Increasing and Decreasing Functions

The concepts of increasing and decreasing are closely linked to intervals or subsets of a function’s
domain.

Suppose S is an interval in the domain of /' (x), so f(x) is defined for all x in S.
f(x) isincreasing on S < f(a) < f(b) for all a,b €S such that a <b

f(x) isdecreasingon S < f(a) > f(b) for all a,be S such that a<b
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Test for Increasing and Decreasing Functions

Let f be a function that is continuous on the closed interval [a, b] and differentiable on the open
interval (a, b) .

" Iff'(x) > 0 forall x € (a,b), then f is increasing on [a,b|
= Iff'(x) <O forallx e(a,b), thenf is decreasing on [a,b].
= Iff'(¥) = 0 forall x €(a,b), thenf is constant on [a,b].

Example 1: Find intervals where f(x) is:

(a) increasing: (}0“)'0 v (Q, °°)

(b) decreasing: 6‘ \ ) Q)



At what values of x can the graph of a function change its increasing/decreasing/constant status?

The graph of a continuous function can only change its increasirrlé/ decreasing/constant status at a

Criticel value (le. rolokive extreme (moximum or minimum))

Example 3: Find the intervals where the following functions are increasing or decreasing:

3

a) f(x):x3—5x2 b) f(x)=3x"—-4x’ -12x* +5
( 3 2
') = 3% - 3x F' &)= ax- 13x -4 x
= 3x(x-1) = lax(ﬂa'x—&)
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Extrema on an Interval

Extreme Values

Consider the following graph of y = f(x) with domain restricted to a closed interval, [a, b]. The
high and low points within the curve have been labeled along with the graph's boundary end points.
The highest point on the graph is point B. Therefore, point B is known as the absolute
maximum of f(x) on the interval, [a, b]. The lowest point on the graph is point A. Therefore,
point A is known as the absolute minimum of f(x) on [a, b].
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In this case, point A is a boundary point of the closed interval, [a, b], specifically at x = a.

Definitions
A function, f, has an absolute maximum at cif f(c)2 f(x)for all x in the domain of f.

A function, f, has an absolute minimum at ¢ if f(c¢)< f(x)for all x in the domain of f.

Example 1: Sketch the following functions on the given interval and determine any extrema, if
they exist.

a) f(x)=x2+l on[—l,Z] b) f(x)zi2 on [—2,2] C) f(x)=3 on [—3,4]
st 'R'K)=7(a+\ 6t
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What other type of extrema are there?

Definition of Local Maximum and Minimum Values

1. Function, f, has a local maximum (or relative maximum) at ¢ if /(¢)> f(x) forall x

sufficiently close to c.

2. Function, f, has a local minimum (or relative minimum) at c if / (¢) < f(x) for all x

sufficiently close to c.
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Example 2:

Local

Minimum

The graph of f(x) is given below. Identify the extrema, both relative and absolute, on the interval

[-1,10].

Local maximum value(s): (D y q‘

Local minimum value(s): LI N 5

Absolute maximum value: q

Absolute minimum value: l
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Under what conditions will a maximum or a minimum occur?

The Extreme Value Theorem (EVT)

A continuous function, f(x), defined on a closed, bounded interval [a, b] attains both an absolute

maximum and an absolute minimum on that interval.
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Definition of Critical Points

The critical number of a function is a value ¢ in the domain of the function for which either
f'(c) = 0or f'(c) does not exist. If c is a critical number, the point (c, f(c)) is a eritical point.

Example 3: Find all the critical point(s) of the following functions.

a) f(x)=6x"+33x"-30x’ +100

P69 = 30x " + 3ax- 208"
= o ( 5x*+Wx-15)
= oot (x+8)5%-3)

- oihea #5360 :
x=0,-5_ %
20 = 6(0)°+33(0) - 30(0)°+ 100
=100
$£8)= 6(=S) 1+ 33ED) - 3045+ 100
~5735
3
£3)= 6 (3 +3(H30(2)
= W8 A3 _ 30
st s T T™
- 30%013
3\H
= 08.3

b) f(x)=

x2+1

¥ —x—6
P = (Km0 - e ax-)
(xz._x_ 6)1
R 13 - I 1
(-3 (x+a)
—K- 4%+l

T (xR (x4

$'®=0 » R+Hx-1 =0

LA O ®)
Q1)
- a0
3
= -F:S4R

P& WNE D Xx=3,-3 e—Nw\— in domain of $0
;. Ndt o crihcel point.

H(#+5R) = -0.166
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Special Note on Fermat's Theorem and Critical Numbers

Fermat’s Theorem

Suppose that f(c) is a local extremum. Then ¢ must be a critical number of f.

Fermat’s Corollary

Suppose that f is continuous on the closed interval [a, b], then the absolute
extrema of f must occur at an endpoint, a or b, or at a critical number.

Pierre de Fermat
(1601-1665)

Fermat's theorem is true when it reads forward, but not necessarily true when read backwards.
That is, not all values of c that have f(c)=0 are local maximums or minimums.

Example: Consider the function f(x) = x3.

Steps to Finding Extreme Values

Step 1. Identify all of the critical points within the closed interval by finding the values
of c where f'(c) = 0 and where f’(c¢) does not exist. Then, find f(c) for each critical number.

Step 2. Find the values of f at the boundary points of the closed interval, [a, b]. In other words,
find f(a) and f(b).

Step 3. Examine the values of f resulting from step 1 and step 2 and determine which value is the
greatest (absolute maximum) and which value is the least (absolute minimum).




Example 4: Find the absolute extrema of f(x)=3x"-12x’ on the interval [-1,2].

3
'(R)= 1arc- e §E)=3C0 R0
J; (702 l\zt& (:3) =B Chef %:; iﬁ
ey values
£()=0 » x%=0,3 =3 R domain

Thot w ke domain = ‘l{%
f(@=0
- Rbsolte mox o (- )5) ond
dbsolde min of (2,-4Y).
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Example 5: Determine if the EVT applies. If so, find the absolute extrema of f(x)=2x-3x3 on the

interval [-8,1].

Pz 2200 )= 268 34°
=-lo-3(4)
= "5%% =-28
-3 a
= Q;g 0=200-3(1)
= -\
i BS
crhal . D=6
=0 » ax -3 =0
x3=|
x = . Absobke mox s ok (00) ond
26 NE > ~3 =0 obosowde min is of (—‘87-3.3)_



The First Derivative Test

For a continuous function, knowing where the sign of the derivative changes, lends great insight into
the existence of any relative maxima or relative minima.

The First Derivative Test (for Relative Extrema)

Let x = a be a critical value of a continuous function, f.

1. Ifthe sign of /'(x) changes from negative to positive at

x=a, then f has a relative minimum at x=a :
f - 0\ ‘,’lf' o

(a,f(a))

. If the sign of /'(x) changes from positive to negative at - (a,f(a)

x =a, then f has a relative maximum at x=qa f>0/  \f<o

. If /’(x)is positive on both sides of x = aor negative on

both sides of x = a, then is neither a relative maximum

. . flx)> 0 (a,f(a))
nor a relative maximum. flx) <0

F)>0 (af(@) \

Example 4: Find the local extrema point(s) of the function f(x) = x3 — 3x + 2.

£'6)=3%-3 .
c\ri-F\ca.\ B 'c(—\)f (-|‘)'3C°D+a
O = 3(x+)(>-1) =4
x=-l,x=1 ) =()-30)+a
(-en,") (1,1) (\,‘°) =0
| — |+ [ +
T - Local mox of (AA) and
IEEIEEE locad miin ot (1,0).
e e
OR G0 | 1,0 | 00

o _* | = + N
weT ¢! v 7




Example 5: Find the relative extrema of f(x)=-—

xt+1

{.(7():.-—-7(.?:— 7(-2. .
,S:'(x); - 27(-1'9_5 *'lf)gc t —— T+ T:_gc
N O
- = MO VA MoK
A @®%=-\ ®x=0 @x=|
evitiend Fs f'G)=0
-a(x*- =0 .
?(‘t_|:o .&(—\):—_(_0=+L
K= (-
A=t = (o
: D '+
> Lol
:Y- 6‘;:‘22‘ no": in dcma\n) —p(\) Cl)2
Ls VA -2

S Thore s o ool WOZ“

(1,9 ard (-1,-2).
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Practice:

1.

For f(x)=x’—kx where k € R, find the values of & such that 7 has

a) no critical numbers b) one critical number ¢) two critical numbers

Find values of a, b, ¢, and d such that £(x)=ax’ + bx* + cx + d has a local maximum at (2,4) and a
local minimum at (o, 0).

. For f(x)=x* + px +¢, find the values of p and q such that £(1)=5 is an extremum of f on the

interval [0, 2]. Is this extremum a maximum value or a minimum value?

4 5
For what value of x does the derivative of f(x)= % —x? attain its maximum value?

2

Find the absolute extreme values for f(x)=3x3 (% x* - % x— lj, -2<x<2.

2

Find the x-coordinate of the point that the function f(x) given by f(x)=9x* +3x-6 hasa

relative minimum.

Find the x-coordinates of the relative extrema of the following functions:

2y T =k 2k by (k) =k k1)

Find the intervals where the following functions are increasing or decreasing;:

a) f(x)=x—24x b) f(x):x2+£
x—2 (1 » 1
c) f(x)_(x+1)2 d) f(x)=3x (Sx 2)

11



Unit 4: CURVE SKETCHING AND OPTIMIZATION

4.1 Practice:

1. For f(x)=x’ —kx where k € R, find the values of k such that  has
f'(x)=3x"-k
(a) no critical numbers

The quadratic equation 3x” -k = o0has no real roots or

D<o:

-4(-K)(3)<o

k<o

(b) one critical number

The quadratic equation has one real root or
D=o:
-4(-K)(3)=o0
k=o

(c) two critical numbers

The quadratic equation has two real roots or
D>o:

-4(-k)(3) >0
k>0

2. Find values of a, b, ¢, and d such that £(x)=ax’ + bx* + cx + d has a local maximum at (2,4) and a local
minimum at (0, 0).

f'(x)=3ax* +2bx+c

f(2)=4 : 8at+4b+2c+d=4
f'(2)=0: 12a+4b+c=0
f(o)=o0 : d=o0
f'o)=0: c=0

{8a+4b=4 =la=-1]|, (b=3

12a+4b=0



Unit 4: CURVE SKETCHING AND OPTIMIZATION

3. For f(x)= x>+ px+q, find the values of p and q such that £(1)=35 is an extremum of £ on the interval [0,2] . Is
this extremum a maximum value or a minimum?

f'(x)=2x+p

f(1)=5 : 1+p+q=5—-p+q=4

F()=0: 2+p=0—p=2]

-2 4 q = 4
q=6

.'f(x):X2-2X+6

f hasaminimumatx=1

4 5
L. X ox . .
4. For what value of x does the derivative of f (x) =——— attains its maximum value ?

: 4x°
f'(x)= -x*

(-4 EE |
f'(x)=4x"-4x* (1, 0.333)

f"(X): o (00)/;\

4x*(1-x)=0

X=0 or

2
5. Find the absolute extreme values for f'(x)=3x? (%f —%x —1), -2<x<2.

8 5 2

f(X)=§X3-§X§-3XE,-2<X<2 f'(x)=0—-x=2,x=-1
8 5 ,
s a . f'(x) dne —>x=0
f'(x)=x3-x3-2x3 f(-2) =-0.476

f(-1) =-2.025

:xg(xz-x-2) f(o)=0— abs max.

—x3 (x-2)(x+1) f(2)=-4.286— abs min.



Unit 4: CURVE SKETCHING AND OPTIMIZATION

2
6. Find the x-coordinate of the point that the function f given by f (x) =9x3 +3x—6 has a relative minimum.

-1

f'(x)=6x7+3 _ +
|
o1 |
f'(x)=0:6x°=-3 -0 N\ -8 ~ ©
x5 =-1
2
x=-8

~. Find the x-coordinates of the relative extrema of the following functions:

(@) 7(k) =3/k* 2k -1) (b) J(k) =k (2k-1).

T(k)= k3 (2k- 1) e

T’(k)=3k%(2k-1)+2k§ L 1
3 J'(k)=§k3(2k-1)+2k3
=Ek% k- k -2
3 (2k-1+3k) %k3(2k 1+6k)
:E % - -2
3k [5k-1) =1k3 (8k-1)
1 3
T’(k)=0—’k=— 1
5 J'(k):o—>k:§
T’(k) =dne—k=o0 J'(k) =dne —k = 0(double root)
+ I - I + - 1 B 1 +
I l | |
- 0 | f. —oC 0 | ,
5 8

local min.



Unit 4: CURVE SKETCHING AND OPTIMIZATION

8. Find the intervals where the following functions are increasing or decreasing;:

a) f(x):x—2\/;

Df=[0,oo)
f'(x):l-j;
f’(x):o:1-%:o

X=1

X=1
f'(x) dne : [x = o]
-, o+

I
, 0 \ 1 / o)

f(x) is decreasing on (0,1)

-2
(x+1)°
D, = {x R |x #*1}

x+1)*-2(x+1)(x-2)

) flx)=—

0= x+1)*
£ =X
fix)= (x +1)*
f(x)=0:x=5

f'(x) dne :x =-1 not in domain

_m\ﬂ v L

f(x) is increasing on (-1,5)

f (x) is decreasing on (-»,-1) U (5,%)

2 4
b) f(X)Zx +;

D; ={x €R | x #1}

f'(x)=2x- 4

BT
x(x-1)" =2
x3-2x*+x-2=0
(x-2)(x*+1)=o0

[x=2]
|

_m\ﬂl\;/ -

f (x) is increasing on (2,x)

f(x)is decgeasing on (-»0,1)U(1,2)
d) f(x)=3x (%xz 1
D, - R

f’(x)=x§(x2-1)
f'(x)=0—>x*-1=0
X=-10rx=1
f'(x)dne >x=o0
. K
B S o Ny B

f (x) is increasing on (-1,0) U (1,)

f (x) is decreasing on (-»,-1)U(0,1)



Curve Sketching Warm Up

1. Find the absolute maximum and absolute minimum for f(x) = x3 + 2x? + x — 1 on
x € [—1,1].

£'0)= 3%+ 4x+\ -F("i')=(".=':)3+3('§')3+('3") -1
= (37(4'0(7("") = -5_3=|-L (i—, "|-|5)
Lf\'\'\ C%‘-L#S s b‘) =0 'F(“) - (. D3+ 2(- Da_} (.') -1
xX= 3 4=l = -|
£0) =(|)3+a(|)a+ (D1
=3
« obsolte min o (-3, %) ond obsolude mox of (1,3).

2. Sketch the following functions by completing a full analysis:
a) f(x) =x3—-9x%+ 24x — 10

2
b) y =3x3 — 2x

Soludhons sn next pooe-



& £'(x) = 3x™- 1gx+24
= 3(x-Cx +38)
= 3 (=-3)(#-4)
erificol #s > £'6) =0
xX=23,4
(o0, [ (3,4) | (4,%9)

X2 | — | +
x-4
£'64)
16

—

+

+
- | +
2 )

mOoX min

. c—-a) 2,9 (..
ok 'F(K) & ¥ $

£(@)=(2)*-a(a) +a4()-1o
=10

L) = (4)-a(4) + 4 ()0
=6

=+

$"(x)= 6x- 3
= 6(x-3)
Possible POL
- £"x)=0
- X=3

(~e,9 400
£ C*) o (3,00)
T o

6‘»3) (3:”)
e | — | +
&) | o | e

PO

g\/

+
an

A=) =) -G +34()-16

=3

yrink : €0)=(0Y*-a(0)'+24(0) -10

=-1D

X-int* (1Sng alwlador) =0,503

£6)=2=-9x +24x - 10

-0

>X



crihical #s:

-F'(x)=0 -P'(X) DNE
l_xﬁ:o X* =0
=1 %*=0

éoo,O) (0\0 (l\w)

o
|-%x3 | +
N
3

e—

|ﬁI -—

=>|+|+|+
+

9 \

n\.m moxX

(‘°°\°> e,V tye0
oR \a' . - * 4+ +C—) .
W P e

M=t y=3(3F-a0)
=1 <€mox (1,1)

At x=o, %:o

lalx

J'=-3 %3
_ -
T 34T
Poss'tb-;_e, POT > 4" DNE
-xl =0
X=0
(“"’ ) O) <0|°°)
o
- 3_" - —
X3 + 1
"
3 — —
u} (@) ch
Cusp
ot (0,0)

(-0,9 (0,

u - -

OR 'a £ >
— Yy~ o o ¥

\a-'m-\"- o] .
x-ink: 0=3x3-ax
2 L
o:xr(3-;’7(3)
= 3
X*=0 or 3-2%°=D
X =0 7('& 3




Concavity and the Second Derivative Test

If we know that a function has a positive derivative over an interval, we know the graph of the
function is increasing on that interval, but HOW is it increasing? At a constant rate? At an
increasing rate? At a decreasing rate?

The two functions below both increase, but they bend differently, and therefore, have different
curvature. The function on the left is increasing at an increasing rate and the function on the right
is increasing at a decreasing rate.

g

I ¢

\
i S —— Y

=Y
A

0 a

If we analyze the tangent lines in each of these cases at several points, we can begin to talk about
how the slopes, and not just the y-values are changing.

YA B VA

/ %‘
V4
//’

»

< g

Concave Up Concave Down

In the graph on the left, the tangent lines are below the curve and are increasing from left to right.
In this case, we say the graph is concave up (like a cup). In this case, the secant lines are above the
curve. If the slopes of f are increasing, the second derivative, f"(x), is positive. :F >0 = :F" >0

In the graph on the right, the tangent lines are above the curve and are decreasing from left to
right. In this case, we say that graph is concave down (like a frown). In this case, the secant lines
are below the curve. If the slopes of f are decreasing, the second derivative, f"(x), is negative.

%‘l <o = .‘F" <o



Concavity Test 41
1) If f"(x) > 0 for all x in an interval, then f(x) is concave up (like a cup) on that interval. U
2) If f"(x) < 0 for all xin an interval, then f(x) is concave down (like a frown) on that -
interval. N
Example 1: In the graph below, list the open intervals on which the graph of the function is
concave up (CU) and concave down (CD).
Concave up o dhe “|tenals: (- =2,0) U(|'5>3) U (5 ) °°>
Concave. down on e nlenals = (0,15) v (3,5
Example 2:
Sketch a possible graph of a function f(x) that satisfies the following conditions: \0&&
e f'(x)>0for x<Iand f'(x)<0 for x>1 4Ty LG
e f"(x)>0for x<—2 or x>2and f"(x)<0 for 2<x<2 3 v
e lim f(x)=-2 and lim /' (x)=0 )
X——0 % X—>0 _ /—.\ :
HA Zn L L //1 & POl
2D \J
Sljn Clﬂav‘l: j(\en’ F(X) ) _3/2/_1 T 2 3 4 T
+ — / =1 \ e %;0
- A Ty 5
- MNoX - — =2
odx=| (S () Ua"'& A
S|jv\ chat J:o( {'6‘) °
i g - + 4
S 2 1 te



3

Ty O o e NS adl ..J $19=0 T K G y=r

) J «—
[T £le)=0 |4'(<) DNE

Point of Inflection
A point (¢, f(c)) on acurve y = f(x) is called an inflection point if the graph of f changes
from concave up to concave down OR from concave down to concave up at (c, f(c)).

That is to say if f "(¢) = 0 or f "(c) does not exist and the sign of f"(x) changes from positive to
negative or from negative to positive at x = ¢, then x = c is an inflection point of f(x).

Example 3: Determine the open intervals on which the graphs of the following functions are
concave up or concave down and find the inflection point(s), if any.

) y=3+x"
ay | , ‘au + N &
‘-3 = 4x s + .
\a“ = \axq La‘ (018 .
Possible P.0.Ts= y'=0"
x=0 e Linckion is onave. LlP on ("°°>°°)
ord Here ore no intlection points.

+ - +
b) y=6(x*+3)’ Lé e
)= 6™ (ar) ‘?y cu €p cu
= = \ax(x*+ 3)1 P
Ols at X=—1,

‘3“2 HR(A+3) () — 12 (FD)

= 12(<+ 3 (=3 ) g "<
A S el SS‘j; 55 A

= 3¢ (x4)(x-V

(+3)3
Poss'lble, PoT's
y =0 Y D
X =

) x +3 =0
no sol'ns

Fumc{\on is concave UF on ()b", DU(,(,@)

ow\«J Concave dowan on (l

_me Pom"'s OJ: mJ:’ec‘tloh ave
(l ) 33 and ( )2




Q) flx) ==

x+4

Y (X+LB -(x <)
F00= (xry)*
_5
(Yt

= 5(% +L|)‘a

X - IO(XH)\S

= =IO
(x44)®

Possible POT's>+"(x) DNE -
X=-4 <« Not in demain of $6)

d) f(x) =x*—4x°
Y= 413
+0= 1A% - Hx
= [x(%-9)

Possible POTs 2 £'(x)=0 :

'K-’O) xX=a

) + - +

-0

’
Q

xw o

pr R

%D X=q

)y + -

&

[

- —-'q ;
) an
N

A
@x=-4

~The funchon is concae up on (~+8,-4)

and Concave 60N on (-4, =)

$0)=0
+@)= @4
=~k
~The funchion is concaue. up ON
(-,0) U(,%) ond concare.
don on (0,2). There is o
fOT ot (0,0) and (2;10).



The Second Derivative Test (for Relative Extrema)

Let f be a function such that x = ¢ is a critical value of f such that f'(c) = 0. If f"(x) exists
on an open interval containing x = c, then:
1) If f"(c) > 0, then (c, f(¢)) is a relative minimum. >~ ™"
2) If f"(c) < 0, then (¢, f(¢)) is a relative maximum.
3) If f"(c) = 0, then the test fails and the First Derivative Test must be used. cD

F'R>e 4y
W e X -?“(X)<O

Example 4: Find the coordinates of the relative extrema for f(x) = —3x° + 5x3 using the 2nd
Derivative Test, if possible, and locate any inflection point(s). Sketch the graph.

PR = -15x% 1557
= —\‘575(7&1— )
= =155 (& Y%-D

cribicol #S = £1(x)=0:

x=-1,0,I

DM\ Derwodive Test or exvrena:
X)) = -60x°+ 3)x

F'(-) = - 601y’ +30 ()
=30 < f'CD20
~min o x=-1
£'(0)=0 <«SD Tt Pails

£'00 = -600)*+30(1)
=-30 «$"(N<0
s mox & K=l

First Denvative Test for extrema
I R

€ v 1+ 1y

min MoK
(>X=-|

Possible POT s =+ (x)=0:
0 =-30x(ax-1)

XD | ax-130

+ L
K=-M

YR+t = v -

—bo —‘-é- b _‘il_i_ oD
+(x) an &) (418 oy

PO pPov POI

Pé\Y\"S'- ] T
£ =~3(0%+ 56" jt(h'ﬁ): 3 (_:f% "5('3)3
==  mn sl e
"‘.'(0):0 eoL J"_ A\ o 1\
=-3(®)+ 5(&
ﬂ\)i ‘3(‘7“-\\;55\)3 ) 5 \,a%) :o::( )
A‘j
\ a4 -\‘r(70=-37ﬁ5+ 57%3
< >




Example 5: The graph of the derivative, f'(x), of two continuous functions, f(x) , on the interval
[0, 9] are shown below.

VA ' VA

TTLARIT GNAT
/\/{/k\ i \//\

(R ]

(R

N
/]
O]

Y EERENYY O
N , 19
Answer the following questions for each.
(a)  On what open intervals is f(x) increasing or decreasing?
£ s \'nova\u% when £(x)70 ad decrms'moé when £'(x)<0.
T. 'mcveos'u% on ((,6) u(s,a) Ir. 'mcvms'm% on (0,9) U@,G:) U(‘&ﬁ)
decreas'mab on (0,0 (6,3) decreas'\v% on (2,4) v (Gﬁ)
(b) At what value(s) of x does f(x) have a local maximum or local minimum?
Look for values whee $(0=0: ey v+ - 4+ -
fo — .- ¢ 110 PR S S-S A
I) §c¢\°dx\'ﬁ VLR §8 TAVOT AT
Locd max at x=¢€ | ocal max ol x=2,x=¢
Loc.-j Min a:l: xX=1,x= L_oc;Jl Min ai X=l, x=F

(c)  On what intervals is f(x) concave up or concave down?

ook for (%) 70 Jor (oncave up and £')<0 for wncave down.

tr = 4+ =, .S_x - . + .+

f(vc) T cb”'cu"‘ £ & <> & cu € cua
I) tencove wp on (0,2 U (3,9)U(%,9) ]I) woncave up on (3,6) U(6,9)
Concave down
) Assurnfﬁgthat f(O)O—“O(i?c}y a<§1'21?).2 of £(x). Oncae down on (0,3)



Cusps

A cusp is a pointy bend on a graph where no tangent line exists. A cusp is a good example of the
situation where a function can have a maximum or minimum at a point where the derivative of the
function does not exist. To spot a cusp, determine where the derivative does not exist and test the
concavity on either side of that critical number. If the concavity remains the same, you have found
a cusp. If the concavity changes, you have found a vertical tangent.

B

o) o

. 0
g : o ;
A M
\ I |
usp ( minimam) sp (maximum) werfiaal fongent-
Example 1: Determine if the following functions have a cusp. If yes, determine the point.
a) f(x)=(x+ 6)% -2 (Nol-f.'-Dom‘m X 7/—6)
~ 4
& ()<)= ‘L(x +6)
" -3 ey -
£"(x) = “I(L(xﬂb)“

mn p‘-.o

T
= ot §x) €0
Possible. POT's »{*(x) DVE: ». There are no (usys.
(7(.+C)‘€=O
X=-b
b) £() = V& » 46 = K5 $60 -, -
2 < S
'P(X): ':‘X! or —3:43-— - % oo
Ly +X W e €D
- o %=0

CH

9 x3 =
” £(0) - (o - There s a cusp of (00).
Possible POLs - +£"(x) DNE
LR
Qx> =0

xX=0 x-ink =0 0= A 19

'(:"(X) :-_%_ x 3 of

14

N

—>%




4-4 Warm Up

1. The function f(x) = 2ax® + 3x? + bx — 3 has a local minimum at x = —1 and a point of
inflection at x = 1. Determine the values of a and b.

P = bax + bx +b

- :
—?‘(—0-‘—0 7 0= @(")a‘ré(-bﬂ—b Sub o="3 ink ©:
o=t >0 6=6(4) b
6= -3+
20 = Qux+6 Q=
FMNY=02 0= Ra(N+6
6= \Qa - o= _:\{ ond b=0
=1
2= &

2. Use the 2nd Derivative Test to determine the coordinates of the local extrema of the function
f(x) =3x* —x3 —6x% + 3x — 11.

A O MO
i (x):;(‘lgfx&— :;H) =8 - £0>0 M0
rdinodes *
=3 [ -i) -] ot
- 3(4x)(xH)(x-) () 23_(?&_; (-2 =(E)-1

BXo

thad #s >+ '(x)=0: A
Uithaol #5 >+ 8= 3L (- 63D

(LN -
Second Gertuchoe. Toot: £00 = 300 (-6 +3(1) -\
$19 = 36K~ ox-12 ="
. — A
'F“('Zil-)'—‘- 36(_}0&_6(_}1_)_]& - lood mox ot (ZLD %3%—) and
== R 80 - mox loosd rivns ot (-1,46) ond 7).

)= 3%Y-6(-0-1a
=30 - fY0>0 cwin



Solving Optimization Problems

i Strategies:

1. Whenever possible, draw a diagram, labeling the given and required quantities. ldentify
the variables.
2. Determine a function that represents the quantity to be optimized. Be sure that this

E function only depends on one variable. (If there are two variables, look for information to E
: create a second equation.)
: 3. Differentiate and find the critical number (i.e. find the maximum or minimum function :
; value) by setting the first derivative to zero. :
E 4. Determine the optimal value and check constraints. E

5. Answer the question in your conclusion.

Number Type

1. Express 24 as the sum of 2 positive numbers such that the product of one by the square of the
other is a maximum.

et % and " ke the 2 pthive numbeys and P be the produdk
7y=2 P= -x%a ® 2" Devivative Test:
7(:&“-\6@ ab O into & = -6164"‘18

P=(4-w)u* P" o 4=0
( L p" 3 -6(0)+43

A2 3
- 9‘-||a Y =4g ~--P">0 s mn
Differentiote P'= 48\3-33"7 P" ot Y= 6:
Uhial #s: D = 48 P=-c(lo+43

=-43 ' P"<0 .. mox

0= 3.?‘2'3% (g)

.. \azo ov ‘a:le th %g'b ) 7(":3‘1'06)

=3
= (D))
= 20438

- The 4wo numbers are g and b
and +the mox product Is 2043.



Optimization: Area and Perimeter

1. Three hundred meters of fencing is available to enclose a rectangular field and divide it into two

smaller equal plots. What should the dlmenS|ons of the smaIIer Iots be for \P;’e\a atabea
maximum? L w and QPM the wid ﬁl:ﬁ
W w 2abn \o‘d‘\' res\oec‘\'\ve% ond A re_Przsur\' 4he, ‘otal
0 ] L aveo.. )
n - ° .
N W b © ino O A deuaive dest
"o -2 <n"<o -
419+ 302360 A=2(10-F1) w Ai="3 <O s mex
1S
2=100-Fw @ = DR- W When w= 22
= -4
A=30 @ H':lbb-%'w =100 3(%-;)

crvhed #s 2 A'=0

O=:100-—'-"-w - The width should be. 3#.5m
.:,.5 and “he le.ng-\'h shouwld be
W= 5Dm Hor +the mox avea.

2. A Norman window consists of a rectangle surmounted by a semi-circle. If the perimeter of the
window is 8m, find the width of the window that will admit the greatest amount of light.

Let 2x represent the width and let y represent the height

Lek A be Yo orea. ond P et perimeter. /7\

P= Qe dpr $(any) A= Q'X\&+ T’
- P28, swuh O iv*b:-;%m L y
3 =%+ A ATCX A= a'x(T l 211'37(
Y= ‘3-&3-1’% o) = 37(—;1«—:(7( +:‘z*:\27c ™
= g -ax ~ 3 X _
i\‘ =8~ 4y -TU% Q':‘df"_‘:’f‘;e’ hest:
[ #s > A =0: 0
- (;a:%—sq x‘-\nm ieo w?:xm%x =
3= x(‘-\-ﬁ()
_—.ﬁ-ﬁ - The widkh of dhe window is e
i = 2 or appex. 2.4 m.
- _lb



Optimization: Surface Area and Volume

1. A piece of sheet metal 24 cm by 24 cm is to be used to make a rectangular box with an open top.
The box is to be made by cutting equal squares from the corners and folding up the flap to make
the sides. Find the dimensions that will give the box with the largest volume.

A

| |
! !
=24 cm | : /
| |
! !
! !

<4— [=24cm —>

Let X represert the side length of the sguares that- will be ot
ond V be 4he, voume 4o be maximized.

V= 2wh
= (a4-ax)(24-:))
= (34-22)"(x)

v'= 24-3 ) + (o)}
= (Ql-2X)(-4 +24 - 1)
= (34-f)(- 6% +24) a"d devivohive test:
¢riheal #s 9 V'=p V"= a)-exvad)+(AH-2x)(-6)
0 = (34-2x)(-6x+ay) = 1ax- 48- 149 +13x
£ 3-3x =0 or —bx+24=0

~x=4 = 24x -192
» .).:f 'a At x=4,
!-' s'\:\“essi::n;\hs will be 0. V"= a4(4)-193
=-q, - V"'<O
Side Iencjl-lns = a4 -ax - mox
= 24-a4)
= 6
RY - The greo.’res*-\- volume. for +he ox
V; lCcl)g)q(‘D is I024om® and the sides ard height-

will ke leom and 4em, vespechively.



2. A manufacturer wishes to produce cylindrical fruit juice cans with a capacity of 250 mL. What
dimensions will minimize the amount of material required for a can? (1 mL=1 cm?)

Lot r be the radius,h be-lhe.he,’.sk-l-,v be 4he
volume. ond B be Hhe surface area. 6f dhe can. < YE’

V=1¢h sub O uﬂt &:
aD=Tr*h A=arcr (22
aD _

T h © = 530 +arwcr’ ~—
V= QS'DmL

- 80
A=arhtacP® A= =+ 4T p——

arthead #s - A'=0
0= 22, ycr

0 = -5t + 4t r®

3= 220

47
-2 5
r=51% or N3

5
At r=5— ™ Jorived :
r 3[—75 N a“ d.n.tlrlvo:l—\ve.+es+
h.—_

S \? 5-
() At re g
_am
- 5K A"_ 1000

+ 41T
™ &

G =]1amT  ~A'>0
. han
. The amount of material will ke mimmized when the
rodius s EJ-%-__' ch ond +he hellahl- is E]l'—o'r_? om.




OPTIMIZING INSCRIBED SHAPES

Some important formulae:

i = £

cylmder =nr h vprlsm - Abase X h

Veone = T[T sphere =

SAsphere = 4mr? 1cm3 =1mL

1. Find the dimensions of the rectangle of largest area which can be inscribed in the closed region
bound by the x-axis, x = 9 and the graph = V/x.

4Ty Lot Q-Xbeﬂn\ergﬂ\ondrbe.%mwld'\koe
3 o Hhe insoribal veckangle.
T ~,(q:“’-‘) A =Luw
" width=Jx AG)=(a-%)(NX) )
- 2345678910 A'(x).-_- @Mﬁ)-f(q-x)({xz)
— (r'rl-'\m.\ 4 A'cx>=o-.
Iemg\-h Q-x .
) aJ“
= -axX+Qq-%
0=-3x+9

Ix=4
xX=3

M derivative test:

v Q.3 L3
AR=~Ix+Z2%x*-3x

: \ % 93 4 % L
A'GY= - xZ- a2 -

A'®) = -0.366

A <Q .moX - The rze\-otgle has o \m@H\ of 6 units ond
a width of 432 units.

-X

9 Nx
2 ®) N3



2. Determine the dimensions of the largest cone which can be inscribed in a sphere, where the
diameter of the sphere is fixed at 30 cm.

Lot h ba +he héight, v be +he. radius and V be +the volume. of
the wne.

V=3xr
sTrh M devivative test:
V(N=31(-K+30h)h V"'(R)= - arth+20TC
=Lwh34l0mh’ Vv"(@0)= -30TC

X ...Vll(ao) <O - oy
V(h) = -Tth +20ch

r" = I5:-Ch-l5)a uirhical #s >V’ (1)=0 ra= -(20)*+30(0
= 235 -h+20h-25 p=-1ch (h-30) =043
J.Nn= =0
ra: _ha+3oh . . .h‘}: O or h
‘-: h7‘cs)m 5 The \arq&s‘\' wne has o he’uaH' of 20um

ond o rodius of 1043 om.

3. Find the dimensions of the largest rectangle which can be inscribed in a circle, where the area of

the circle is fixed at 1007z cm” .

Let X reprasent -the , 4 vepresent +he height, Ir vepresent:
the. disopnal oxd l:‘?T:r"‘epvnzsev:ﬂ- the. area of the vectongle.

A=x%
2r y A()= ‘X(m)

A'6) = (37007 ) +%(£) (400 (- a)

X N0 x
= Al400- - -
\/ ,qu_xl

a
Aiirde = T il s A =0

2™ denvotive test:

|0OTC =TC v 0 =W_ __x? _ A" &)= J;-(qw-f).*(-ax)vi A (4oo-x’)’*
0=r 0 = 400-="- xa’v‘lw * _x’(‘-,_‘)(qoo-x‘) (-Q")
xleyl= (o) 0= ~ax”+400 A"(i043) =-4
xT+y'=4 X" = 400 * A"(1o43) <0 .. mox
¢ 20 X=10dq ,-0yq_. , . . (0d3)<
y= .\, 400 -%2 ’ < inndmissible

- AP0
‘6_ ;gg-\)- G . +the larges\- rec-l-u.nﬁlo is 1043 x 1023 om.



4. Find the dimensions of the cylinder of greatest volume which can be inscribed in a sphere,

1087 3
— m .

where the volume of the sphere is fixed at 3

let h be the Ine\gh-l-
of +he Lﬁlinder. Let R be the radius of 4he spheve.

Vaghere = STCR
S £ " 108TC 3
ge= 3R
| R3=2%
~—__— R=3

Veyfinder = TO h
k?.
viy=1(a-%)h
= QTC‘H - ‘Ehs
V' (W)= ax- 3E°
V'(W=0:
O=am-3Fh?*
3cpi= ax
h= dex3
ha= 12
h=ad3,-a3

inadmissible.
** hz0

5 7 be +he vadius and V bhe the volume

aM dervative test:

V' (h)= - S-1th
V'(@ai3)=-313 1T
or-106.3

r2= q- Ca’{'g)a
r=4J6
.. The ujl'mdur with the greatest-

volume has a heaht of a3 m
ando.md'\uso(’}Em.



OPTIMIZING AREA & VOLUME

1. Determine the dimensions of the largest cone which can be inscribed in a sphere, where the diameter of the
sphere is fixed at 30 cm . [Answer: r = 10\/5 cm, h=20cm]

2. Find the dimensions of the largest rectangle, by perimeter, which can be inscribed in a circle, where the area
of the circle is fixed at 100z cm*. [Answer: 10\/5 cm x 10\/5 cm ]

3. Find the dimensions of the cylinder of greatest volume which can be inscribed in a sphere, where the volume

10;;7[ m’. [Answer: r:\/gcm, h:2\/§cm]

of the sphere is fixed at

4. Find the dimensions of the rectangle of maximum perimeter that can be inscribed in a circle of radius 4 cm.
[Answer: 4v/2 cm by 4v2 cm]

5. Find the dimensions of the rectangle of maximum area that can be inscribed in an isosceles triangle with base 40
c¢m and height 30 cm. [Answer: 15 cm by 20 cm]

6. Find the dimensions of the cylinder of maximum volume that can be inscribed in a cone with a diameter of 40 cm
and a height of 30 cm. [Answer: h = 10cm, r = 43—Ocm]

7. Find the height and radius of the cylinder of greatest volume that can be inscribed in a sphere of radius R units.
2+/3R V6R
T = T]

[Answer: h = —

8. Arectangular box is made from a piece of cardboard which measures 48 cm by 18 cm by cutting equal
squares from each corner and turning up the sides. Find the maximum volume of such a box if:
a) the height of the box must be at most 3 cm. [Answer: 1512 cm’]
b) the length and width of the base must be at least 10 cm. [Answer: 1600 cm”]
9. A piece of paper for a poster has an area of 1 m* . The margins at the top and bottom are 8 cm and at the

sides are 6 cm. What are the dimensions of the sheet of paper which will maximize the printed area of the

page? [Answer: %im by %im]

10. The area of a rectangle is 64 cm” . Find the dimensions of the rectangle of minimum perimeter. What is the
minimum perimeter? [Answer: 8 cm by 8cm; 32 cm]

11. A piece of wire 100 cm long is divided into two pieces. One piece is used to form a circle and the other a
square. Find the lengths of wire cut so that the combined area of circle and square is a minimum. [Answer:
43.99 cm and 56.01 cm]

12. In above question, into what lengths should the wire be divided to give a combined area as large as possible?
[Answer: one piece of wire 100 cm long forming a circle]

297

13. An eaves trough has a cross section that forms an isosceles trapezoid. If the two legs and
the short base of the trapezoid are each 10 cm, find the distance across the top of the
trapezoid that will maximize the area of the trapezoid and thus the carrying capacity of the 10 10

eaves trough. [Answer: base of 20 cm] 10



OPTIMIZING AREA & VOLUME
Solution

Determine the dimensions of the largest cone which can be inscribed in a sphere, where the diameter of
the sphere is fixed at 30 cm .

V= l7rr2h
3

—_—
(9]
[
I

r2+(h—15)2 , 0<h-15<15-50<h<30

V'(h)z%;z(—%z +60h)=0

~3h(h-20)=0—h=20cm
h=20—r=+225-25
¥ =~/200
r:10\/§cm

Find the dimensions of the largest rectangle, by perimeter, which can be inscribed in a circle, where the
area of the circle is fixed at 1007z cm” .
A=pr’=100p
¥ =100 r=10 cm
o x> +y* =400 y =400 - x’
Y P=2x+2y
P(x) = 2x+2v400- ¥ ,0<x<20

\y P'(x)=0:2-47x2=0
24400 - x
V400 - x* = x
400 - x* = x*
400 = 2x*
200 = x°
x=10\/5 cm y=10\/5cm




Find the dimensions of the cylinder of greatest volume which can be inscribed in a sphere, where the

volume of the sphere is fixed at % m.
4 5 108«
r I/sphere _Eﬂ.R _T
h R’=27—>R=3cm
2 R I/'cylinder =7 },.Zh
N SR ¢ " R 2 2
9=r2+(ﬁj -7 =9—% ; 0<h<6

v ( ——]h 0<h<6

342 ,
9—— 02 =12 > h=23cm

:\/g cm

Find the dimensions of the rectangle of maximum perimeter that can be inscribed in a circle of radius
4 cm.

X P=2(x+y)
x*+y* =85> y=+64-x*
y 8c P(x)=2 x+V64-x*|,0<x<8

P,(x) - 2(1+'2")
2464 - x2

1f>(x)=0—>1=64’c_)C2
V64 - x* =x

64 - x* = x*

64 = 2x°

32=x’

X = 4\/Ecm—>y = 4\/§cm



5. Find the dimensions of the rectangle of maximum area that can be inscribed in an isosceles triangle
with base 40 ¢m and height 30 cm.

¢ \ A=2xy !
imor 30 - XX
+rianges : %= 3Oy—>30x=20(30-y) :
. P 3en
3x=2(30- y) ) '
x=§(30-y) 20cm 20cm

A(y)::(30-y)y, 0<y<30

Aly)=40y-2?

A'(y) 40-§y

A'(y) 0—>40:§y

y=15¢cm — x =10cm

6. Find the dimensions of the cylinder of maximum volume that can be inscribed in a cone with a
diameter of 40 c¢m and a height of 30 cm.

Similor Hnm\%\e&
M=L—>3r=2(30- h)
30 20

r=§(30-h)—>sub o V:

V =Tr’h

v (n) =nth@(30 : h)jz 0<h<30

v'(R)=0-(30- A) +2(30- h)(-1)h =0
(30-h)(30-h-2h)=0
h=30 or h=10
d N



7. Find the height and radius of the cylinder of greatest volume that can be inscribed in a sphere of
radius R units.

chylinder = ﬂ-rzh :
hY 2
R=r’+|_| »>r’=R-—; 0<h<2R 8
2 3 /
2
V(h):ﬂ(Rz_h?]h ;0<h<2R :::::::__r_s_{_______-.-_-_-.___:
2 2
v'(h)=n R 3 g AR 2R3 \
4 3 3 v
R/6
y=—-
3
8. A rectangular box is made from a piece of cardboard which measures 48 cm by 18 cm by cutting

equal squares from each corner and turning up the sides. Find the maximum volume of such a box if:
a) the height of the box must be at most 3 cm.

b) the length and width of the base must be at least 10 cm.

X
48-2x X
18-2x
a) b)
V(x)=(48—2x)(18—2x)x,OSxS3 48-2x210—->3822x > x<19

— 3
'(x)=12x" — 264x +864 V(4)=1600 cm
( .. Maximum volume when x=4

v
V'(x)=0->12(x" —22x+72)=0
12(x—4)(x-18)=0
x=4o0rx=18
V(0)=0
V(3)=1512 cm’

.. Maximum volume when x=3



A piece of paper for a poster has an area of 1 m” . The margins at the top and bottom are 8 cm and at

the sides are 6 cm. What are the dimensions of the sheet of paper which will maximize the printed
area of the page?

| X
xy=l->y=—
T 012)x » 3 0.08
=(x . (y . ) X-0.12
1
A(x):(x—O.IZ)[;—O.lﬁj,0<XS1 <«»| y-0.16 « Y
1 g 0.06 0.06
A'(X)ZO_)(__O16J+(_2j(x_012):0
X X
3 0.08
/‘/—0.16+ _ +0'122=0
X X X
012 _0.16
X
2012
0.16
o3
4
V3 23
X=—"" ,Vy=—"—
P 2

10. The area of a rectangle is 64 cm” . Find the dimensions of the rectangle of minimum perimeter.

What is the minimum perimeter?
X

A:xy:64cmz—>y:ﬁ
X

P=2(x+y) B

P(x) :2G+6j> 0<x
P‘(x)=2( -6‘2‘>

X

P'(x) =0 64 = x>
x=8, y=8
P(s):3zcm



11. A piece of wire 100 cm long is divided into two pieces. One piece is used to form a circle
and the other a square. Find the lengths of wire cut so that the combined area of circle and
square is a minimum.

Let x be the circumference of circle and 100 —x be

100 —x | X
|
square circle

square:s = , where s is the length side of square

. X
circle: x=2zr >r= 2—

T
A=s*+7xr?
2 2
A(x)=[ 1970 [ ] 0<x<100
4 2
A'(x)—0—>2(1004_x (_71}21—0
" A(0) = 625cm’
100—-x _x
4 oz A( 1oo;rj =392.2cm* — abs.min
1007 — 77x = 4x T+4
1007 = 77x + 4x A(100)=3183cm* —> abs.max
1007 = x(7 +4)
1
X= 007 =44 cm
T+4
Abs min occurs when the dimensions are 43.99cm and 56.0lcm
12.  In above question, into what lengths should the wire be divided to give a combined area as large

as possible?

one piece of wire 100 cm long forming a circle



13.  An eaves trough has a cross section that forms an isosceles trapezoid. If
the two legs and the short base of the trapezoid are each 10 cm, find the
distance across the top of the trapezoid that will maximize the area of
the trapezoid and thus the carrying capacity of the eaves trough.

A=0.5a(b, +b,)

i =a*+x*
10° =a* + x?
A=+100-x"

A4=05(100-)(20+2x)
A=(N100-}(10+)

1 1

A= %(100—):2 ) 2 (=2x)(10+x)+(100-x* )2 (1)
A = (100—x2 )‘; [—mx—x2 +100—x2]

A = (100—x2 )‘; (—2x2 —10x+1oo)

A = —2(100—x2 )3 (x2 +5x—50)

0 :(xz +5x—50)

0 :(x+10)(x—5)

x =5, reject the negative root

If the base is x + x + 10 = 20cm this will maximize the area

297
10\ /10
10



Warm Up-Optimizing Volumes and Surface Areas

1. Arectangular open-topped box is to be made from a piece of material 18 cm by 48 cm by cutting
a square from each corner and turning up the sides. What size squares must be removed to

maximize the capacity of the box?

<—‘t8c.r»—>A Lot x mlomsml--l-tn.s‘nde.a(:-!-hesa‘,unmmd V be
1T +he volume of the box .

Fem V= (18-2c)(48-20) %

' = (Bx -2 )(H8-3x)

' V'=(3-4x)4g-2¢)+ (18x-2x7)(-2)
= 264 -36%-192x +3x°-30 %+ 4

M devivatve test: = [x™- acyx+36Y
= lalx’-23%x +79)

V"= 94x% -6
= (3 (#-48)(x-4)
At x=4, V"= 24(4)-a6Y i
) critical #s 5 V=0 .. The dimensions of +He

=-163 ol 457 ' =
V<O - mox O ey Souares must be 4em

csible Hom
Inndmissib le . .
 wicth will be nesptive. >y

2. 1f 3600 cm? of material is available to make a box with a square base and open top, find the

x

largest possible volume of the box.

Lek % b Hhe side of the bose, h be +he héight of +he box and

/} h v be +he Volume.,
L/)_"'—""' V= x*h € 2 vaviobles, eliminade h
7 Surface area = avea. of base + orea of 4 sides
X %00 = %x*+4xh
h = _3600-%*
3600-%2 “Ax
V= S, ) G ke v 2 derivafive fest:
= qoox-—fl— V'= -3y
V'= 900 - %" Pt x=20{3 > V"= -2 (203)
ariheal s Vv'=0 =-30+3 *:V"<D .. mox
0= a0~ Fx’ W x=0lms (204%)? (2043)(o(3)
h=3600-(2043 ~V= 3) (lof3
00 ($) =4 s = 120003
1200 = x° =2 = 20734, 61
X=203 or -0 ) _ 3‘_
1nodmissible =103
" dimensionS cannot :. The max volume is Gpprox. A0V,

be nejoive



3. The volume of a square-based rectangular cardboard box is to be 1000 cm®. Find the
dimensions so that the quantity of material used to manufacture all 6 faces is a minimum.
Assume that there will be no waste material. The machinery available cannot fabricate material
smaller in length than 2 cm.

Let x be the side of +he. base, y be the heght, and A

i y be the surface area.
| = 3.2 V= %y =1000
- A= sy ?a= 100 oy sub ko A
B A= ax+dx (159
4000
= ax’-!- ~ d Co.
\ 4000 Q™ devivahive +est:
H=4X- xa A"-‘-l‘l"'?mo
_ 4x®- 4000 x®
= —7(; At % =10, All=q+ ?QD3
crifiaal #s » A'=0 (10)
4x> 4000 =1 “A"7D s.min
0= ——= —
X 1000
At x=10 =
0= 4x% 40m * 4% oy
000 = 3 =10
I0D==

:. The dimensions are. [0um by 10om b'ﬁ IOam.



Optimization: Revenue and Cost

Revenue Type

1. A railway company offers excursions at $120 per person for tour groups of up to 100 people. If
the size of the group is greater than 100, the company will reduce the price of every ticket by 50

cents for each person in excess of 100. What size tour group would produce the greatest
revenue?

Let = be +he number of peaple In excess of 100 and R be
he vevenue.
R = (cost/pevson)(# people)
R =(130-0.50x)(100+%)

R'= (~0.50)(100+)+(120 - 0 50x)(1)

=-50-0.50% +190-0.50x
=-X+30
ool #s2R'=0
O=-X+7F0
X = F0 Tour group §122 = [00+X
= 100+&G0)
=130
M Jerivohve test:
d*R or R"= - - A {our oroup size of
dx’ < RY<O - moX 70 people will mosximize

ravenue.



Cost Type

2. An open topped storage box with a square base is to have a capacity of 5 m>. Material for the
sides costs $1.60/m? while that for the bottom costs $2/m?. Find the dimension that will
minimize the cost of the material. What is the minimum cost?

Lol x represent the Sides of the syuave bose,

h represent +he heioht of +he box | V ke the
volume and C be +the cost.

Note: SA= 4 hx +%

C =1.6(4hx)+ a(%?)
sub @ into st @un:

c= 64(Z)x + X

= —i%‘-l- axa
= :)373.+ L 9 dervodive test:
" A
el #s: C=0 ¢=—a+i
O-' 39 Fix At x=2,
oo
o= “33"'4‘7( Ca)!» <|
3
3=« =l :c">0 . min
Q=X
S .
5 M x=2 h= g
h=—x_"— _ 3 a
=2 _ C= —554-3(93
g)z =4
=7

~The Sides ef the base. should ke am
ond the height should be 2 (or 13B) m.

The mmmum wost Will then be $a4.



OPTIMIZATION PRACTICE — BUSINESS

A car rental agency has 200 cars. The owner finds that at a price of $36 per day he can rent all the cars.
For each $2 increase in price, the demand is less and 5 fewer, cars are rented. What price will maximize
the total revenue?

The current ticket price at a local theatre is $4 and the theatre attracts an average of 250 customers per
show. Every $0.20 increase in ticket price reduces the average attendance by 10 customers. Find the
ticket price that will maximize the revenue.

A variety store can sell 500 yo-yos for $1 each. For each cent the store lowers the price, it can sell 20
more yo-yos. For what price should it sell the yo-yos to make maximum revenue?

A retailer of electrical appliances can sell 200 refrigerators at $250 each. For each reduction of $10 in
price 10 more refrigerators per month are sold. But reductions of less than $10 per unit have no effect on
sales. What selling price would produce the maximum revenue per month and how many refrigerators
would be sold at this price?

A real estate firm owns 250 apartments that can be rented out at $460 per month each .For each $5 per
month increase in rent there are two vacancies created that cannot be filled .What should the monthly
rent be to maximize the revenue? What is the maximum revenue?

A rectangular building is to be constructed with a curtain wall that will be parallel to the front, and will
divide the space into a sales area of 1500 m?, and a storage area of 500 m”. The outside wall on both
sides and across the back will be constructed of concrete block at a cost of $100 per linear meter. The
front wall, which will be comprised primarily of glass, will cost $345 per linear meter, while the curtained
wall will cost $45 per linear meter. Find the dimension of the building that will give the required floor
areas at the lowest cost for all of the walls.

Answers:

X
500 m?
Curtained waII/
h% Yy
1500 m?
4. 230 units at $220 or
$58/ car
220 unitsat $230
$4.50/ ticket 5. $542.50/unit for $117722.50 in revenue

$0.625/ yo—yo 6. dimensions 28.57mx70 m



i

~

M%m
Y Act < e AL s den

J,(&Zmozm.au
(ost/can * 4 coro o Mo coat/can
R= B6+2x)(200-5x) -17<x <40
“— No Cons il
R= '7;._00-15'0x+‘/001*/012
= -10x ™ + 32320 x +7300
Note: Woham x= “) R=o4%0.

dR = -20x + 220 Whon x =7 R=0
dx. & x_’_‘/()l R :O
0 = -a0x+220 Lo T Meat pese <o '5¢M
1 = ”

£ & CM/CW\ = 36 f-&(ll)
=¥s5%

&) Aot L Aep, o musndrn %ﬂa,l,rw/uwm ficket pece
Rz (H+0.2) 256 -10x) -20< x £25

R = 1000 -40x +50x -2 ¢ "

Note! hin x=2S R = 0/25
R = oo + 10x-2x% When x=20,R=0 .
i& - /0 -4x " x=2S R=0.
p/S
0= 10-4x o's The haat tchet
= 3.5

pute e 84.50
o: T!d‘cﬁ* PN'CQ__ = L{"'O.Q{QLS')
v B0

ket xaep. e muanmben 1¢ incuwaas . :
R= (1-0.01xX500+30x) ~“0¢x S0 Nete. topean x=37.5 R= 75125
R = 500 +20x-5x =0.2x ™ whan 1==40" 100, R=0)
R = 500+ 15x -0.2x%
gﬁ\ g 15 =ON2%
= 0 o ¥ buut pees s
0. 5=k T ﬂO,é;cl/yogo
x= 37.5
o P

nee = |- 0,375 égo""‘a



o) Miuhmwmmo;&m%
WWW'{J aﬂﬂéwawm,aupdy

R = (350—/()LY.QOO+/01) —aTo<>c<aS & &I

R = 50000 +3500 x-3000x ~/00x n¢ Fridyes No Coat/Te.dge

R= 50000 +S00x _/00x°
But X wust bo o inte

AR
= = So0 -200 X 3 Sine owiy whele “;j, [ncrements
P _A00 1 / 07, 810 o ollourd
~4= 2.5 = =2 g
R = (250-20X200 +20) R = (250-30Y200+36)
= 55 el = S0600 ‘

P 4& cg.:gze
8330 a /'rr\

Md S-LUJ,d'tuA 220 &30
4/\;-0(?—24

5>LL‘(’;( wp. %WO?L B85 ncbodds

= £ 125
R= (H40+5x ) 350 -2 W< X
! 13( 1) ) 1;“, App‘f rewftd

R= IIS000 ~ 920 . +1250x -7/04;2
Re 115000 -330x ~/0z %

d‘i _ -330 -20x
b

>t
O = -330 -0x
X

= 16,5
ge,umg price = Y0+ SCH6.S)= S4SO 1 R=StaSx&dl ],
2 cj,-nPP+5 - 250~ &06 S) A177 < ‘”'}}7;;.50

f mewﬂgw /s Bs4a.50

%o
Dbsr posclucts o PO [RURILL Cf-

3117,722. 50



' "Totaol Areo = 1500+ 500
b) 2

500m? = 2000 m?
ngm y A= x
W soms o
i
X

Cost =0Ru+x) + 4Sx + 345z, =720

= /00 ((489°,4x) + 390x

400000 + 470X

> 48
dC - —=900000 +990
dx -
= ~900000 +770
2 3
990 =

* = —400 000
r = T1b.33..
1< *2%.57

but x> a0 = x=&2¥%,57
SG :3:'_ 2060 - 7

- AT T
o 2857y 70




Warm Up-Optimizing Revenue and Costs

1. Areal estate firm owns 250 apartments that can be rented out at $460 per month each. For
each S5 per month increase in rent, there are 2 vacancies created that cannot be filled. What
should the monthly rent be to maximize the revenue? What is the maximum revenue?

Let % represent —the number of 35 increases in the rent ond R ke the
dotal vevenue.

R= (350-2x) (460 + 5x)

ad devivative test:
R'=-20 +R"<0 .. mox

R'=a)(460-5x)+ (38D-ax)(5) At %= 16.5,
= -9ap-10% + 1350~ 0% vent= 460+ 5%
20t T2 =4(p +5'(|B.5)
. ' =542.50
uitial # *R =0 R= 1}50-9.(]55)]['1604'5('65)]
=-20%+330 = [I+322.5
xX=16.5

- The vent should be. $543.50 o opk o
moximum revenue. Of #117 #a2.50.

2. A carrental agency has 200 cars. The owner finds that at a price of $36 per day, he can rent out

all the cars. For each $2 increase in price, 5 fewer cars are rented. What price will maximize the
total revenue?

A be the number of ¥ inoreases 1n the rental price and R
be the vevenue.
R =(36+ax)(200-5%) ™ devivohve +est:

Rll=_ao - Rll<o - max
R'= RY(200-5%)+ (3etax)(-5)

= 40D~ |0x - 130 -10% Pice = 36+ax
= -0% + 30 = 36+(ll)
. ' =638
ottical #3532 R =0
D =-20%+220 o A vental price. of 358 will
0% =330 moximi ze the vevenue..

x= Il



3. Asupermarket is designed to have a rectangular floor area of 3750 m” with 3 walls made of
cement blocks and one wall made of glass. In order to conform to the building code, the length
of the glass wall must not exceed 60 m but must not be less than 30 m. The cost per linear
meter of constructing a glass wall is twice that of constructing a cement wall. Find the

dimensions of the floor area that will minimize the cost of building the walls.
glass

v X Let X be +he le of +he glass wall ko
9 > Y
the length of the cemant walls odjocent o T,
Y " kbe-lhecoS'\'onns-\mchn%acema*ml\ond
C. be the tolal cost of cms*md"mg +he build'm%.
X Note: 0S$X sS@0
C= akx+ k(x+) . C= 2kt kxr 3k(R)
C= 3kx + IXOK
'Kla=3?% %
Y= 3120 < subinte C
x c'= 3k - F50k
=%
orthical #s9C'=0
o= 3k-———-'75°2'<
X
0= 3kx*- 2500k
0= 3k (x*-230)
X300 inodmissi b
- _en &« inadmissible
I devivatve est: x= 30 or -8 . length cannot
C": 300 2k - us 3750
__C—)x" fyE
At %x=50, =35
Cu:__l__g((x;%.k
50 F50K
. At x=5D, C=3 ===
' - prin x C=3k({E)+ =)
= 300k & oosote min
7500k
A+ %=30, C =3k(30)+
Check end values ’ > (30) s The %lass wall and +he
of domaun = 340k . paralle] cement wall
=60 . C=3k(0) + 120k should be 50m ond
b x=lo , C=3k(eo) (o) the other two cemernt

= 305k walls should be 75,



4-¢ Warm Up

1. Find and classify all the critical points
a)p(x) =2x3—4x2—-8x+6 b) h(t) = —4.9t% + 33.8t + 1.5

2. Given the function: g(x) = 1 + 3x2 — 2x3, find all critical numbers, intervals of increase and

decrease, and concavity values of the function. Use the information to sketch a graph.

Soludions :
o) '(R) = 6x-8x-8
= 2(3e)(-3) pl-3)= ;z( - 4(-3)-8(-3)+
crihaol #s: (7'(?()=O )
o=a(3;<+axw-a) B a‘*
S X=E or %23 2 a2
e 2)=a(2 —‘l(-‘- f~‘8(2)+6
(=73)|(5.2) |29 @O: -l(O) )
3k | — [ + | +
T T e (23), a2
p@| | — |+
Y I I B
. (-, '1) [—%,1) (a,0)
of. PC") < +5 - + -
PO Ty 4
( ’l::l uﬂ ,°>
b h'(£)=-9.8++33.8 h' () + —
ritical numbers > W€) =0 W) 1 J
0= -9, 9% +33.8
_ 338 h4a) = ~4a(4)% 338( 34
e B
=48 o =355 T e o 258
1A 14648
s.mox ok ( 49 7’3*(5')

+|.5



) %'(x)= 6% - ox°
= ox(1-%)

9@ =0
X=0,A=|

(-2,0) | (&) | (1,9

X — + +

|- 7% 4+ + =

o'tx) | — T |~

%(X) J 1 f

OE (‘ '0,°) (o; ‘) (‘ ) “)
050 L
|

%CK)-;' A 1 v

N
=
oo

4= 1+3(6)-a00)
=] - mn a:‘"(O,‘)
(3(\) = w3201y
= > moxar O)ED

d

%“ (X)=6-13%
= 6(1-2%) |
%“CJO:O ohen %=F
('°°v '%-) (é 9°°)
%"(K) + —
%(7() Cu )]

o(D)=1+367-a()
_ 32
"
< POT o (3,3
lg-‘m\*‘- |
= (US\V% GpQ " =168




Vertical Asymptotes

Example: Identify the asymptotes in the following graph.

|
I
I
I
I
I
R N R RS AR AR ap e
{' i
I
I
I
I
|
I
|

VA: X= VA:x=3
Vertical asymptotes can be found by looking to see where the y-values of a function approaches co
or —oo . Horizontal asymptotes can be found by looking to see what happens as x gets bigger and
bigger or as x gets smaller and smaller (i.e., as x = o or as x - —o0).

2
The graphs of rational functions often contain asymptotes. For example, f (x) = #&i) has two
vertical asymptotes at x = 1 and x = —2 . Suppose we wanted to graph this function. Consider all

the possible ‘behaviours’ of the function near these two vertical asymptotes.

e ont 19t | e ! W
Il 1 Il 1 I‘ | 1 1
S box, o0 ! . QO x| . ox,
1 l i > | > l >
] Ll L ]
RS iy A o b
x=-2  x=| x=-3 %=l x=-2 x=| %=  x=|

We can use one-sided limits to decide whether the function is approaching co or —co on either side
of a vertical asymptote.



2(x%+1)

Ex: Sketch a graph of f(x) = -D)(x+2)

Near X=I:

near its vertical asymptotes.  yAs: x=1 and X=-2
A (o) + Near X=-3:

lim = 2 -+

x2 17 x-D(x4) (0@ J(:n T C_QX%Z‘)E) = (o)

= -00 =+ o0
lim , a(x*+1) :l_" . A +1) +
X1 6(’06("'1)- fooo)(+) 1.1 Y4 lT xl-:r-\l (x- '\(X-":D - (=)o
il
< ) I >X
< | 1 4
| |
v
x=-2 x=1

Summary for Vertical Asymptotes
To determine the behavior of a rational function near its vertical asymptotes:

1) Factor and reduce the expression, if possible. (Note: There may be a hole if the factor as a
variable.)

2) Locate vertical asymptotes by finding values of x that make the denominator of the
simplified function zero.

3) If x = a is a vertical asymptote, calculate lim,_,- f(x) and lim,_,,+ f(x). If this limit will
either be oo or —oco. To decide which, consider the sign of each of the factors of f(x).

Example: sketch each of the following around the vertical asymptotes.

3-2x
a)( (x) = x—3 b) f(x) = xz e G 3)(,m) :—’tg (x)x x 2+x TN .
-— = m =
’(l!’nf -C(X): 2:0 xL’?M = (o‘)(+) xll;m; 'F(k"'(_xo ) CXI 4)0::)3 x>-4 & CO)OE =)
- =-00 = —00 = a0 = -
l|m+_F60 = .;+_ x+4 _
s -2 x~v3+ )= _*'X_O:j_ X9 Q'FF(K) l.)(o*) xl’mm_l:( ) ="(°+_Y_S'
3“ X=3 =t Aﬁ = tee x=-94 Aa = te0

I
‘tl :1‘ ll‘r 'K (‘5,'-!!7

—1 | —t 1 X 1
| J
W x=$' h>r=3 |




4-8§ Warm Up

1. Find the absolute maximum and minimum values of f(x) = 2x3 — 3x%2 — 36x + 62 on the
interval x € [—3,4].

2. Sketch a graph that satisfies the following conditions:
f"(x) <0,x €(-21)

f'(x) >0,x € (—o0,—-2) U (1, )
f(=2)=-3

f(0)=0

f'(=3)=0

f'2)=0

2
3. Sketch the graph of f(x) = x3(x — 5)

4. Find the equation of the cubic function which has a point of inflection at (0, 2) and a local
maximum at (2, 6).

Solukons

#0) £'()=6x" 636 2a)= a(3Y- 3(8)-36(3)+ R

= é(q{ _3Y'X+D.> =-19 3 a
Cbical 8 - £(-2) = 262 - 3(2) - 36(-3) +62
xX=3,~Q = 06
$-3)=2(-3)-3(3)~36(-3)+¢a
= %9
$E)= Q(4)-3(4) - 36(4) +63
=-3
~. Obsolude min ot (3,-19) ond obwolebe mux o (~2,16)
3 A

dh&) o CD -2<%x<| ;CU x<-2,%>]
Jx ofoT of (-28) ) =]

e min ok K=2,-3




-!k—g) ()= %x-é(?(-S) % 2

= ’X-.é [33' x—5)+'x]

Critical -Ri
)= > A=2
V&) oNE > % =0

["°°7°) (0,2) (2, c0)
A2 | — | — +
< | =]+ [ *
i1+ | — +
+09) T J, 1‘

(—-o o) Lo,a.) (a’..)
00 _
86 T T
mox

Llo)=0
£(D=(2)* ):(a) —s]

5 -4%

X =it 0,5
|8~'m'\' = 0

5(3% %)~ (5% —lo)[f"a)

":..(K)z o
(3<°)
5% Bx-(-3)]
qx3
_ 5 2x-42)
Qx3
- (% +)
93
possible POTs :
P'x) =0 2(x) pivE
X=-| S (Yo

G”)") (-4,0) (0;°°>

X+ — + +
x3 + |+ | +
e - + | +

£6<) t® | cn | cu

c"“ = (“ o (°’°°>
w0 TUTLT
$00 "co
foT

2= G )%[(4)- 5]

=-6

N




‘“L}) £R) = 0K +bx +ox +d
P = 30k + AbxtC
P =Gox+b

o)=a = . d=2

$6)=0 = 0= Ga(0)+2b N
6=b sub 0="% inh®:

b=t (-%)+c
s L2)=f,d=2,b=D

- 6= a2+ cld+a 3=c
4=2Q0+c » O
- 1'0R)= 0, b=0 - e whe Lunchion 18
0 =3 5 -
@ +e £x)= 7‘(7(34—3'x+a

O0=1w+Cc »O®



Horizontal Asymptotes

Recall from the previous lesson that horizontal asymptotes can be found by looking to see what
happens as x gets bigger and bigger or as x gets smaller and smaller (i.e., as x = o or as x = —o0).

2(x%+1)

We can use this idea to find the horizontal asymptotes for the function f(x) = DGt

First, determine lim,._,, (xz_(;lc)z—(:r)z) and lim,,_,_., (xz_(’s—(;ljz) )
im _2(x*+1) i Al Divide eadr_\ term b‘a
b b‘"‘)b""a) X~ o0 (x.()b(.u) : ‘H\Q. term wrth Tthe.
= lim _aa"'La lim A+ ‘ai hlghQS'" dQSYQQ ‘?vom
x»= ')e'I'X“Q A» ~eQ _Lx Q -l‘he denomi NL""DY‘.
_lim 2+ l+x-3&
Xpos —— o
L+ = = 3 .
= 9 < There 1s an HA. o& y=2.

Draw diagrams to show the different ways in which our function may be approaching this
asymptote.

bdow §| below cbove |3 below below [t akove above |7, above.

How can we decide which scenario is the correct one? There are two methods.
1) Determine the sign for lim,_,., f(x) — L and lim,_,_, f(x) — L, where y = L is the
horizontal asymptote.
e |If the limit is positive, then f(x) is above the horizontal asymptote.
e If the limit is negative, then f(x) is below the horizontal asymptote.
OR
2) Calculate f(1000) and f(—1000) to test the behavior of the function at the extremities of
the graph.
e If £(1000) > L or f(—1000) > L, the function is approaching the horizontal
asymptote from above.

e If f(1000) <L or f(—1000) < L, the function is approaching the asymptote from
below.



2(x%+1)

DD and sketch a possible graph

Example: Determine the end behavior of the function f(x) =

using the information gathered over the last two lessons.

Recall- UAs o %=-2 ond x=\ *
_ 2 [ Coooy +1] 1000)° + l |
£ (o00)= [Goo0) 1] [(1009) 3] £(-1000)= [2|Ef@-g€c-.o:3>+a] _____ + _ _{_ _ 4=
= .998007933 £2.002008013 1 >
- $(1o0) <3 + $(1000) 73 ml
~P) is below Hhe A - $60) is obowe. the HA !
as 7"’7 08 F>me X=-3 y x=|

Summary for Horizontal Asymptotes
To determine the behavior of a rational function near its horizontal asymptotes:

1) Locate horizontal asymptotes by calculate lim,_, f(x) and lim,_,_., f(x) . If
lim,_,, f(x) = Lorlim,__ f(x) = L, then y = L is the equation of the horizontal

asymptote.

2) Calculate £(1000) and f(—1000). If f£(1000) > L or f(—1000) > L, the function is
approaching the horizontal asymptote from above. If f(1000) < L or f(—1000) < L,
the function is approaching the asymptote from below.

Example: Sketch a possible graph of the function, f(x) = % , by analyzing its behavior near its

af\zla?\pmte& Asum Verdical As&mpb\-' es
lim 3-9X I 2.3 VA ot x=3
*x>e0 %3 AL -3 lim 3-ax lim  3-
=lm -2 x x»3 %-3 x»3*  x-3
»<E  =-3 . =3 _ 3
e 0 o*
= -2 S HAS \G--Q = 400 = —oQ
Above. or below HA?
-F(lOOO): 3-2 (1600
(loo0)-3
= -2.003 > klow HA.as x+ o
3-2(-1009
- |00
#(-1000) (- 1000) -3

=.|,993 2 obove H.A. as X¥»-oc0




Curve Sketching Summary

1) Increasing: a function is increasing where f'(x) 20

Decreasing: a function is decreasing where f'(x)_<L 0

2) First Derivative Test

e If f'(x) changes sign from positive to negative at c, then f(x) has a local

MOX 1M um at c.
o Iff'.(x) changes sign from negative to positive at ¢, then f(x) has a local

Mt mum at c.
Draw sketches to illustrate the First Derivative Test:

LOCAL. MAX LOCAL MIN
£ =0
') <o £')70
£'6)»0 £'6)<0
£':9=0
+ 0 - - o +

3) Critical Number: c is a critical number if ¢ is in the domain of the function and either

i. f/(c)=0O ___ OR ii)f'(c) =DNE___

If f'(c) = 0, what might be happening If f'(c) does not exist, what might be
atc? happening at c?

Local moximum PO.' nt, .
lowl minimum point- or Verhcal “S"I%)wp
o poin'\' of inflection oY POXI o A=C.

or x=C.

4) Vertical Asymptotes
denominator .

e simplify the rational expression first, then Io‘}k at |
: . Im_ Im o
e |If x = ais avertical asymptote, calculate _xwaq 'C(X) and xgn*'P&) . This limit

. To decide which, consider the sign of each of

will either be o or =—eQ

the factors of f(x).




5) Horizontal Asymptotes
exists.

lim ‘F{x lim -P(*)
A =p 0

e Determine if  xp-sg or
e Once a horizontal asymptote has been found, you must determine whether the function

is approaching the asymptote from above or below. Del—ermmg, -{‘—((ooo) and -?-(-IODD)

6) Points of Inflection and Concavity

Test for Concavity: + 4
e If f"(x) > Oforall x on some interval |, then the graph of f is Concawe up onl. U

o If f"(x) < 0forall x onsome interval |, then the graph of fis Ve gaown onl. _ _
N\

To Find Possible P. O. I:
e Solve f"(x) =__0 and determine where f"(x)_ DNE .

e Use an interval chart to determine on which intervals f"(x) is positive or negative.

A point of inflection occurs when..

¢ gragh changes from concave up to concave down
Ov Vice versa.

(Note: 1f $( is dekined, $'() DNE ,H'(D) DN and Hare is ro charop
n concou'nM, there is o cusp oF 7(:(,)
7) Second Derivative Test:
e Iff'(c) =0andf"(c) > 0, then f has alocal Mini UM atx = c.
e Iff'(c)=0andf"(c) <0,then f hasalocal meximum atx =c.

Draw diagrams to illustrate the Second Derivative Test

- lo) + ‘F'(C) =0
£6)<0 £x)70 £'6)70 £1x)<0
£(c)=0 + o -
£"(x) >0 £ <0

~LOCAL MIN LOCAL MAX



A Finalized Algorithm for Curve Sketching

An Algorithm for Curve Sketching

1) Determine the domain of the function. Any value for which the function is undefined
creates a discontinuity in the function (either a hole or an asymptote).

2) Determine the y-intercept, and, if easy to do, any x-intercept(s).

3) Determine the behavior of the function near any vertical asymptotes.

4) Determine the behavior of the function near any horizontal asymptotes.

5) Determine the critical points by solving f'(x) = 0 and by determining where f’(x) does
not exist.

6) Test any critical points by using the First Derivative Test or by using the Second
Derivative Test.

7) Determine the possible Points of Inflection by solving f"(x) = 0 and by determining
where the f"(x) does not exist. Test the concavity on either side of a possible P. O. I.

8) Combine information from above to produce a sketch of the function.

The steps outlined above are not always necessary or always sufficient to sketch: your intuition and
experience with functions can help you out a lot.

EXAMPLE: Use the Algorithm for Curve Sketching to graph the following:

) =2 060 = 5
@ ) D: 3x|x#-1,%x RS 4!} my N 2
a) \g-in-\-i -2 lim >~ % lim 2= %%
2 X»-c0 | - 1 X o0 l_ 'li‘
X-in¥: 3Ix -a=0 x X
3 2 -
X = -3— = 3 =
e .
x=(2)? -~ HA is o y=3
X = 0,374 Poove or below HA?
D Ak xee = 3000022
lim 3x-3 lim 3%-2 (10c0)"+ 1 HR
x-:-l"s‘x3+ | x-v-l"'s %3+ = 3.999999995 - b”}f;wxa o0
- o = o 3(-1000)3-3
£(-1000)=
= 40 =-019 ( ) C‘|000)3+|

= 3.000000@5' —> above HR
A4S X ->=-00



5) Critical Points: . 7) Possble. PO.Ts:
£ = 32 ‘*C*‘) 2" GRY | sou -2l
Ko+ B ( 3 4
%x>H)
- 9% +9% - 9x Stlox
oo . D) [6P)-34]
- _I5%® (x*+1)"
Gy _ 30x(-ax’+1)
£'6)=0 £'6x) DNE - 3, 3
x3+1
15%x*=0 (+1)'=0 ( )
X =0 =-| Possible POTs :
x == <VA 2'x)=0 £'(¥) DNE
&) First Dertvative Test 30% (Fax+0) =0 (#*+)'=0
Ly T + & L%X=0 or A%>H =0 X>=-|
) ¥ ¥ 3.1
e % 2 > o X"=3 K==\
IO R S | x=J%
5 NO min/maox (‘7‘=’ 0'%‘0

3X -a

#(x)=




b) £ (x) =

(x— 1)2

Domain: D= 3%| % #1,%€R]

lﬁ-fﬂ"" o]
X-1n¥: 0
VAs: x=|\
lim A
xr1- (x) J—Irr?" (x-1)?
S
o* -0
_ 4eo = 400
HA: 1
lim X ‘ lim %X
X¥-c0 %= -4 _L
14 X0 | X "
el B S y
-5 HA s %=O
Above or baow HA?
ooy -2 §ano)< - loco)
= l.ooa.\d(f3 =-943 ><\0'i
c. obove. HA sobelow  Hi
0S K> 0SS > -0

Frst Devivahve Test
\ (x--3(x-1)(x)
£0)= (x- 0‘!
= (x=)[(x-)-2x]
(x-1)*
_ =%
T x-1)®
= = Cx+)
T (x-0
£6)=0  p) DNE
-(x+)=0 (-0
x=-I x=1

Floo - + -
iy ® ® > bo

$60 ¢t '

=

nd MoX o x=\

£e)= =50 + VA o X=I

-
_L

. Mia ot (":-7!7>



Second Dertvahve Test

200 = =1 (%-1)*- 3(7(_0’(_7(_0 Possible POLs:
)= ° . |
(x-1) £'"(x)=0 £''(X) DNE
_ =0x-f [+ 3¢-%- 0] x“'; :‘g (x-t)“_=o
(x-l)" x =1
= —(7(-‘ -3x% ‘3) .Fu . _
(x-l)" (_)gé . + i’ + \
= —(-ax-4) €69 2 ! . e
(x=)*? ” Por . VA ‘
_ a(x+2)
(x-) T
[ca-17°
= '—3- = (_ _2_




Curve Sketching Putting It All Together

1. Determine the intervals of increase and decrease for the function f(x) = ix‘* — 2x3.

(—eo, O) (O,é) C"n“’)
£10) = x- 6x’ X |+ | + | +
oihical #s +£'()=0 ’f“’ — — | *
x?(x-6)=0 Y6 | — i
X=0, X=6 6 | J, A
(20 (0,6) (6,)
‘F‘(X) , - t — o -+
$0°7, 0 | 6 4
~ The funchon is imreas\ma on % (6, ™)
ond decxa‘s‘mﬁ on Xe€ C" °°\® v (0,6).
2. Determine the relative extrema of the function f(x) = x® — 3x + 2.
£69=3%"-3 (=o0y-) | (=151) | (1,00)
urhical #355£'60=0 x| — — 1
a
O =§'§" 3? y X+l - + +
0= 3(%x-1)(K+\
Xl o1 £'(x) + _ +
’ £69) ? ! r
(-00,~) (-,0 (4,
£69 _<,,<,+ o - . + i
£ 1 ! i ! 1
At x=-1, At x=1,
£00) = G- 3¢)+2 £ = -3+
=4 =0

: Locol mosimum is ot (-1,4) ond loca\ minimum is o+ (1.0).



3. Sketch a graph of the function, f(x) =

a. The domain
b. x-intercept(s) and y-intercept
c. Critical points
d. Vertical and Horizontal Asymptote(s)
e. Point(s) of inflection Q) VA : A=
&) doman  Jx| x#1,x €R] lim  (%-2)(x+1) lim, (x=2)(r+)
a = 6O = 2
(-1 . (vs-) (vs®
_ A -xH - X 4% 42 = 4+ 00 = —o0
(‘X-Da e
= X an43 fim  X2-%-2 i 1= %38
(x-1)? X>=00 Xl x>0 T _ L
o T x X
critical #s -7.8'.-:0 — lim X~ X
o X®o0 1 _ L = + o0
X=-Ax+3=0 x x*
x= G (c-a)’-q(w_') = = o0
a(n OA: _ -1 - c U % - =S
) a:.t.J:? | | ‘l' _|| oa .-‘a A %x=1
— 1 o -a - OR: =X
~. No solwdon
£'(x) DNE: Q K- |.n"': -in‘l‘
(x-1)=0 #%-x-2 =0 ¢ Qe O
- , (x-(x+) =0 ¢ om0
K=1 & Net in domain A=-1,2 =23
C) (.GQ, ') (l ? W)
(x=)* + T “j&'*
xi-ax+3 | + +
£'(x) + + 2
-F(X) 1 T ;—7-(\‘3

- Intevvals of Incramse:
X e ("“\‘) U(‘ ,”)\X&R
Interval of decrease: none

xl-z’ by determining:

lllllllll

llllllll

T T T T T
-—— — ———— — —

<
<

b3
U



2 5
4. Sketch the graph of f(x) = x3 — 2x3 by completing a full analysis. Use the following to help you:

£ = 3(1555) and 1) = =3
K-int - .
0=«%Qx*®
0= ‘7(5(‘-&70
~KX=0 or X =;;1{
gg-‘uﬂ':
Mo)=0
Asypptokes -
o VAs
o HA
End behosipuss -
lim (%) hm $&)
X AP -cb
=-o0 Z4 0
First Dertvodive:
crihical #s,
f(x)=0:  §'()DNE:
A
|-5% =0 xX*=0
K= '%‘ xX=0
| - i‘- -
1'e — —
40 ¥ T 5 ¢
min nox

@%:0 @X=%
2 2
2(3)= (3)%- a(5)’
0.5  <mox

£0)=0 <min

1+10x
i .

X3

A

fo)=0

S&(_ord ’De}’.lUOA.'lUQ_'.
Possible POT's:
$60=0 : £(x) DNE -

lﬂOx:E)J~ x* =0

= "o xXz=0

- ) -

€ ® —O rdVa)
0

W T o % o

POT Cusp

8= ooy

=0.959

& POT

< asp

v




Review: Maximum and Minimum Problems

1. If the sum of two positive numbers is 28, prove that the square of one added to the cube of the
other is at least 640.

Let +4he 2 numbers be‘xordta ord S be -the sum.

why= @it @ x = = ((130) . (110~ 4(3)(2352)
4= 28-% O S=x%"+(33-%) )
2 4y3 S'= 2x-3(3-%" = 0%l
S=x Ty @ = 6 & nodmissible
cartical values S'=0:- Lx=al or X=32F .. x>S.

0= x-3(784-56x +x°) S"= 24 6 (28-%)

D= 2:x-a35AH6EX -3 pk w=al, S"= a[E-(ad)]
37~ 170 %+ 2353 =0 =2 vS"70 :mwn
2y 2 5F-GD) S= (Y4

N = @40

** The minimum sum is 40
». The stdement s true

2. What is the maximum possible area of a rectangle with a base that lies on the x-axis and two

upper vertices that lie on the graph of y = 4 — x2.
-\I '

Lok x be +he lenghh, y b +he width and

A be the avea. of the vecl-a.ns\e.

y=4-2 ard A= fw /== \ua=‘l-x‘
A:&X(H‘f}
B = gx-ax3
= .2 a2
A'= g-6x° At %<& '3=‘1-(;§)
orthical #358'=0 = -33-
0=8-6x°"
x> = -g- N E 3(&)(’%}
=2 -3 ¢inadwissible = 33
X = -2
= 303
3 3 Ienﬁ-}}wo _ 3303
M devivahive test: 9
A'=-1ax . The mox orea. of +he rectangle
' - Se
At X:%,A':—IJ(TB-) is 3;;5 s,
=-84r3—

. A"<O . mw(



2 2
3. Find the point on the hyperbola xT — yT = 1 that is nearest to the point(6, 0).

Let (%) bethe point on the hyperbolo. and d e +he distance.

a™ derivakive +est:

—,’51--—_‘3_2=| > 4x*-4 =y°
Cd‘>"= o - @’)">o s min

d 'X-G) +( -o)
d X "D?f-l-% +|a A-|-X='§'753=41('%)a-4|
d= x*-13x +36+ x4 y= 4
d*=5x’—lax +32 y=t el
@’= 10%-13 5
G2 - The nearest points are (£,2) o
ordical 554D =0
£ -2l
O=10x-Id §) 5 J.

S
4. A cylindrical tin can, closed at both ends, of a given capacity, has to be constructed. Show that

the amount of tin required will be a minimum when the height is equal to the diameter.

let S ko the Maa.am,Vbe-l'he_volm,r be-the. vadius and 1 be e héght-
5 o where Vs o. constant-

V=Ttr*h » h-
S= anr+ anrh Ch dd"’““":\fs’“
S= axr®s xcr (?t‘[?’-) S"= 41c+
S=amv’+ 3L At = )
_ _av
§'=4Tr- 3 S"=4Tt 7yig 7O - min
orthical #s95'=0 GL)
- _a-‘-l- . h:—v—— . |4 %
0=41r- "7 " v %2 SAr= (o
) nKﬁ) ] ane
0= 4mtri-aVv L a .. Gl)ﬁ_i?_
av = -'-I1fr3 = (?C\L)’(:z) 3 = \ac %'5'
i =r® = (FFF

s h=ar will resut’in the
(M) mmnmum amount of +hn reap\rd-



II. Curve Sketching from Given Information
1.Sketch a graph of a function that satisfies all of the following conditions:

o The domain of the function is the set of all real ngmbers except x=1and x=-1.

o lim f(xJ2 o, hmf(x\j—oo lim £ (x)=%, lim7(x)= o
.

x-r
‘_Mxh_f{l”f(x)— , J(x)<0 as x> —00 heledt wcomis
e They intercept is 2. There are no x intercepts: \(\ , ‘
' ¥

om\hmf(x) 0, f(x)<0asx—->oo bt lovix-ounes

2. Sketch a graph of a polynomial (continuous) function that satisfies a]l of the followmg
conditions: 4. 3

U f(x)>0for 0<x<1andf(x)<01>forl<x<oo M_&L_,,,‘,I.'.-«———ﬂ“
S . -
. f(x)>0for2<x<ooandf(x)<0 for 0<x<2 43T <o > <Y
e lim 0 Ee
lim f(x)=0 ya . 1’\_5,, -
e f(x)isan odd function (symmetrical fbout the origin) <7 =

qué'“-{ %( K}' =]

3. Sketch a graph of a (continuous) functlon that satisfies all of the fo]lowmg conditions:
« f(0)=70B)=2 f(-)=s@)=0 e
e F(-)=71(1)=0 Havigontod 'ﬁaf
o { f'(x) < 0for —0<x<—-1 and for 0<x <1
o1 f'(x)>0for -1<x<0 and for I<x<w . c

o i )
-Hf (x)>0forx<3(x¢0)andf(x)<0for3<x<oz ——— ‘
<y ¢
Y e Wk Sl
& 1 o | 2
4. Sketch a graph of a function that satisfies all of the following conditions:
. F0)=1 r()=2
lim f(x)=c0 Jlim  fx)=-w

® x—2"

5. Sketch a graph of a polynormal (continuous) function that satisfies all of the following
conditions:
. JB)=5 sf()=-2 1)=2
. F@)=r0)=0
f'(x)>0 for x<3 and x>7, f'(x)<0 for 3<x<7
1'6)=0
7"(x)>0 for x>5and f” (x)<0 for x<5

6. Graph f(x) iff'(32§’<0 when x <—-2 and when x>3,and f'(x)>0 when -2<x<3 ,and
f(2)=0and f(3)=5. . 1\ |




‘Warm up: Curve Sketching
1. Sketch a possible graph of the continuous function that satisfies all of the following

conditions:

o f(=7)=5/1(-5= f(3)-—8f(-1)——2

¢ f1E)=1D=0 Horigen kel 4ngp

¢ f'-N=fR)=DNE wsp/v.T

o} 1(¥)<0 for xe(—0,-T)U(-7,-5)\U(-1,3)

A (x>0 Jor xe(-5-D)U(3,)

e f'(-3)=0 ?pI- T

© [D=S"®=DNE = tusp/V T
A ff(0)<0 for xe(—0,~T)U(-3,3)U(3,»)
YWoe f'X)>0 for xe(-7,-3)

o lim /()20 and limf(x) s RA

cp <S4 N
[ “T/J\ (i
+ ~5 '3 - o 3\

f C*F WQ{E s) o § < %‘(5\1)”2,
2, leen the function f(x)— +b

en {:m.d\w the graph of f(x) is symmetrlc with respect to th y-axis z

e limf(x)=+0 ya = X =72

x2*

\\ .’
4? D]L(A[ed- T2 s

> 7
PN Fd

1:54;:1.\J /
‘ ]
) /

N NAUEY
par | T IN_lJ
\I_
: i
I

and that it has the following properties:

\

f(1)=-2

(a) Determine the values of a, b & c.

> X X='

X <
l‘ /» \l\ lC— ‘q

X=2

(b) Determine the equation for all asymptotes of the graph of f(x).

- a(e=q) = 2 (ax 1k )
G

= o\x O\C - 2R _.2)(1:

‘
]
 of
>
5
o
(o)
]
4

' {'(\\-

)
-

-2 = -a-— tm-lL\
I—-q)

-19 = —SQ-ZL —-——@

‘}('):1 and x

-—a %0+ 2b
£y

T (Hi-%
18 = -Sc;-\.z}a —G)

-\0a = O
A= o"‘ i ;_':_.
-\% = -E(O)‘:Zb
_lﬂr_-—%'h b
1 :Q»‘»*\

l)) VA _—277":2-)-7(':"1
HA f—vae



MCVA4U1 Mid-Review

Multiple Choice: Write the CAPITAL LETTER corresponding to the correct answer on the line provided
A 1. Belowis the graph of f'(x). For what value(s) of x does f(x) have alocal minimum?
109

(X T & flae
fi()04—
fl)) & e

A, x=-2 B. x=0 C. X=4 D. None

B 2 Let f(x) be a continuous function. If f'(x)>0 for x>c and f'(x) <0 for x<c then

what type of critical point is (c,f(c)) 2 fear ;(x) \ \/‘x-c.

A. Local maximum C. Neither a local max nor local min
B. Local minimum D. Unknown
_C 3. Forwhat values of x is f(x)=x+l decreasing? X #£0 .F ‘W=x=1. &)_(H_)
A, -1<x<] (_(x)_ I_ Cc 0<x<] crvheal .'d's_-.a)x_.o
B. x<-] D. all real numbers e e

E 4. Iff(x)=-2x>-6x>+8 , then which of’rhe following statements is true? ,‘:&N, [.1 QU(Q'D
. F'(x) > 0 for x € (=2,0) .P(x)-.:. —Gx—1ax ') =0

I f2D=f0)=0 = —Coxfit 2 xX=0,-2
ll.  f(x) has one point of inflection -F‘GO . (x-l- ) - ,F,u x) = —12X =12
e g = 13 e
A.lonly B.land Il only C.lllonly D. Iland Il only E. L IN&II -
D 5. A critical number is: .F(x) Cu-) cDd

A. A number c in the domain of a function f such that f'(c) > 0.

B. A number c in the domain of a function f such that f'(c) < 0.

C. A number c in the domain of a function f such that f'(c) = 0.

D. A number c in the domain of a function f such that f'(c¢) = 0 or does not exist.
E. None of the above

6. True (T) or False (F).

(@) If local max point is (2,-9), then f'(2)=0

False. It might be « cusp or corner . ‘
(b) A function has an absolute maximum at a if f(a)=f(x)for all x in the domain.

Tvue
(c) A local maximum point can also be an absolute maximum point but not vice-

versa. I#s '}ruc. onll l]c 'ﬂ'{g al-salu'l'e Mmaximum oClurs A‘L end Poin‘l'i

False \/\/ \/\/



MCVA4U1 Mid-Review

2
7. Find the absolute extreme values of the function g(x)=x2(5+x), if -5<x<1.

q()= sx¥+x¥

! -L 2 3@=° o ("5=G"5%(5‘5)
o= gFega® (G @¥6 T
= %.x‘* G+2 = 3(x)% 10 =\ (5+)
= 2(2-:1?9— = 4% . ALso\v\'te. maxX IMum s c
s'x ]
cyihesd s %j'éc)ao ov 3.(,() PNE kLsolq'l'g mMintmum 1S O
2+X=0 '57(*:0
X==2 X=0

8. For Given the function y =f(x) as shown, state
a) the m’rervgl(s) Wk‘mﬁsg

. 4
Ve X= oD B
L (0)S0& £(x)>0_La=1.0) U(2,34) o< 3 -
A \ \
. f'(x)go&f(x)<0 (=1,=e-1) < . 7 \
helow %-amts \ ¥ AN
<
b) the local extrema values (specify the “type”) b -4 B L\ /:’ 1 2 B 4 5
. L \
ncal mesimum values 3.t (y-values) v :
local _minmum value : -) . B
c) the points where f’(x)=0 xX==3,~1,2 3
d) absolute maximum: _ & N

e) absolute minimum : _ N ov ne

2
9. Find the intervals on which the function f(x)=(x*-9)? is increasing and the intervals on which

it is decreasing. Determine the x-coordinates of all local extrema.

-F‘G‘)a .;_-.(xt-'t)%‘@’t) [te3)Cs)|ER)|(3.w)
- 2| = |~ |+ |
) 3%%3)’5 L3P = =
critical #s fol - T+ T=-T=+
_Fu(x)g-, o oy P(x) DNE -f-@‘) vV ) T
x=o0 (x‘.a)*:.o ,
x=0 a - --lr\c .Func'l:lbn s l"('!ﬁSm\j on 63,0)0(3’4)
X -9 =0
x’-___q th‘ Jecvcas mS on (-n,—s) UC°'3)
=33 Lecal minmum at 2=-3 and x=3 .

Lou.' movx imum al x=o0



MHF4U?7 Unit 4: Review

Curve Sketching and Optimization

Part A: Multiple Choice-Write the letter of your choice in the space at left.

1) Let /'be the function with derivative given by f'(x) = x’ —%. On which of the following intervals is f
X

decreasing?
A) (=o0,~1] B) (~,0) C) [-1,0) D) (0,3/2) E) (/2,)

2) If the line tangent to the graph of the function fat the point (1,7) passes through the
point (-2,-2), then f’(1) is

A)-5 B) 1 O3 D)7 E) undefined

3) The graph of /', the derivative of the function £, is shown at right.
Which of the following statements is true about f'?

A) fis decreasing for —1<x<1.

B) f1is increasing for —2 < x <0.

C) fis increasing for 1 <x <2.

D) fhas a local minimum at x = 0. Graph of f

E) fis not differentiable at x = —1 and x = 1.

4) Determine constants a and b such that the function 7 (x)=x’ +ax*+bx+c hasa

relative minimum at x =4 and a point of inflection at * = 1.

Aa=1,b=3 B)a=-3,b=3 C)a=-3,b=-24
D)a=3,b=0 E)a=-6,b=2

5) Which of the following are true for A(x)=x"—4x?

L. h has a point of inflection at x =0
IL h has an absolute minimum of -3
111 The second derivative test for local extrema is inconclusive



A)landIl B)landIll  C)IlandIII D) I only E) II only

Part B: Full Solution

1. Find the exact value of a such that the function f (x) =+/x-2 ~% hasa point of inflection at x=3.
X

2 1
2. Sketch f(x)=x?(8-x)3 . Find the coordinates of all relative extrema and inflection Points.

' - " —128
S ()=
3x3 (8—x)5 Ox3 (8—x)5

3. Perform a sketch for the following functions. Clearly indicate the results of each step.

—4x , _x2+6x+4 w10
a) f( ) 3)(,' +9)C ) f(X)— 3(x+3)2 H] f( ) 3(_x 3)
18(2x+3
b) f(x)— . f(x)= “18x , f”(x)zw

(x 3) (x-3)

O f(x)=4-(x-3)

(x-3)

4. Consider the function f (x) =—x’ +6x” +15x+2 on the closed interval [-2, 2].

a) Find, and classify, all relative extrema.

b) Determine the absolute maximum of the function on the interval.
4

5. Let f (x) = x(4 +x° - %) .Find the interval(s) on which f is increasing.

6. Use the SECOND DERIVATIVE TEST to find the local extrema of the function
F(x)=3x" +8x’ —6x —24x+3 .

7. The function f(x)=2kx’+3x*+ px—3 has a local minimum at x = -1 and a point of inflection at
x =1 .Determine the values of k and p.

8. A function is defined by f (x) = ax’ +bx+c.
a) Find the values of a, b, and c if f (x) has a y-intercept at (0, 2) and a local maximum at (2, 6).

b) Explain how you know there must be local minimum.
9. The slope of tangent to g(x) = ax’ +bx* +cx at its point of inflection (1, 5) is 4. What are the values of a, b,

and c.
10. Sketch the graph of a rational function that satisfies all of the following conditions:
”(x)<0 when x < —4 f"(x)>0when x>—4  f'(x)<0 for all x
lim f(x) +00 x1_1)r_141 f(x) =—00 rliri}()f(x) =-2 f(2) =0

x—>—4"



11.

12.

13.

14.

15.

16.

17.

18.

a) Let f be a function that is even and continuous on the closed interval [-3,3]. The function f and its
derivatives have the following properties:

/(x)>0 when 0<x<1 f(x)<0whenl<x<2 and 2<x<3
7(0)=1, f(@1)=0, f(2)=-1, f(3)=0

f'(x)>0 when 2<x<3 , f'(x)<0 when 0<x<1 and when 1<x<2
/(0 =DNE ,f'(2)=DNE , f'(1)=0
f"(x)>0when O0<x<1 , f"(x) <Owhen 1<x<2 and when 2<x<3

/"(0)=DNE , f"(2)=DNE and f"(1)=0

b) Find all values of x at which f has a relative extremum. Justify your answer.
¢) Find the coordinates of any inflection points on the graph of 1.

d) Identify the coordinates of any cusp or vertical tangent on the graph of f .

Find constants a,b, and ¢ so that the slope of normal to the function f(x)=ax’ +bx* +cat its point of
B
inflection (1,5) isz.

2
Let f (x) = %ﬁ-’_i Determine the values of a and b so that f(x) has only one vertical asymptote atx =
X" -bx+
-3.
Two positive numbers have a product of 9. How should they be chosen so that the sum of their squares will
be a minimum? What is that minimum?

Lucas has 60 m of fencing that he plans to use to enclose a rectangular area 20 m adjacent
to an equilateral triangular shape garden which is 20 meter long (see the figure). Find
the dimensions that will maximize the area.

Fencing Area

What are the dimensions of the rectangle of largest area that has a diagonal of length 60 m?

What are the dimensions of the largest rectangle that can be inscribed in a right triangle with
base 60 m and height 40 m?

H I

Find the dimensions of the isosceles triangle of greatest area having a perimeter of 60 m.



19. A rectangular box-shaped garbage can with a square base and an open top is to be constructed using exactly

2700 M’ of material. Find the dimensions of the box that will provide the greatest possible volume.

20. The owner of a condominium complex has 45 units all of which will be occupied if the rent charged is $600
per month. The owner estimates that for every $20 increase in rent, one of the units will become vacant. The
owner sets aside $60 per month from each of the occupied units to establish a repair fund. What rent should
be charged per month in order to maximize the owner’s profit if there are no other expenses? What is the
owner’s maximum monthly profit? How many units are occupied?

21. If it costs $1000 to manufacture 200 gizmos, then the average cost to manufacture each gizmo is $1000/200 or
$5. Assume that the cost to manufacture x gizmos is given by the function f(x)=700+0.3x+0.006x’ . Find the

number of gizmos that should be manufactured to minimize the average cost per gizmo.



MHF4UE Unit 4: Review
Curve Sketching and Optimization

Part A: Multiple Choice-Write the letter of your choice in the space at left.

1) Let f'be the function with derivative given by f”(x) = x’ —z. On which of the following intervals is f
X

decreasing?
A) (=o0,~1] B) (~,0) C) [-1,0) D) (0,32) E) 2,2)

2) If the line tangent to the graph of the function fat the point (1,7) passes through the
point (=2,-2), then f'(1) is

A)-5 B) 1 03 D)7 E) undefined

3) The graph of f’, the derivative of the function f; is shown at right.
Which of the following statements is true about f'?

A) fis decreasing for -1 <x<1.

B) fis increasing for —2 < x <0.

C) fis increasing for 1 <x < 2.

D) f'has a local minimum at x = 0.

Graph of 1’
E) fis not differentiable at x = —1 and x = 1.

4) Determine constants a and b such that the function f(x)=x’ +ax” +bx+c hasa

relative minimum at x =4 and a point of inflection at * = L.

A)a=1,b=3 B)a=-3,b=3 C)a=-3,b=-24
D)a=3,b=0 E)a=-6,b=2
5) Which of the following are true for A(x) =x* —4x?

L. h has a point of inflection at x =0

11. / has an absolute minimum of -3

I11. The second derivative test for local extrema is inconclusive

A)landIl B)landIll  C)Iland Il D) I only E) II only



MHF4UE Unit 4: Review
Curve Sketching and Optimization

Part B: Full Solution

1. Find the exact value of a such that the function f (x) =x=2 ~% hasa point of inflection at x=3.
X

1

f(x)=(x-2)2-ax"

f’(x)zi(x-z)';+ax'2
-1 _3

f'(x)=—(x-2)2-2ax?
4

N

16 -3x -128

f(W)=— 7 )=
3x3 (8—x)3 9x* (8—x)3

x-int: (0,0) &(8,0)
local min:(0,0)
local max:(5.3,4.2)

There is a cusp at x=0 and there
is a vertical tangent at x=8

f'(11)= 0—)%(3-2)

-27=8a—>|a=

3 i
2

-1 2a
- =0
4 27

-2a(3)" =0

-27
8

2 1
Sketch f(x)=x?(8-x)3 . Find the coordinates of all relative extrema and inflection Points.




MHF4UE Unit 4: Review
Curve Sketching and Optimization

3. Perform a sketch for the following functions. Clearly indicate the results of each step.

X’ —4x N x> +6x+4 "oy 10
2 f(x)= 32 4+9x S)= 3(x+3)2 ’ 7@ 3(x+3)3
VA:x=-3
f)= ‘;’;2&";) hpf(x)=-e . fimfl=
- - =L x- o
f(X)=(X3?})(—(+’;+)2)’X¢O (hole at (O,f) 1) (3 * 1)+3(x+3)
. O.A: y=l x-1
x-int :( 2,0)&(-2,0) 3
y-int: none lirg[f (x)—(é x-1)} =0 (above)
fi(x)=0:x=3+5 }iﬁ[f(x)—(é x-l)]=o (below)
¢ +
* i ' | -
| I l B bl
~ 0N o I
-5.2 -3 -0.8 f\ U

local min:(-0.8,-0.5)
local max :(-5.2,-3.5)

5




MHF4UE Unit 4: Review
Curve Sketching and Optimization

3x° , -18x , 18(2x+3)
b = , = R R S—
) )= IOy Oy
2
10
20 5 0 5 0 5 0 5 20 25 »

O f(x)=4-(x-3)

1

w||

F(x)=-3(x-3)

1(x)=5(x-3)

A

(0, 1.92)




MHF4UE

Curve Sketching and Optimization

f'(x)=-3x*+12x+15
0=-3(x2-4x-5)
0=-3(x-5)(x+1)

X=5 a

N.I.D

local min:(-1,-6)
f(-2)=4
f(-1)=-6 — abs. min

f(2)=48 — abs. max

4

Unit 4: Review

. Consider the function f (x) =—x’ +6x" +15x+2 on the closed interval [-2, 2].
a) Find, and classify, all relative extrema.
b) Determine the absolute maximum of the function on the interval.

. Let f(x)= x(4 +x° —%) Find the interval(s) on which f is increasing.

5

f(x)=41.<+x3-xE
f'(x)=4+3x"-x*
0=-(x*-4)(x*+1)
0 =-(x-2)(x+2)(x*+1)

X=2,-2

X

Sign of f'(x) Negative

Positive

Negative

Interval of increasing:(-2,2)




MHF4UE Unit 4: Review
Curve Sketching and Optimization

6. Use the SECOND DERIVATIVE TEST to find the local extrema of the function
f(x) =3x" +8x® —6x? —24x+3 .

f"(x)=12x3 +24x* -12x-24

f”(x) =
)

f'(x)=12x3 +24x* -12x - 24 12(3x2 fax- 1)
_ 3 2_ .

0_12(X taxt-x 2) f"(1)>0—>local min at x=1
0=12(x-1)(x+1)(x +2)

f"(-1)<0— local max at x =-1
X=1,X=-1,X =-2

f’(-2)>0—local min at x =-2

7. The function f (x) =2kx’ +3x” + px—3 has a local minimum at x = -1 and a point of inflection at
x =1 .Determine the values of £ and p.
f'(x)=6kx* +6x+p
f'(x)=12kx+6
f'(-1)=0—>6k-6+p=0 (1)
f'(1)=0—>12k+6=0 (2)

From (2): k=21 smimew , -3-6+p=0
2

8. A function is defined by f'(x)=ax’ +bx+c.

a) Find the values of a, b, and c if f (x) has a y-intercept at (0, 2) and a local maximum at (2, 6).

f(x)=ax®+bx+c
f'(x)=3ax*+b
f(0)=2>[c=2]
f(2)=6—>8a+2b+c=6—""258a+2b=4 or ga+b=2 (¥)
f'(2)=0—>12a+b=0——b=-12a
sub. b=-12a into (*):4a-12a=2
-8a=2

a=7] &[b=g

4

b) Explain how you know there must be local minimum. Using sign chart for f~



MHF4UE Unit 4: Review
Curve Sketching and Optimization

9. The slope of tangent to g(x) = ax’ + bx” +cx at its point of inflection (1, 5) is 4. What are the values of
a, b, and c.
g(x) =ax3+bx*+cx
g'(x)=3ax*+2bx+c
g'(x)=6ax+2b

g(1)=5>a+b+c=5 (1)
g(1)=4—->3a+2b+c=4 (2)
g'(1)=0—>6a+2b=0 (3)

(2)-(1):2a+b=-1 (4)
{3a+b:o>la=1l&|b=-3| &[c=7]

2a+b=-1
10. Sketch the graph of a rational function that satisfies all of the following conditions:

f"(x)<0 when x<—4  f"(x)>0 when x>—4  f'(x)<0 for all x
lim f(x) =00 lir_141_f(x) =—0 lim f(x) =-2 f(2) =0

X—>Fo0

x—>—4"

11. a) Let f be a function that is even and continuous on the closed interval [-3,3]. The function f and its
derivatives have the following properties:

f(x)>0 when 0<x<1 f(x)<0whenI<x<2 and 2<x<3
F(0)=1, f(@1)=0, f(2)=-1, f(3)=0
f'(x)>0 when 2<x<3 , f'(x)<0 when O<x<1 and when 1<x<2

f'(0)=DNE ,f'(2=DNE , f'(1)=0



MHF4UE Unit 4: Review
Curve Sketching and Optimization

f"(x)>0when O<x<1 , f"(x) <Owhen 1<x <2 and when 2<x<3

f"(0)=DNE , f"(2)=DNE and f"(1)=0

b) Find all values of x at which f has a relative extremum. Justify your answer.
Absolute(relative) max at x=0

Absolue(relative) minimum at x=2 and x=-2

¢) Find the coordinates of any inflection points on the graph of 1.

Points of inflection at x=1 and x=-1 because the sign of f ” changes at x=1 and f
is even

d) Identify the coordinates of any cusp or vertical tangent on the graph of £ .
Cusp at x=-2, x=0 and x=2
12. Find constants a,b, and ¢ so that the slope of normal to the function f (x) =ax’ +bx’ +cat its point of
-1

inflection (1,5)is—.
f'(x)=3ax® +2bx
f’(x)=6ax+2b

m =r=m, =6

1 6 T

f'(1)=6—> 3a+2b=6

f'(1)=0—>6a+2b=0

f(1)=5>-2+6+c=5P[c=1]

>|a:-2\&|b:6\



MHF4UE

Unit 4: Review

Curve Sketching and Optimization

X -ax+2
13. Let = — -
© f(x) x*-bx+3
atx =-3.
Let f(x)zp(x)
q(x)

since x =-3 is the vertical asymptote of f(x),

p(-3)=o0and q(-3)=0
14.

f(x)=x" +(9X'1)2 ,X>0
X)=2X-162x73
X)=0>2x =162x

_ 162
T 3

2X

X
2x4 =162

x4 =81

. Determine the values of a and b so that f(x) has only one vertical asymptote

9+3b+3=0—->3b=-12

x*+4x+3=(x+3)(x+1)
p(-1)=0—>1+a+2=0

a=-3

x=$3—0 [x=3]

(3)(3)=9

(3) +(3)" =18

15.

P=x-20+x+2y

60 =2x+2y-20
80=2(x+y)®y=40-Xx

A =xy
A(x)=x(40-x),0<x<40
A(x)=-x"+40x

A'(x)=-2x+40

'\21)m
x—20

Y Fencing Area

— > A'(x)=o0
-2X =-40
X =20
Yy =40-20
y =20
A =(20)(20)

A =g400m?




MHF4UE Unit 4: Review
Curve Sketching and Optimization

16.

c*=a*+b*

(60)" =a*+b>

3600=a”+b*

a®*=-b*>+3600

a=\b*+3600

A=ab

A(b)=by-b*+3600 ,0<b<60

A'(b)= D" + 3600 + ——22_
2,/-b*+3600

A'(b)=0=-b*+3600=Db"

2b*-3600=0

b* =1800
b =302

a=./-1800+3600

a=30v2

A =1800 m*

17.

A rectangle has parallel sides so you can

try to eliminate y using proportions from similar triangl.

60-x X Area of the rectangle
y 40-Yy A =xy
2400 - 40X - 60y + Xy = Xy >
_ -2400+40Xx A(x)= X('§X+40)
Y= 60 )
y=_§x+40 A(x)=-§x +400x

A'(x)=-§x+40

0=-ix+400
3

40-y
y O
60-x
q0=-2x
X=30

then y=-§(30)+40

y =20
A =(30)(20)
A =600m?*



MHF4UE Unit 4: Review
Curve Sketching and Optimization

18.

P=2l+2b 12 =b*+h? 1 l
60 =2]+2b (-b+30)* =b*+h*

1=-b+30 h*=(-b+30)"-b*

A:éh(zb):hb h* =b*-60b+900-b*

h =.,/-60b+900

A =hb

A(b)= (,/-60b+900)(b)
A(b)=b./900-60b

A'(b)= (900-60b)+§(900-6ob)'; (-60)(b)
A'(b)=(900- 3ob)'i [(900-60b)-30b |

1

%(900 -30b)z(900-90b)

A’(b)

19.

2b

______, 0=900-90b
b=10

A= b\/-60b +900

A= (10)\/-60(10)+9oo
A= 100J§m2




MHF4UE Unit 4: Review
Curve Sketching and Optimization

V' = 6= 3% B
SA =4xh +x* =675- .
2700 = 4xh + x?, h=2700"X 0=675-.75x"
4 -675 =-.75%"
V =x?%h, V =x2 (MJ x? =900, X = 30Ccm
4x .
2700-(30)
x3 h=—-~—1\* 7
V=675x-— 4(30)
4
h=15cm
V =x*h
V =13500 cm?
20.

Profit = Revenue - Expenses

P =(600+20x)(45-%)-60(45-X)
P =-20x”+360x +24300
P'=-40x+360

0=-40(x-9)

X=9
.P=-20(9")+360(9)+24300

P =$25920 45-9 =36 units

21.
you need to minimize the average cost so you need to divide by x number of gizmos

f(x) _ 0.006x” + 0.3X +700
X
f(x)=0.006x+0.3+700x™
f'(x)=0.006-700x™
0=0.006-700x"
700X =.006
700 =.006x”
x*> =116667
X = 341.57
About 342 gizmos should be manufactured



