The effectiveness of studying for a test depends on how many hours a student studies.  Some 

experiments showed that if the effectiveness, E, is put on a scale of 0 to 10, then  

               
  
   , where   is the number of hours spent studying for an examination.  If a 

student has up to 30 h that he can spend studying, how many hours should he study for 
maximum effectiveness? 

 

 
 
 
 
 
 
 
 
 
 
 
 
Ex 2:  The number of insects on a small tropical island is given by 0.03( ) 8000 tP t e  for the period 

starting January 1, 2001.  P(t) represents the insect population after t months.   
a) What was the population on January 1, 2001?  

 
 
 

b) When would the population double?  Round to 1 decimal place.( exact date) 
 
 
 
 
 
 
 
 

c) Determine the rate of growth in population after 4 months.  

55

Domain : O ft E 30 Use endpoints to check for maximum
E-

'

A) = 0.5 (e
-Et te

-÷
. C-To)] effectiveness (absolute max) :

= 0.5 e-⇐ ( I - Io) ECO) = 0.540Hole 3=5
-60)

E
'

Lt) : e

-¥
= o

E(201=0.5110+60) e-20] ÷ 8.68
no Sol

'
ng

E l - I =O
t
To = 1

EGO)-0.510+130)e-"÷] ± 8.35
t=D

.

.

.
The maximum effectiveness is achieved when

a student studies 20h for a test .

PA) = 8000 e
0.030)

= soooo
.

.

.
The initial population was 8000 .

16000=8000 eo
. 03T

0.03T
2-- e

.

.

.
The population will double onln(2) = 0.03T Dec 3rd

,
2002 .

I = t → t ÷ 23.1
0.03 (23 months and 3 days)

P' A) = 80008
' to@. 03)

= 240e
0.03T

P' (4)= 240 e
0.0314)

÷ 271

.

.

.

The rate of growth is approx . 271 insects per month.



Logarithmic Differentiation 

 

Ex. 1. Differentiate: 
� �2

2

3
1

�
�

 
x
xey

x

 

 

 

 

 

 

 

 

  

Steps: 

1. Take natural logarithms of both sides of an equation )(xfy  . 
2. Simplify using logarithmic properties and laws. 
3. Differentiate implicitly with respect to x. 

4. Solve the resulting equation for 'y  or 
dx
dy .  Note: you may need to substitute the 

expression for y into the derivative to express the derivative entirely in terms 
of x. 

56

do



Ex. 2. Find 
dx
dy  if 

2
1

2

2

�
�

 
x
xy , 0!y  for all ��x  

 

 

 

 

 

 

 

 

 

 

Ex. 3. Differentiate:   (    ) , 0sin !x . 
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Unit 5: Optimization for Exponential Functions-HW 
 
1. Suppose that the monthly revenue in thousands of dollars, for the sale of x hundred units of an 

electronic item is given by the function � � 2 0.440 30,xR x x e� �  where the maximum capacity of the 

plant is 800 units. Determine the number of units to produce in order to maximize revenue. 
 

2. The hypotenuse of aright triangle is 12 cm. Calculate the measure of the unknown angles in the 
triangle that will maximize the perimeter. 
 

3. A movie screen on a wall is 20 meter high and 10 meter above the 
floor. At what distance x from the front of the room should you 
position yourself so that the tan ratio of viewing angle Ǉ of the 
movie screen is as large as possible. (Hint: Maximize tan(Ǉ)). 

 
 
 
 
 
4. A drug is injected into the body in such a way that the concentration, C, in the blood at time t 

hours is given by the function � � � �-2t -3tC t = 10 e - e .  At what time does the highest concentration 

occur within the first 5 h? 
 
5.  Two poles, one 6 meters tall and one 15 meters tall, are 20 meters apart. A length of wire is 

attached to the top of each pole and it is also staked to the ground somewhere between the two 
poles.  Where the wire should stake to have the angle formed by the two pieces of wire at the stake 
be maximum? 
 

6. An isosceles triangle is inscribed in a circle of radius R. FLQd WKe YaOXe RI Ǉ WKaW maximizes the area 
of the triangle.  
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Don't do ! !X

Don't do !X
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Unit 5: Optimization Problems-Solutions 
 
1. Suppose that the monthly revenue in thousands of dollars, for the sale of x hundred units 

of an electronic item is given by the function � � 2 0.440 30,xR x x e� �  where the maximum 

capacity of the plant is 800 units. Determine the number of units to produce in order to 
maximize revenue. 

 
� �

� �
� �

c ª º¬ ¼

c

?

-0.4x 2 -0.4x

-0.4x

R x =40 2xe -0.4x e

=40xe 2-0.4x

R x =0: x =0 , 2-0.4x=0

x=5

500units mustbe produced

 

 
2. The hypotenuse of aright triangle is 12 cm. Calculate the measure of the unknown angles 

in the triangle that will maximize the perimeter. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

12

θ

x

y

� �
c

 
 

 

πP(θ)=12sin(θ)+12cos(θ)+12 ; 0<θ<
2

P (θ)=12cos(θ)-12sin(θ)
0=12 cos(θ)- sin(θ)
cos(θ)- sin(θ)=0
sin(θ) cos(θ)
tan(θ) 1

πθ
4

P = x+y+12



3. A movie screen on a wall is 20 meter high and 10 meter above the floor. At what distance x 
from the front of the room should you position yourself so that the tan ratio of viewing 
angle θ of the movie screen is as large as possible.( maximize tanθ). 

 
 
 

 
 

 
 
 

 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

4. A drug is injected into the body in such a way that the concentration, C, in the blood at time t 
hours is given by the function � � � �.-2t -3tC t = 10 e - e  At what time does the highest concentration 

occur within the first 5 h? 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

� � � �
� �
c

c

-2t -3t

-2t -3t

-3t t

C t =10 -2e +3e ;0 t 5

C t =0 : -2e +3e =0

e (-2e +3)=0

≤ ≤

� �
� �

� � � �
� � � �
� �

� �

� � � �
� �

� �

� �

c

c

B

2

2

2

2

2

2

2

o

2

2

2

x +300

=

10+xtan θ 30=
x -1

tan θ

x +300

x +300

20 -

=30x -300

x +300

tan θ

tan θ x +300 =20x

20x

f x =0:600-20x =0

40x

30=

0tan θ

x

30

x

1

= x

tan θ =

2

tan θ = 3

0x

0

θ

f x

0x

7

=

+x

f

9.6

x

� �

� �

� � � �
� � � �

� �

� �§ ·
¨ ¸
© ¹

10tan α =
x
30tan α+θ =
x

tan α +tan θ 30=
1- tan α tan θ x
10+tan θ 30x =
10 x1- tan θ
x

α

§ ·
¨ ¸
© ¹

B

t 3e =
2
3t = ln
2

t 0.41 hr

x



5. Two poles, one 6 meters tall and one 15 meters tall, are 20 meters apart. A length of wire is 
attached to the top of each pole and it is also staked to the ground somewhere between the two 
poles.  Where should the wire be staked so that the angle formed by the two pieces of wire at 
the stake is a maximum? 

 

� �

� �

� �
� �� �

� � � �
� � � �
� � � �

1 2L = l + l
6tan α =
x
15tan β =
20- x

θ=π - α+β

tan(θ)= tan π - α+β

tan θ =-tan α+β

tan α +tan β
=-
1- tan α tan β

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

� � � �

� � � �� �

§ ·§ ·
¨ ¸¨ ¸
© ¹© ¹

c

2

2

2

2

2

o

6 15+
x 20- x=-
6 151-
x 20- x
120-6x+15x=-
20x - x -90
9x+120=
x -20x+90

9x+120Let f x = ,then f x =0Þ
x -20x+90

9 x -20x+90 - 2x -20 9x+120 =0

9x +240x -3210=0
x=9.7847 or x =-36.4514

θ=92.7

x



6. An isosceles triangle is inscribed in a circle of radius R. Find the value of θ that maximizes the 
area of the triangle.  

 

       

� � � �

� � � �

� �
� �� � � �� �

� � � � � � � �� �

� � � � � �

� � � � � �� �
� � � �
� � � �
� �� � � �� �

� � � �

§ ·
¨ ¸
© ¹

c

2

2

2

2

ysin 2θ = y =Rsin 2θ
R
hcos 2θ = h=Rcos 2θ
R

A = R+h y

A = R+Rcos 2θ Rsin 2θ

πA θ =R sin 2θ +cos 2θ sin 2θ ; 0 2θ
2

1 πA θ =R sin 2θ + sin 4θ ; 0 θ
2 4

A θ =R 2cos 2θ +2cos 4θ

0=cos 2θ +cos 4θ

0=cos 2θ +2cos 2θ -1

0= 2cos 2θ -1 cos 2θ +1

1cos 2θ = or cos 2θ =-1
2

→
→

≤ ≤

≤ ≤

π2θ= or 2θ=π
3

π πθ= or θ= not in the domain
6 2

  

 
































