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Increasing and Decreasing Functions 

The concepts of increasing and decreasing are closely linked to intervals or subsets of a function’s 
domain. 

Suppose S is an interval in the domain of � �f x , so � �f x  is defined for all   in S. 

� �f x  is increasing on S � � � � for all , such th  ata b S a bf a f b� d � �  

� �f x  is decreasing on S � � � � for all , such th  ata b S a bf a f b� t � �  

 

Test for Increasing and Decreasing Functions 

Let f  be a function that is continuous on the closed interval [a, b] and differentiable on the open 
interval (a, b) . 

� If         for all x � � a, b �,  then f  is increasing on >a, b@�
� If         for all x � � a, b �, then f  is decreasing on >a, b@ . 
� If         for all x � � a, b �, then f  is constant on >a, b@ . 

 
 
 
Example 1: Find intervals where      is:  

 
(a) increasing:_____________________ 

 

(b) decreasing: ____________________ 

Increasing . Decreasing Constant
fcxz) >ffx .) fCxzKfGD fCxD=fGD
f- '(x) >o f'G) so f'Cx)-0

fail)u(2,0)

C- 1,2)
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At what values of   can the graph of a function change its increasing/decreasing/constant status?  

The graph of a continuous function can only change its increasing/decreasing/constant status at a 
______________________________.  

Example 3: Find the intervals where the following functions are increasing or decreasing: 

a) � � 3 23
2

f x x x �        b) 4 3 2)  3  4 1 2 5(  f x x x x � � �  

     

 

 

 

 

 

 

 

 

c) � � 2
2 3

2 3
xf x

x x
�

 
� �

                                                                   

 

 

 

 

 

 

 

 

 

critical value Cie .
relative extrema (maximum or minimum))

f-
'

G) = 3×2- 3x f'G) = 12×3-12×2- 24x

=3xCx - D =l2x(x'- x - 2)
i. critical #s → f'G) =D : =l2x(x- 2)(xn)

71=0
,
7=1

i. critical #s → f'Cx)=o :

t - t 21=0,2 , - If- 'Cx)
-- is - t - t

f-Cx) T t t
t't

f-Cx)
t - l T O f 2 To

.
: Intervals of increase : (-9%1110)

i. Intervals of increase : C- 1,0)v(2 ,
Intervals of decrease:(Oil) . Intervals of decrease:(- a , -DUCQD.

fy×)=2(x2t2x-3)3)2xt2)
2+2×-3)

'

f'G)j.to#-q+q+gIs-p=2x2t4x-6-4x2t2xt6-thx) t VA I 4 VA T t

Gt3)2Cx - D
'

= -2×2+6×2 ,
x #-3,1 : . Intervals of increase :(0,1)U( 1,3)

Gt3)4x-D2

=
-2×1×-32

Intervals of decrease : foe , -3) Ufos,o)u(3,a)

Gt3)4x - D2

.

.

. critical #s : f'(x) - O f'(x) DNE

-2×(21-3)=0 X=
- 3,1

.

'

. X -0,3 - not in the domain

- Vertical asymptotes (VA)



4 
 

 

Extrema on an Interval 
 
Extreme Values 
Consider the following graph of        with domain restricted to a closed interval,      .  The 
high and low points within the curve have been labeled along with the graph's boundary end points.  
The highest point on the graph is point B.  Therefore, point B is known as the absolute 
maximum of      on the interval,      .  The lowest point on the graph is point A.  Therefore, 
point A is known as the absolute minimum of      on        
 
 
  

 

 

 

 

 

In this case, point A is a boundary point of the closed interval,      , specifically at    . 

Definitions 
A function, f, has an absolute maximum at c if � � � �≥f c f x for all x in the domain of f. 

A function, f, has an absolute minimum at c if � � � �df c f x for all x in the domain of f. 

 
Example 1: Sketch the following functions on the given interval and determine any extrema, if 
they exist. 

� � > @2a) 1 on 1,2f x x � �                             � � > @2
1b) on 2,2f x
x

 �                          � � > @c) 3 on 3,4f x  �  

 

 

 

 

 

 

 

Absolute max →

local or relative
Max

:
←

local or relative minima

Absolute min →

x-D
f-(x)=X2 -11 la
. I

µ * In
-

s --3
.

I
- - -

- -

y
- - - - ⇒⇒

l

l

l

l

Absolute max at (2,5) No absolute Max . Absolute Max and min
Absolute min at ( o ,D Absolute min at C-2,4) for XEf-3,4] is 3 .

and (2,4) .
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What other type of extrema are there? 

 
Definition of Local Maximum and Minimum Values 

1. Function,  , has a local maximum (or relative maximum) at   if � � � �f c f xt  for all   

sufficiently close to  .  

2. Function,  , has a local minimum (or relative minimum) at   if � � � �f c f xd  for all   

sufficiently close to  . 

 

 

 

 

 

 

 

 

 

 

 
Example 2: 
The graph of � �f x  is given below.  Identify the extrema, both relative and absolute, on the interval 

[-1, 10] . 
 
Local maximum value(s): _________________ 
 
 
Local minimum value(s): _________________ 
 
 
Absolute maximum value: _________________ 
 
 
Absolute minimum value: _________________ 
 
 
 
 

6,7

4,5
9

I
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Under what conditions will a maximum or a minimum occur? 
 
The Extreme Value Theorem (EVT) 
 

A continuous function,     , defined on a closed, bounded interval       attains both an absolute 

maximum and an absolute minimum on that interval. 

 
 

 
 
 

Definition of Critical Points 
 
The critical number of a function is a value   in the domain of the function for which either 
        or       does not exist.  If   is a critical number, the point          is a critical point.  
 
Example 3: Find all the critical point(s) of the following functions. 

a)  � � 5 4 36 33 30 100f x x x x � � �                                                      b)  � �
2

2
1

6
xf x

x x
�

 
� �

 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Absolute max Absolute Absolute Max
j t Max ← b
< . - -

¢ Absolute
- .

min
T Absolute .

min aAbsolutemin

f'(x) = 30×4+132×3- 90×2 fi =
2×62×-6) - Htt)(2x -D

= 6×2 ( 5×2+22×-15) (x
'
- x-6)2

= (Xt5)(5×-3)
=

2×3-2×2- 12×-2×7×2-2x -11

(x-314*25
.

.

.

critical #s→f4xJ=o :

=

-X
'
- 14×+1

X=O
,
-5
,
¥ (x-314×+25

f-
'

G)⇒ ⇒ x'+14×-1=0
flo) -- 61015+33074-301013+100

×=-4471=7412-445-5--10024)

=

-HITE
2-

f- f-57=665751-33 C-5)4- 30C-5)3+100
= -71552=5725

f-'(x) DNE ⇒ X =3
,
-2 ←Not in domain of f-Cx)

f- (F)=6(I)5t33(F)4-30/113+100 :
.

Not a critical point.

f-(-7+552)=-0.166
= 1345275 t IIF - fait 100 ffttsra)1.12=307071

.

.

.
Critical points at approx . (0.07/150.166)

3125
and (14.1 , 1.12) .± 98.3

.
: Critical points at (0,1001-(5,57-25)

and (E. 307¥71 .
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Special Note on Fermat's Theorem and Critical Numbers 

 
Fermat's theorem is true when it reads forward, but not necessarily true when read backwards. 
That is, not all values of c that have f′(c)=0 are local maximums or minimums. 
 
Example: Consider the function        . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Steps to Finding Extreme Values 
 
Step 1. Identify all of the critical points within the closed interval by finding the values   
    of c where         and where       does not exist.  Then, find      for each critical number. 
 
Step 2. Find the values of   at the boundary points of the closed interval,      . In other words, 
    find      and     . 
 
Step 3. Examine the values of   resulting from step 1 and step 2 and determine which value is the 
     greatest (absolute maximum) and which value is the least (absolute minimum). 
 
  
 

 

Fermat’s Theorem 

Suppose that      is a local extremum.  Then   must  be a critical number of f. 

Pierre de Fermat   
(1601–1665) 

Fermat’s Corollary 

Suppose that    is continuous on the closed interval [a, b], then the absolute 
extrema of   must occur at an endpoint, a or b, or at a critical number. 



 

8 
 

Example 4:  Find the absolute extrema of � � 4 33 12f x x x �  on the interval > @1, 2� . 

 

 

 

 

 

 

 

 

 

 

 

Example 5:  Determine if the EVT applies.  If so, find the absolute extrema of 
2 
3  2 3( )f x x x �  on the 

interval > @8,1� . 

 

 

 

 

 

 

 

 

 

 

 

 

 

f-
'

(x) -- 12×3-36×2 ffl) =3 C-1)4- 12C-1)3=12×4×-3)
= 15 } check the end

H2) - 31234-121213
Values of the

f-
'

(x) → x-0,3 domain

f- (o) 0
Thot in the domain

= - 48

i. Absolute Max at C-1,15) and

absolute min at (2 , -487 .

f- '(x) -- 2-2×-3 A-8)=2f8)- 3C-853=-16-314)
= 2- IF = - 28

=

2×+3-2

x
's HD -- 247-3453

= - I

critical #s :

f-
'

Cx) → 2×12=0
Ho)=

0×+3=1
X -- I i. Absolutemax is at (0,0) and

f'G) DNE→ x'5=0 Absolute min is at f-8, -28) .
X =D
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Curve Sketching Warm Up 

1. Find the absolute maximum and absolute minimum for                 on 
 ∈       . 

 

 

 

 

 

 

 

 

 

 

2. Sketch the following functions by completing a full analysis: 
a)                    

b)     
 
     

 

  

f- '(x)= 3×2+4×+1 ft's)=(-f)3+2(F)
'

tf's) - I
= (3xtD(xtl) =

-¥ (I - 1.15)
critical #s : f '(x) --O

ff-1) =L- 1)3+2 f- 1)
'

t C- t) - I
x=
-I
,
- I

= - I

f-(1) = (1)3+24)'t ( t) - I
=3

i. absolute min at f 's , -3¥) and absolute Max at ( 1,3) .

Solutions on next page.

•



C-a.3) (3,-0)a)f'(x) 3×2-18×+24 f''(x)= 6×-18-

= 362-6×1-8) = 61×-3) f/-|t
=3 (x- 2)(x-4) possible POI Hx) CD CU

critical #s →f'Cx) -0 → f"C×)=O POI

21=2,4 .

'

. X =3 C-E3) / egg)

C-a ,2) (2,4) (4.a)
-

f-Cx) CD cu

X-2 - t t ffs)=(3)3-9637246)- tox##t =8

f- 'Cx) t - t

y
-int : flo) -1073-9/01724/0) - 10

f-Cx) T t T
= - 10

max min

c-a. as ca
, up,

X- int :(using calculator) 0,508

or
t '"'.¥¥, yr r

-

f-(x) T 2
y,

4 of 10 - a

max min co

6- •

:÷÷÷:::::::i::
= 6

- 10 .
V

V



b) y=3x¥2x
y
'

- 2x
}
- 2 y

' 's -Ix
= ¥3 - 2 =-23×31=2-2×1-3

Possible POI -> y
' ' DME

x
's x¥=o

=2(l-x x=O

×
'T

C-a. O) (0,0)critical #s :
-

f'Cx)=O f-
'
(x) DNE -I

- -

' x#+y
- -

f.a ,0) (0,1) (1,0)
-

- y CD CD
I - x's t t -

cusp
XE - t t atco,o)##

or
a
" '¥oy f T t -

y
- b

CD CD

min max

C-Mio) co , is a,•, y
-int :O

ER Y
'

.¥¥-b x- int : 0=3×25- 2x
Y t'

min
T

max

t' 0=543-2×5)
Atx't

, g-3453-24 ) X}=O or 3-2×5=0
= I ← Max ( 1,1)

X=O xt3=3z
Atx-0

, y=o yn x=⇐)
'

= 2¥

I - o. y=3x{2x = 3.375
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Concavity and the Second Derivative Test 

If we know that a function has a positive derivative over an interval, we know the graph of the 
function is increasing on that interval, but HOW is it increasing?  At a constant rate?  At an 
increasing rate?  At a decreasing rate? 

The two functions below both increase, but they bend differently, and therefore, have different 
curvature.  The function on the left is increasing at an increasing rate and the function on the right 
is increasing at a decreasing rate.   

 

If we analyze the tangent lines in each of these cases at several points, we can begin to talk about 
how the slopes, and not just the  -values are changing. 

 

 

 

In the graph on the left, the tangent lines are below the curve and are increasing from left to right.  
In this case, we say the graph is concave up (like a cup). In this case, the secant lines are above the 
curve.  If the slopes of   are increasing, the second derivative,      , is positive.  

In the graph on the right, the tangent lines are above the curve and are decreasing from left to 
right.  In this case, we say that graph is concave down (like a frown). In this case, the secant lines 
are below the curve.  If the slopes of   are decreasing, the second derivative,      , is negative. 

Concave Up      Concave Down 

f '
y

f
'

¥" l
# f

' '

f
'

>o ⇒ f ' ' > o

f- ' do ⇒ f ' ' so @
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Concavity Test 

1) If         for all   in an interval, then    ) is concave up (like a cup) on that interval. 
2) If         for all x in an interval, then      is concave down (like a frown) on that 

interval. 

 

 

 

 

 
 Example 1: In the graph below, list the open intervals on which the graph of the function is 
concave up (CU) and concave down (CD). 
  

 

 

 

 

 

 

 

 

  

   

Example 2:  
Sketch a possible graph of a function f(x) that satisfies the following conditions: 
x � � 0f xc !  for 1x �  and � � 0f xc �  for 1x !  

x � � 0f xcc !  for 2 2x or x� � ! and � � 0f xcc �  for 2 2x� � �  

x  � �lim 2
x

f x
o�f

 �    and � �lim 0
x

f x
of

  

 

 

 

 

 

 

tt

÷

.

.

.

.

<

Concave up on the intervals :C-0,041.5,3) U (5.d)

Concave down on the intervals : (O
,
I.5) u (3,5)

*µM%&
Ia Ia

!t€ESign chart for f-
'Cx) - - - -

HAYA
-Its

+
max

t
- - -

- -

"

atx -- I HA y=-2

Sign chart for f
' '

Cx)
+ -

t

-FF

Cup CD q
cu @

POI POI
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Point of Inflection 

A point ሺ    ሺ ሻሻ on a curve  ൌ  ሺ ሻ is called an inflection point if the graph of   changes 
from concave up to concave down OR from concave down to concave up at ሺ    ሺ ሻሻ. 

That is to say if    ሺ ሻ ൌ   or    ሺ ሻ does not exist and the sign of   ሺ ሻ changes from positive to 
negative or from negative to positive at  ൌ   , then  ൌ   is an inflection point of  ሺ ሻ. 

 
Example 3: Determine the open intervals on which the graphs of the following functions are 
concave up or concave down and find the inflection point(s), if any. 

4a) y = 3+x                                                             

 

 

 

 

 

 

 

 

 

� �-12b) y = 6 x +3   

 

 

 

 

 

 

 

 

 

Ex: y=×3
Type① : Type② : Type③ :

¥9 gyp,
Type'¥Ex:y=x's

POI

f
. - (c)= o f'(c) DNE

" t t
Y te

y
'
-_ 4×3 Is

y
"
- 12×2 ' CU CU

Possible ROI's ⇒ y
' '=O :

Y

×
i. The function is concave up on C-* sad

and there are no inflection points .

"
t - t

Y

y
'

= -644352 . (2x)
y cu CD cu

= - 12×1×4352
.

'

. POI 's at X =- I
,
I

.

y"= 24×62+353(2x) - 126737-2

I
'

:
" '

je:#"'
' '

fat Exist

y=z y=z
= 36Gt
(X't3)3

:
.
Function is concave up on to ,

- 1) Uh ,b)

Possible POI's
and concave down on C- I , D .

y
"
-

- O : y
"

DNE :
The points of inflection are

X --Ii x' +3=0 ( 1.⇒ and ft , z)
no Sol'ns @
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c)  ሺ ሻ ൌ ௫ି 
௫ା 

                                                           

 

 

 

 

 

 

 

 

 

 

 

 

d)  ሺ ሻ ൌ   െ     

 

 

 

 

 

 

 

 

  

f- 'G) = Cxt4)-
(xt4)
' f''Cx) t -

I

=
5- - -

-4
-

(xt4P FIX) CU CD
= 5 (Xt452 @47=-4

.

'

. The function is concave up on C-a ,
- 4)

f-
"

(x) = - 104+453 and concave down on f-4,4 .

=

-101×+413

Possible POI's⇒f
"

Cx) DNE :

X = - 4 ← Not in domain of f- Cx)

f-
'

G)= 4×3-12×2

f- "G)= 12×2-24x
f-G)= 0

= 12×(2-2)
f-(2)= (2)4-4 (2)

3

= - 16

Possible POI's ⇒ f-
"

(x) :

.

.

,
the function is concave up on

7--0,7=2 C-ago) u (2,0) and concave
down on (0,2) .

There is a
f-"G) t - t

-g⇐
POI at (0,0) and (2-16) .

f-Cx) CU CD CU

POI POI

@x-D @X=2

•



 

17 
 

 

 
 
 
 
 
 
 
Example 4:  Find the coordinates of the relative extrema for  ሺ ሻ ൌ െ   ൅     using the 2nd 
Derivative Test, if possible, and locate any inflection point(s).  Sketch the graph. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

The Second Derivative Test (for Relative Extrema) 

Let   be a function such that  ൌ   is a critical value of   such that   ሺ ሻ ൌ   .  If   ሺ ሻ exists 
on an open interval containing   ൌ   , then: 

1) If   ሺ ሻ ൐   , then ሺ   ሺ ሻሻ is a relative minimum. 
2) If   ሺ ሻ ൏   , then ሺ   ሺ ሻሻ is a relative maximum. 
3) If   ሺ ሻ ൌ  , then the test fails and the First Derivative Test must be used. 

 

f 70
cuIm

ax f' 'GKED

f- 'G) = - 15×4+15×2 Possible POI 's ⇒ f'
'

G)=o:

= - 15×4×2-1) 0=-30×(2×21)

= - 15×4×+1)Cx -D
x-D

,
2×2-1=0

x
-

- Ifs
critical #s⇒fYxkO : flex) t - t -

x= - 1. 0,1 Is ÷ i ÷
'
a

f-(x) cu CD cu CD

2nd Derivative Test for extrema: POI POI POI

f-
"

G) = -60×3+3021 Points :

+
"

C-D= - 60ft)
' -130ft) ftp.zfps-tsfipfffs/=-3ftrz)5t5fff3

1,24 POI
= -2 min

= 30 ← f' 'ft)>O Ho)=O POI
f ⇒ (E)751¥)

'

i.min at X= - I fCD= -3475+5433
1.24 POI

f-
"

(01=0 ← SD Test fails =L Max

y

f-
"

( D= -60413+304)
2- .

f-G)= -3×5+5×3=-30← f'
' (1) so

i. max atx-4
.

First Derivative Test for extrema:
×

f- ' Cx) - t j t -
. -2

-

l l
- O - I O l

"
to

f-Cx) t T T t, @
min Max

@x=- I atx't
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Example 5: The graph of the derivative,  ᇱሺ ሻ, of two continuous functions,  ሺ ሻ , on the interval  
[0, 9] are shown below. 

 

Answer the following questions for each. 

(a) On what open intervals is  ሺ ሻ increasing or decreasing?  

 

 

 

 

(b) At what value(s) of   does  ሺ ሻ have a local maximum or local minimum? 

 

 

 

 

(c) On what intervals is  ሺ ሻ concave up or concave down? 
 

 

 

 

(d) Assuming that  ሺ ሻ ൌ  , sketch a graph of  ሺ ሻ. 

 

g-fix

g-fan

Hx) is increasing when f'Cx) >O and decreasing when f-
'G)co

.

I . increasing on ( l ,6) u (8,9 ) I
. increasing on (O,2) UH , 6) U (8,9 )

decreasing on (o ,Dv (6,8) decreasing on (2,4) U (6,8)

Look for values where f- '(x) --O :

fix?

It. * ;
I.) I¥s+a

t t t T FG) Tnt✓ Tnt
f- Cx) v n U

Local max at x=6
Local max at x=2 , x=G

Local min at x=I
,
x=8 Local min at X= 4 , X = 8

Look for f-
' '(x) >O for concave up and f'

'G)so for concave down .

TIE
I

. concave up on (O,2) U (3,5747 ,9) II. concave up on (3,6) U (6,9 )
concave down on (2,3) u (5,7) concave down on (0,3)

•
.
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Cusps 

A cusp is a pointy bend on a graph where no tangent line exists.  A cusp is a good example of the 
situation where a function can have a maximum or minimum at a point where the derivative of the 
function does not exist.  To spot a cusp, determine where the derivative does not exist and test the 
concavity on either side of that critical number.  If the concavity remains the same, you have found 
a cusp.  If the concavity changes, you have found a vertical tangent.  

          

 

Example 1: Determine if the following functions have a cusp.  If yes, determine the point.  

a)  ሺ ሻ ൌ ሺ ൅  ሻ
భ
మ െ   

 
 
 
 
 
 
 
 
 
 
 

b)  ሺ ሻ ൌ    య  
 
 
 
 
 
 
 
 
 

  

I

I

/
CD

-

maxpt . I

CD CD 1
.

CU cu cu
l POI

.

I

minpt.
I

1

cusp (minimum) cusp (maximum) vertical tangent

(Note: Domain xx-6)
f-
'

(x)=I(xt6)÷
f-
' '

Cx) -

f' ' (x) -_ - I(xt6J}
Is
-6

= I¥yz f-(x) CD

Possible POI's :⇒f' '(x) DNE :

:
.

There are no cusps .

Cx-1672=0
X= -6

→ ffx)=x} f- "Cx) -

µ
-

f-
'G) = Ex or 32×7 - •

f-(x) CD CD
cusp
at x -- O

f " If or

flo)= (053
" there is a cusp at COP) .

Possible POIS → f-
"

Cx) DNE
= O

-

9×45=0
* o

'
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OPTIMIZING INSCRIBED SHAPES 
 
Some important formulae: 
 

    

      
 
 
             

 
 
                                  

 

 

                         
 

 

1. Find the dimensions of the rectangle of largest area which can be inscribed in the closed region 
bound by the x-axis,     and the graph    .   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Let 9-x be the length and Tx be the width of
the inscribed rectangle .

PG

I Ca ,rx) A =lw

} width-- Tx Atx)=(a-x)(Tx)

A-
'

G)= C-Dcrx)t Ca -xx's x
-E)

- critical #s→ A'Cx)=o:
length -- 9 - X

o = -Txt 92¥
O = -2Xta -X

O = - 3×+9

311=9

x =3
2nd derivative test :

A-
'

Cx) = -TxtEx
-t
- Ext

A' 'Cx)= - Ix - E, x
-E
- I, ×

-I 1=9-X w -- Tx
= 9 -(3) = 53
= 6

A-
' '

(3)
'

= -0,866

'

.

' A'' so i . Max
i. The rectangle has a length of 6 units and

a width of 53 units .

•
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2. Determine the dimensions of the largest cone which can be inscribed in a sphere, where the 
diameter of the sphere is fixed at 30 cm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

3. Find the dimensions of the largest rectangle which can be inscribed in a circle, where the area of 

the circle is fixed at 2100S cm . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Leth be the height, r bethe radius and V be the volume of
the one.

V=ItPh
2nd derivative test :

• Vch)=IIfh73Oh)h V' '(h)= -2tht2Ot

= ith't loth
'

V' '(20)= -201T

✓
'

Ch)= - ith
-

+20#h

'

-

' V''(20) so i. max

critical #s →V' (h)=o
rd= 152-Ch- 1572 RI -
(2072+30120)=225

- h2t3Oh-225 D= -th (h - 20) r = 1052
i. h=0 or h=2O

r2= - h2t30h T
inadmissible
i. h>O i. The largest cone has a height of 20am

and a radius of 1052am .

Let x represent the length , y represent the height, 2r represent
the diagonal and A represent the area of the rectangle .

A -- Xy
Atx)=x(TH)

A'Cx)- (DEE)tx(E)(400-554-2×7=7400×2
-

FEE
A-circle

- Tr
'

critical #s→ A'G) =o
2nd derivative test:

1001T =tr2 0=400×27-XI A''(x)=I(400-554-2×1 - 2×(400-5)-I
D= r

t¥
- x (400-xD 2x)

0=400-+2×2

xdty> =(242 0=-2×2+400 A'
'(1052)= - 4

x2ty2= 400 2×2=400 -
i A'

'

Gora) so i. Max

y=x2
×= 1052

'
-tore inadmissible

Y -_ 400-4052172 :X >O

= ,or2
i. the largest rectangle is 1052×1052 om.
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4. Find the dimensions of the cylinder of greatest volume which can be inscribed in a sphere, 

where the volume of the sphere is fixed at 3108
3
S m . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
  

Let h be the height , r be the radius and V bethe volume
of the cylinder. Let R be the radius of the sphere .

Vsphere= #IR
' rat (E)

2
= R2

108ft = 4g#R3
r't = g

r2=9 - ht
R3=27 4

R=3

Vcylinder = Tr
' h 2nd derivative test :

✓(h) = IT(a -HI) h V''Ch)= - Eth
= 9th - ETH' V' '(2B)= - 353 it

y
'

(h)= 9 it - 3¥ h2
or - 16.3

✓
'

(h)=O :

0=9I - 4Th
'

: . rt g -C2f
3¥ h
'
= 9T r=r6

h2=9tx¥
h2=12 i. The cylinder with the greatest
h = 253

,
-253 Volume has a height of 253 m
T and a radius of 56 m.

inadmissible
-: h>O

⑧
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OPTIMIZING AREA & VOLUME 

1. Determine the dimensions of the largest cone which can be inscribed in a sphere, where the diameter of the 
sphere is fixed at 30 cm . [Answer: 10 2 , 20  r cm h cm ] 
 

2. Find the dimensions of the largest rectangle, by perimeter, which can be inscribed in a circle, where the area 
of the circle is fixed at 2100S cm .  [Answer: 10 2 10 2ucm cm ] 
 

3. Find the dimensions of the cylinder of greatest volume which can be inscribed in a sphere, where the volume 

of the sphere is fixed at 3108
3
S m . [Answer: 6 , 2 3  r cm h cm ] 

 
4. Find the dimensions of the rectangle of maximum perimeter that can be inscribed in a circle of radius 4 cm. 

[Answer:                  ] 
 

5. Find the dimensions of the rectangle of maximum area that can be inscribed in an isosceles triangle with base 40 
cm and height 30 cm. [Answer: 15 cm by 20 cm] 
 

6. Find the dimensions of the cylinder of maximum volume that can be inscribed in a cone with a diameter of 40 cm 
and a height of 30 cm. [Answer:            

 
  ] 

 
7. Find the height and radius of the cylinder of greatest volume that can be inscribed in a sphere of radius R units. 

[Answer:       
 
      

 
] 

 
8. A rectangular box is made from a piece of cardboard which measures 48 cm by 18 cm by cutting equal 

squares from each corner and turning up the sides. Find the maximum volume of such a box if: 
a) the height of the box must be at most 3 cm. [Answer: 1512 cm3] 
b) the length and width of the base must be at least 10 cm. [Answer: 1600 cm3] 

9. A piece of paper for a poster has an area of 1 2m  . The margins at the top and bottom are 8 cm and at the 
sides are 6 cm. What are the dimensions of the sheet of paper which will maximize the printed area of the 

page? [Answer:    
 
        

 
 ] 

 
10. The area of a rectangle is 264 cm . Find the dimensions of the rectangle of minimum perimeter.  What is the 

minimum perimeter? [Answer: 8 cm by 8cm; 32 cm] 
 

11. A piece of wire 100 cm long is divided into two pieces. One piece is used to form a circle and the other a 
square.  Find the lengths of wire cut so that the combined area of circle and square is a minimum.  [Answer: 
43.99 cm and 56.01 cm] 

 
12. In above question, into what lengths should the wire be divided to give a combined area as large as possible? 

[Answer: one piece of wire 100 cm long forming a circle] 
 

13. An eaves trough has a cross section that forms an isosceles trapezoid.  If the two legs and 
the  short base of the trapezoid are each 10 cm, find the distance across the top of the 
trapezoid that will maximize the area of the trapezoid and thus the carrying capacity of the 
eaves trough. [Answer: base of 20 cm] 

�
�

•



OPTIMIZING AREA & VOLUME 
Solution 

 
 
 
1. Determine the dimensions of the largest cone which can be inscribed in a sphere, where the diameter of 

the sphere is fixed at 30 cm . 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. Find the dimensions of the largest rectangle, by perimeter, which can be inscribed in a circle, where the 

area of the circle is fixed at 2100S cm . 
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� � � �
� �

2

22 2

22

22

3 2

2

1
3

15 15 , 0 15 15 0 30

225 15
1 1 225 15 ;0 30
3 3
1 30
3
1 3 60 0
3

3 20 0 20

20 225 25

200

10 2

V r h

r h h h

r h

V h r h h h h

V h h h

V h h h

h h h cm

h r

r

r cm

S

S S

S

S
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ª º  � � � �¬ ¼

 � �

c  � �  
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A = p r2 =100p
r2 =100® r =10 cm

x2 + y2 = 400® y = 400 - x2

P = 2x + 2y

P x( ) = 2x + 2 400 - x2 ,0 < x < 20

¢P x( ) = 0 : 2 - 4x
2 400 - x2

= 0

400 - x2 = x
400 - x2 = x2

400 = 2x2

200 = x2

x =10 2 cm , y =10 2 cm

q
'



P = 2 x + y( )
x2 + y2 = 82® y = 64 - x2

P x( ) = 2 x + 64 - x2( ) ,0 < x < 8

¢P x( ) = 2 1+ -2x

2 64 - x2

æ

è
çç

ö

ø
÷÷

¢P x( ) = 0®1= x

64 - x2

64 - x2 = x
64 - x2 = x2

64 = 2x2

32 = x2

x = 4 2cm® y = 4 2cm

 
 
3. Find the dimensions of the cylinder of greatest volume which can be inscribed in a sphere, where the 

volume of the sphere is fixed at 3108
3
S m . 

 
   
  
 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Find the dimensions of the rectangle of maximum perimeter that can be inscribed in a circle of radius 

4 cm. 
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3

2

2 2
2 2

2

2
2

4 108
3 3

27 3

9 9 ; 0 6
2 4

9 ;0 6
4

39 0 12 2 3
4

6

sphere

cylinder

V R

R R cm
V r h

h hr r h

hV h h h

hV h h h cm

r cm

SS

S

S

S
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5. Find the dimensions of the rectangle of maximum area that can be inscribed in an isosceles triangle 
with base 40 cm and height 30 cm. 

 
           

 

A = 2xy
x
20

= 30 - y
30

® 30x = 20 30 - y( )
3x = 2 30 - y( )
x = 2
3
30 - y( )

A y( ) = 4
3
30 - y( ) y , 0 < y < 30

A y( ) = 40y - 4
3
y2

¢A y( ) = 40 - 8
3
y

¢A y( ) = 0® 40 = 8
3
y

y =15cm® x =10cm

  

 
 
 
6. Find the dimensions of the cylinder of maximum volume that can be inscribed in a cone with a 

diameter of 40 cm and a height of 30 cm. 
 
      
30 - h
30

= r
20

® 3r = 2 30 - h( )

r = 2
3
30 - h( )

V = p r2h

V h( ) = ph 2
3
30 - h( )

æ

è
ç

ö

ø
÷
2

,0 < h < 30

V h( ) = 4
9

ph 30 - h( )2

¢V h( ) = 0® 30 - h( )2 + 2 30 - h( ) -1( )h = 0

30 - h( ) 30 - h - 2h( ) = 0

h = 30 or h =10
[ ]

r = 0 or r = 40
3

� �

h

r

20

30 h�

similar

triangles :

⑥

A

similar triangles :

→ sub into V :

ie

Aa

at



7. Find the height and radius of the cylinder of greatest volume that can be inscribed in a sphere of 
radius R units. 

  
 
 

 
 

 
 
 

 
 
 

 
 

 
 
 
 
8.   A rectangular box is made from a piece of cardboard which measures 48 cm by 18 cm by cutting 

equal squares from each corner and turning up the sides. Find the maximum volume of such a box if: 
 a)  the height of the box must be at most 3 cm. 
 b)  the length and width of the base must be at least 10 cm. 
 
 
 
 
 
 
 
 
 
 
 
 
 
a)                                                                                         b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

� �

� �

2

2 2
2 2 2 2

2
2

2 2
2 2

; 0 2
2 4

;0 2
4

3 4 2 30
4 3 3

6
3

cylinderV r h

h hR r r R h R

hV h R h h R

h R RV h R h h

Rr

S

S

S
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3 2

2

2

3

48 2 18 2 , 0 3

4 132 864

12 264 864

0 12 22 72 0

12 4 18 0
4 18

0 0

3 1512
Maximum volume when x=3

V x x x x x

V x x x x

V x x x

V x x x

x x
x or x

V

V cm

 � � d d

 � �

c  � �

c  o � �  

� �  

  

 

 

?

� � 3

48 2 10 38 2 19
18 2 10 8 2 4

4 1600
Maximum volume when x=4

x x x
x x x

V cm

� t o t o d
� t o t o d

 

?



9.  A piece of paper for a poster has an area of 1 2m  . The margins at the top and bottom are 8 cm and at 
the sides are 6 cm. What are the dimensions of the sheet of paper which will maximize the printed 
area of the page? 

� �
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��.  The area of a rectangle is 264 cm   . Find the dimensions of the rectangle of minimum perimeter. 

What is the minimum perimeter? 
 

 

A = xy = 64cm2® y = 64
x

P = 2 x + y( )
P x( ) = 2 x + 64

x
æ

è
ç

ö

ø
÷ ,0 < x

¢P x( ) = 2 1 - 64
x2

æ

è
ç

ö

ø
÷

¢P x( ) = 0® 64 = x2

x = 8, y = 8
P 8( ) = 32cm
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0.12 0.16

10.12 0.16 , 0 1

1 10 0.16 0.12 0

1

xy y
x

A x y

A x x x
x

A x x
x x

x

 o  

 � �
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© ¹
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10.16
x
�

� � 2

2

2

2

0.12 0

0.12 0.16

0.12
0.16
3
4
3 2 3,

2 2

x

x

x

x

x y

�  
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11. A piece of wire 100 cm long is divided into two pieces. One piece is used to form a circle 

and the other a square. Find the lengths of wire cut so that the combined area of circle and 
square is a minimum. 

�����������
�
����    Let x be the circumference of circle and  100 –x be �
�
�
����������square������������������������������������circle �
�
�
   

   
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
        Abs min occurs when the dimensions are 43.99cm  and  56.01cm�
�
12. In above question, into what lengths should the wire be divided to give a combined area as large 
 as possible? 
�
�������������one piece of wire 100 cm long forming a circle�
�
�
�
�
�
�
�
�
�
�
�
�

100 x� x

� �

� �

� �

2 2

2 2

100: s , where s is the length side of square
4

circle: 2
2

100 , 0 100
4 2

100 10 2 0
4 4 2

100
4

100 4
100 4
100 4

100 44
4

xsquare

xx r r

A s r

x xA x x

x xA x

x x

x x
x x
x

x cm

S
S

S

S
S

S

S
S S
S S
S S

S
S
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2

2

2

0 625

100 392.2 abs.min
4

100 3183 abs.max

A cm

A cm

A cm

S
S
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13. An eaves trough has a cross section that forms an isosceles trapezoid.  If 
 the two legs and the  short base of the trapezoid are each 10 cm, find the 
 distance across the top of the trapezoid that  will maximize the area of 
 the trapezoid and thus the carrying capacity of the eaves trough. 
 
 
 

� �� �

� �� �

� � � �� � � � � �

� �

� � � �

� � � �
� �
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1 2
2 2 2

2 2 2

2

2

2

1 1
2 22 2

1
2 2 22

1
2 22

1
2 22

2

0.5 ( )

10

100

0.5 100 20 2

100 10

1 100 2 10 100 1
2

100 10 100

100 2 10 100

2 100 5 50

0 5 50

0 10 5
5,  rej

A a b b
c a x

a x

A x

A x x

A x x

A x x x x

A x x x x

A x x x

A x x x

x x

x x
x

�

�

�

�

 �

 �

 �

 �

 � �

 � �

c  � � � � �

c ª º � � � � �¬ ¼

c  � � � �

c  � � � �

 � �

 � �

 ect the negative root
If the base is x + x + 10 = 20cm this will maximize the area
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4-8 Warm Up 

1. Find the absolute maximum and minimum values of                     on the 
interval  ∈       . 

 
2. Sketch a graph that satisfies  the following conditions:  

x          ∈        
x          ∈               
x          
x        
x          
x         

 

3. Sketch the graph of       
 
       

 
4. Find the equation of the cubic function which has a point of inflection at (0, 2) and a local 

maximum at (2, 6). 

 
 
 
 
 
 
 
 
 
  

Solutions
# I) f

'(x) = 6×2-6×-36 f-(37=2135-3(332-3613)+62=66
-3)Gta)

= -19

critical #s : f-C-2) = 2C-2)3- 3(-25-3662)+62
X=3

,
-2 = 106

f-f- 3) = 2C-3)3- 3C-35-36C-3)+62
= 89

f- (47=21473-31412-36(4) +62
= - 2

.

.

. absolute min at (3
,
-19) and absolute Max at C-2,106)

#2)

" i :i÷÷÷÷÷:c:
""

f-Cx)

•



#3) f- 'G)= Ex
-

thx -g) + x } fy×y=5(3xt3)-C5xto)Cx
(3×32

=x¥[36-57*1
=
5×-313×-6-21 A

=Ex ¥
X}

=5-(2×+2)=5×-1029×45
3.x 's

=
locxtl)
-

= 54-22 9×45
3.x'T

possible POIS :

criticality f-
" (x) -- O f-

"(x) DNE

f-
'(x) ⇒ 71=2 . : X= - I i. X

f-'(x) DNE ⇒ X=o
C-a , -1) tho) (o

,
-0)

C-ago) (0,2) (2 , a) tt

x
- f''(x) - t t
x
's - t tf¥#t t" "'

pot
.

"

cusp.

"

A
f-CX) T f T C- no, -D o) Cop)

Max min

a

t.io/co../c....
III .si#IiKu.

POI cusp
t - tf-

'

Cx)
¥230

f-(x)
- O
T t, T

max min ffi)= ft#(G)-5]
f-Co)=0

f-(27=(21%2) -5g
= - 6

÷ - 4.76 Yr dfcx)

x- int : 0,5

yint :O
' ×

- .

-6 -

V

V



#4) f-Cx) =ax3tbx2tcxtd

f-
'

(x) =3ax't 2bXtc

f-
"

(x)=6axt2b
① - 2×20 : 4 = - Kea

f-Co)=2 ⇒ .

.

.
D= 2

- 4- = a

f-
"
(o) -- O ⇒ O = Galo)t2b

sub a= - Ty into @ :

O -- b

0=12 C- f) tcIo

: f-(2)=6 , d
-

- 2
,
b

3 = C
i. 6=a(2)3+427+2

4=8at 2C → ①

°

: f-
'

(2) = O
,
b-- O

.

.

.

The cubic function is

.

.

. O=3a(2)Ztc fcx)= -4×3+3×+2
0=12atc → ②
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Horizontal Asymptotes 

Recall from the previous lesson that horizontal asymptotes can be found by looking to see what 
happens as    gets bigger and bigger or as   gets smaller and smaller (i.e., as     or as     ).  

We can use this idea to find the horizontal asymptotes for the function             
          

. 

First, determine       
       

          
  and        

       
          

. 

 

 

 

 

 

Draw diagrams to show the different ways in which our function may be approaching this 
asymptote.  

 

 

 

 
How can we decide which scenario is the correct one?  There are two methods. 

1) Determine the sign for              and              , where     is the 
horizontal asymptote. 

x If the limit is positive, then      is above the horizontal asymptote. 
x If the limit is negative, then      is below the horizontal asymptote. 

OR 
2) Calculate         and          to test the behavior of the function at the extremities of 

the graph.   
x If            or           , the function is approaching the horizontal 

asymptote from above.    
x If            or           , the function is approaching the asymptote from 

below.    

Divide each term by
ti:*:iiii÷¥ii÷÷::÷÷÷mD=
Ilm 2×722 Iim 2+¥ highest degree
x-soo X2tX-2

×→ --
-

=z2t¥ Itf -¥

I txt -I = 2
i. There is an H.A.at y=2 .= 2

y y y y

⇐
- - - - - y=2

⇐
- - - - -

⇒ y=2 ⇐
- - - - -

⇒ y=2 ⇐
- - - - -

⇒
y=2

x x x x

below 's
,
below above below below si above above { above
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Example: Determine the end behavior of the function             
          

 and sketch a possible graph 

using the information gathered over the last two lessons.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Example: Sketch a possible graph of the function,          
   

 , by analyzing its behavior near its 

asymptotes.   

Summary for Horizontal Asymptotes 

To determine the behavior of a rational function near its horizontal asymptotes:   

1) Locate horizontal asymptotes by calculate             and             .  If   
             or               , then     is the equation of the horizontal 
asymptote.   
 

2) Calculate         and         .   If            or           , the function is 
approaching the horizontal asymptote from above.   If            or           , 
the function is approaching the asymptote from below.     

 

Recall : VAS at x= -2 and x=I I f
l lfGooo)=2Kw⇒

ff,oooy=2KwoD2 - y y=2[Good -1)KHOO)-12] [flood -DK-1000) -12] I I

1.998007988 2.002008012 I
1

1 00

i. fflooo) < 2 ifC- 1000) > 2 ,
I

i. ffx) is flow the HA
i. Hx) is ate the HA w y
as X-s - a x= -2 XII

as X->a

HorizontalasymptotesVerticalh-symptotesfi.sn
,

3-2×2
Iim ¥-2

VA at x=3
×-3

×→.-7¥ xhjmz. 3-2×2 Ii;nz+3
=n•Z X-3 x-3

I -Z = - 2 = I =-30-

Ot
= - 2 .

'

. HA is y=
- 2

= +*
= - A

Above or below HA? yn I

f-4000)=
3-24000) I
-

ffx)= I(1000)-3 x-3

=
.

-2.0oz → below Ha. × .> a

y=-2 - - - - - - -
2-1-- - - -

f-C- 1000)= IT
=
'

-1.997 → above H -A. as x→ -a V ¥3 @
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Curve Sketching Summary 
 

1) Increasing: a function is increasing where  ᇱሺ ሻ___________ 
Decreasing: a function is decreasing where  ᇱሺ ሻ___________ 

 
2) First Derivative Test 

x If  ᇱሺ ሻ changes sign from positive to negative at  , then  ሺ ሻ has a local 
_____________________ at  .  

x If   ሺ ሻ changes sign from negative to positive at    then  ሺ ሻ has a local 
_____________________  at  .  

 
 Draw sketches to illustrate the First Derivative Test:  

 
 
 
 
 
 
 
 

3) Critical Number:   is a critical number if   is in the domain of the function and either  
i.  ᇱሺ ሻ ൌ ______ OR  ii)  ᇱሺ ሻ ൌ________   

 
If  ᇱሺ ሻ ൌ  , what might be happening 
at  ?   

If   ሺ ሻ does not exist, what might be 
happening at  ?   

 
 
 
 
 
 
4) Vertical Asymptotes  

x simplify the rational expression first, then look at denominator  
x If  ൌ   is a vertical asymptote, calculate ____________and ______________.  This limit 

will either be _________ or __________.  To decide which, consider the sign of each of 
the factors of  ሺ ሻ.  

 

> O

<O

maximum

minimum

LOCAL MAX LOCAL MIN

*.. ""o

""" """

t o - - o t

O DNE

Local maximum point,
local minimum point or

Vertical asymptote , cusp
a point of inflection

or POI at x=c .

at x=C
.

I ma- fcx) xlimafcx)
A -A

•
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5) Horizontal Asymptotes   
x Determine if ____________ or _____________ exists.   
x Once a horizontal asymptote has been found, you must determine whether the function 

is approaching the asymptote from above or below.   
 

6) Points of Inflection and Concavity  
 

Test for Concavity:   
x If         for all   on some interval I, then the graph of   is _______________ on I.   
x If         for all   on some interval I, then the graph of f is _______________ on I.  

 
      To Find Possible P. O. I:   

x Solve       _______  and determine where      ___________.    
x Use an interval chart to determine on which intervals       is positive or negative.  
 
A point of inflection occurs when… 
 
 
 
 
 

7) Second Derivative Test:  
x If         and        , then   has a local __________________ at      .  
x If         and        , then   has a local ___________________ at    .   
 
Draw diagrams to illustrate the Second Derivative Test   
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A Finalized Algorithm for Curve Sketching 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The steps outlined above are not always necessary or always sufficient to sketch: your intuition and 
experience with functions can help you out a lot. 

EXAMPLE:  Use the Algorithm for Curve Sketching to graph the following:  

 a)           
    

       b)       
      

 

 

  

An Algorithm for Curve Sketching  

1) Determine the domain of the function. Any value for which the function is undefined 
creates a discontinuity in the function (either a hole or an asymptote).   

2) Determine the y-intercept, and, if easy to do, any x-intercept(s).   
3) Determine the behavior of the function near any vertical asymptotes.   
4) Determine the behavior of the function near any horizontal asymptotes.   
5) Determine the critical points by solving         and by determining where       does 

not exist.   
6) Test any critical points by using the First Derivative Test or by using the Second 

Derivative Test.   
7) Determine the possible Points of Inflection by solving         and by determining 

where the       does not exist.  Test the concavity on either side of a possible P. O. I.   
8) Combine information from above to produce a sketch of the function.   
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5) Critical Points : 7) Possible P.O.IS :
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Second Derivative test
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