
E xam ple: graph of function f(x)  is given. Sketch the graph o f / ’(x) on the same grid.

94

y - f 'G) .

°

• o

y= ( x - DI 1

3-1 Warm Up
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( )
0

( ) ( )lim
h

f x h f xf x
h®

+ -¢ =

 
3. 1 Power, Sum & Difference Rules 

 
Recall:  What is a Derivative?  The derivative of the function f at the number a is the slope of the curve  at 
. The symbol for the derivative of f at the number a is .  Putting this together with the answers to our two questions 
above, we get 
  
 
                                         The derivative of f at the number a is given by  
  

                                                     

      
 
This leads to the definition of the derivative function 
 
                                                The derivative of f(x) with respect to x is the 
                                                        function , where  
 
                                                              
 

 
Other Notation for Derivatives 

Other notations for the derivative of the function  are , , and  

More About Derivatives 
 
Since the derivative can be interpreted as the slope of the tangent at , it follows that the derivative 
can also be considered the instantaneous rate of change of  with respect to x when . 
 
The Power Rule 

 

If , then .   

Stated in Leibniz notation, if , then . 

The Constant Multiple Rule 
 

If , then .   

Stated in Leibniz notation, . 

 

The Sum Rule1 
 

If , where  and   are both differentiable 
functions, then .   

Stated in Leibniz notation, . 

 
 
 
 
 
 
 
 
 

 
1 A corollary of the constant multiple rule and the sum rule is that if f(x)=p(x) – q(x), then f '(x)=p '(x)-q '(x)   

)(xfy = ax =
)(af ¢

′f a( ) = lim
h→0

f (a + h)− f (a)
h

)(xf ¢

)(xfy = )(xf ¢ y¢
dx
dy

)(af ¢ ))(,( afa )(af ¢
)(xf ax =

Rnxxf n Î= ,)( 1)( -=¢ nnxxf
nxy = 1-= nnx

dx
dy

Rkxkgxf Î= ),()( )()( xgkxf ¢=¢

dx
dykky

dx
d

=)(

)()()( xqxpxf += )(xp )(xq
)()()( xqxpxf ¢+¢=¢

))(())(())(( xq
dx
dxp

dx
dxf

dx
d

+=

deader

SET

E
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Examples 
1. Determine the derivatives of each of the following  

a)      b)  
 
 
 
 
 
 
c)     d)  
 
 
 
 
 
 
 
 

e)            f)       

 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. Determine the equation of the tangent to the graph of  at  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

54)( xxf = 2
5

11)( xxg =

xxxh 34)( 3 -= 2)35()( -= xxk

( )
5 7

3
4
5
x xm x
x
p-

=
3

4 2
4
2( ) 7 3 99n x x x x
x

= + - - -

142 23 +-+= xxxy 4=x

fffffx)=20X
"

g.
'G)=5zIX±

h'(x)=12XE3zX¥ KCX)=25×2-30×+9=12×2
- 3- K'G) = 50×-30
2×5

m(4=¥x
'
-

Ttx
"

n(x)=7x4tX±-3×272×-4-99

m '(x)=¥x - K¥3 n'(x)=28X3tzx¥- Ext-18×-5
n'G)= 28×3-1¥ -Ext-1¥

y=X3t2X4xtt Equation of tangent line is :

mt=y'= 3×74×-4 y- y , -_mfx -xD
y - 81=601×-4)

At x=4
, me-_ 3/4774/41-4 y -- box -2401-81
M€60 9=60×-159 (slope y- intercept form)

Atx=4,y=43t2(4F4(4)t '
or Gox-y -159--0=64+32-16+1 (standard form AxtBytC=o ;

= 81
A.B. and cave integers)

GE
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3. A cubic polynomial function,  ,is given such ,    ,find 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.  Determine the point(s) where the tangent to the curve f(x) = x3 – 6x2 + 7: 
 

a) Has a slope of -9 
 
 
 
 
 
 
 
 
 
 

b) Is horizontal 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( ) 3 2= f x ax bx cx d+ + + ( ) ( )0  0,  1 5f f¢ ¢= = ( )2  16f ¢ =

( )3 .f ¢

f-
'(x)=3ax72bxtc ② - ① :

i.
'

f'Co)-0 A
-

'

. 0=3a(o)42b(o)tc Sub - b=lin② :

4=3at ( D
'

' / 'aai. f' (x)=3x72X
i.

'

f'(21=16 f' (3) =3 726)
16=342)42b(2) to
16=12at4b f'(3)=3⑦

or 4=3atb-②

(orb -_ 4- 3A)

me -9 ffs)= 33-665+7
f-

'

G)=3XZ12X y
-9=3×2-12/2

f(D= 13-64147
3×2-12×+9=0

342-4×+3)=o
3G-3)(x- 1) =o .

'

- The points are G ,
-20) and 4,2)

X=3orX=1

ME -_ O

f-
'(x)3×2-12×0=3×4-4)
X=o or 21=4

ftp.7fftf-43-6/45t7
y=-⑦

i. The points are 6.7) and (4, -25)

Egger
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5. Find the values of x so that the tangent to  is parallel to the line x + 16y + 3 =0 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6.  Find the values for a and b so that f(x) is differentiable for all x. 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( ) 3

3f x
x

=

3 22 4 1( )
1

x x x
f x

ax b x
ì- + + £

= í
+ >î

16y= -X-3

y= fat 3×-5

Mt - %
f'G)= - x'

¥

i .

-6=-1×73×5--16
2/4=4096

x

fcx) is differentiable# FG) is continuous

¥tfGkµfG)=fC)

¥5, .
-x'+2×44=415,+axtb
- I -12+4 atb

atb -_ 5 - ①

f-G) is differentiable atx=a # f-
'(a)=f'Cat)

f 'll f'fit)
-3X44X=a
- 3-14 -_ a

Sub in ① :

Itb-_ 5

b

G-



Ex. 2.  Given the parabola  .  Find the equations of the two 

tangents that pass through the point P(4, 12).  (Hint: Graph the function) 

 

B- .

Sketch the function :
Vertex form : y= -(x-55+9
Vertex : (5,9) Zeros : 2,8a•" 3) Equate d¥d/×=a and MPQ

v v
- a'tha-28
- = 10-2A
a -4

1) Since (4,12) does not lie on -a' tha - 28=110 -2a)(a-4)
the parabola, let Q (a ,Ha)) -a'Hoa -28=10a-2A

'
-4Ot8a

be one point of tangency . ad - 8atI2=O

dy# = 10 - 2x ca-6)(a-2) =O
i. a=6 or a =L

dd¥lx=a= 'O- da

4) First tangent line from Pat#2 :

2) Find the slope through At#2
, d#1*2=10-212)

P and Q : g- 1012) - (2)2-16 = 6

Mpo,=f(o =O
: y- (o)

-
- (6) Ex-Ca)]

a-4

= Goa - of -16) - 12 y -_ 6×-12

Second tangent line from Pat x=6 :
=
-a2tlOa At x=6,
a-4 offal#6=10-2/6)

y
-
- 1016)- (6)'- 16

= -2=8
i. y- (8)= f-2)Ex-HD

y=
- 2×+20

i. Two tangent lines are y=6x- 12 and y=-2×+20 .



MCV4U – Exploring Derivatives   
2. 1 Power Rule 
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1 1
20 4
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20 4

4 2

4 32

19 24
5

19 24

5
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x x

g x x x

xx
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S S
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   Challenging Questions-Solutions 
 
1. Determine the derivatives of each of the following  
 

a)  � � 4 5 2 3
3

3 4 7
4 33

f x x x
x

S � � � �    b)  � � � �3 34 54 2g x x xS S �  

         
     Done in class      
 
 
 
 
 
 
 

c) � �
4 3 3

2
3 2 5

4
x x xg x

x
S� �

  

 

   
� �

5
2 33 5

4 2 4
g x x x xS �

 � �
                         

 

 

    

� �

� �

8
3

2
8
3

3 25
2 2 12
3 25
4 2

12

g x x x

g x x x
x

S

S

�
c  � �

c  � �
 

 
 
2.  Find the slope of the tangents to 2( ) 4f x x x � �   such that they pass through an exterior  point 

P(3,2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

� �2, 4A x x x� �

� �
� �

� �

� �� �

2

2

2 2

2

2

2 2

2

( ) 4
2 1

Slope of line passes through points A , 4

and P 3,2 is:

4 2 2
3 3

2 2 1
3

2 2 1 3

2 2 7 3

6 1 0

3 2 2

Slope of tangent lines are: 5 4 2

T

T T

T

f x x x
m f x x

x x x

x x x xm m
x x

x x x
x

x x x x

x x x x

x x

x

m

 � �
c  �

� �

� � � � �
 o  

� �
� �

 �
�

� �  � �

� �  � �

� �  

 r

 r

Eased Solutions



MCV4U – Exploring Derivatives   
2. 1 Power Rule 

 

3. Determine the value of a, given that the line ax – 4y + 21 = 0 is tangent to the graph of 2
ay
x

 at  

     x = -2. 
   

              
 

 
 
 

 
 
 
 
 
 
4. The tangent to the cubic function y = x3 – 6x2 + 8x at point A (3,-3) intersects the curve at another 

point, B. Find the coordinates of point B. Illustrate with a sketch. 
 
 

� � � �

3 2

2

2

6 8

3 12 8

3 3 12 3 8
1

T

T

y x x x

y x x

m
m

 � �

c  � �

 � �

 �

  

 
Equation of tangent line: � �3, 3y x b � � m �   

                                       
3 3

0
b

b
y x

�  � �
 

?  �
 

  
         
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

3 26 8y x x x
y x
 � �
 �

� �

3 2

3 2

2

6 8

6 9 0

3 0

0 3

0 3

x x x x

x x x

x x

x x

y y

� �  � �

� �  

�  

  

   
  �

� �

2At 2 function and its tangent line 4 21

have the same y-value,therefor

2 4 21 0
4

3 2

e:

1
7

aa

a

ax y ax y
x

a

§ ·�

 �  �

� �  ¨ ¸
© ¹

�  �
 

�

Bauer Solutions



MCV4U – Exploring Derivatives   
2. 1 Power Rule 
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2

2

2

1 6 3 5.5
10

6 30 55

6 25
6 5 11 or 1

x

x

x
x x x

�
� �  �

� �  

�  

�  r �   

� � � �21 6 3
10

5.5

f x x

y

�
 � �

 �

 
 
5. Find the equations of the tangent lines to the parabola y = x2 + x that pass through the point (2, -3). 

Sketch the curve and tangents. 
 

 
 
 

 
6. Two perpendicular lines which intersect at C are also the tangent lines to parabola 

� � � �21 6 3
10
�

 � �f x x  at the points A and B when 5.5. �y Find C. 

 
 
 
 
 
 
 
 
 

� � � �

� � � �

� �

21 12 36 3
10

1 2 12
10

1 6
5

f x x x

f x x

x

�
 � � �

�c  �

�
 �

 

 
 
 
 
 
 
 

� �
� �

� �� �

� �� �

2

2

2

2

2

2 2

2

( )
2 1

Slop of tangent line passes through A ,

and P(2,-3) is:

3
2

32 1
2

2 1 2 3

2 3 2 3

4 5 0
1 5 0
1 & 5

equation of tangent lines are: 1 & 11 25

T

T

f x x x
m f x x

x x x

x xm
x
x xx
x

x x x x

x x x x

x x
x x
x x

y x y x

 �
c  �

�

� �
 

�
� �

�  
�

� �  � �

� �  � �

� �  

� �  

 �  
 � �  �

� �2A ,x x x�

Ba.
-

Solutions



MCV4U – Exploring Derivatives   
2. 1 Power Rule 

5.5
0.5 , 6

6.5
y x

y x
y x
 � �­

�  �  ®  �¯

� �6, 0.5C? �

� � � �1 111 6 & 1 6
5 5
1 1

5.5 11 5.5 1
5.5 6.5

5.5 6.5

T Tm m

y x b y x b
b b

b b
y x y x

� �
 �  �

 �  
 � �  �

�  � � �  �
  �
 � �  �

 

 
   

                                                                                                     

Bad
.

Solutions
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       WARM -UP: DERIVATIVE RULES 
 
1. Differentiate the following. Express the answers with positive exponents. 

a)        b)    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2 The equation of the tangent to   is    at  .  Find the values of  and  . At what point 
does this tangent intersect the curve again? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( ) 4 252 8xf x x x
x

-= - - + ( ) ( )22 1 1g x x x- -= +

3 1y ax kx= + + 4y x k= + 1x = a k

ftp.x-4-raxt-5xt -164 g(x)=x-4×-2+25 't ')
f'Gt -4x-5-rzx-t-szx.tn GG)- X

-

4+2×-7×-2

f-
'Kk -4¥

-Et -⇐ 96k¥.
-

¥
-

¥
f-

' (D= -4¥
- Eater

At x=l,y=4tk - ① .

'

. y= 3×3-5×+1

Also
, 5- all)HkG) -11 and y=4x - 5

5- atktt
-② At point of ,intersection

:

4×-5=3×-5×+1① = ② at point of tangency :

3×3-9×+6=0
4tk=atkt1

343-3×+27=0
o Let fG)=xZ3xt2
y=4xtk ft) - o ⇒ x- I isafactoroffcx)

mm
- ' thot I

y=ax7kxtt Cx-74×+27=0
y '=3ax4k x=lorX=-2

Atx-4 : 4=341 ) -1k Atx= -2 ,y=4f2) - s

4=3atk -③ y
Suba=3 in ③ : .

. The tangent will intersect the curve
4=36) -1k again atfa ,

- B)
1<=-50

Ggg
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3. 2 Product and Quotient Rules 
 
 

The Product Rule 
 
If , then . 
 
Restated in Leibniz notation, 

If u and v are functions of x,  

 
 

Proof of the Product Rule  
Suppose .  Then 

 

 

Just like multiplying by 1 is a powerful tool in math, so is adding 0 
In this case,  
Who said mathematicians aren’t creative?  J 

 

 

 

Next, we’ll factor out  from the first two terms of the 
numerator, and we’ll factor out  from the last two terms of 
the numerator 

 

 

 
Examples 
1. Differentiate  using the product rule 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

)()()( xgxfxp = )()()()()( xgxfxgxfxp ¢+¢=¢

dx
dvuv

dx
duuv

dx
d

+=)(

)()()( xgxfxp =

h
xgxfhxghxf

xhx
xgxfhxghxfxp

h

h

)()(0)()(lim

)(
)()()()(lim)(

0

0

-+++
=

-+
-++

=¢

®

®

)()()()(0 hxgxfhxgxf +++-=

h
xgxfhxgxfhxgxfhxghxf

h

)()()()()()()()(lim
0

-+++-++
=

®

)( hxg +
)(xf

)()()()(

)()(lim)(lim)(lim)()(lim

)()()()()()(lim

0000

0

xgxfxgxf
h

xghxgxfhxg
h

xfhxf
h

xghxgxfhxg
h

xfhxf

hhhh

h

¢+¢=

úû
ù

êë
é -+

++úû
ù

êë
é -+

=

þ
ý
ü

î
í
ì

úû
ù

êë
é -+

++úû
ù

êë
é -+

=

®®®®

®

)823)(2()( 43 ++-= xxxxxh

gadda

h'G) = GE-2)(3×42×-18) t 63-2*2×72)
= 9×46×424×2 6×4-4×-16 -112×124542×3-47
= 21×6- 30×4+8×3 -124×2-8×-16

fog
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2. Find the value of  for the function  
 
 
 
 
 
 
 
 
 
 
 
 
 
Find an expression for  if  
 

 

 
 

 
 
 

 
This is called the extended product rule for three functions 

 

3. Differentiate the rational function  by using the extended product rule. 
 
 
 
 
 
 
 
 
 
 
 
4. If  ,  and ,then determine  . 
 
 
 
 
 
 
 
 
The Power of a Function Rule for Integers 
 

If u is a function of x, and n is an integer, then  

In function notation, if  ,  then  
We will prove a more general statement of this (the Chain Rule) in section 2.5. 

 
 

)1(-¢f )1846)(94123()( 4724 +--+-= xxxxxxf

)(xp¢ )()()()( xhxgxfxp =

[ ]
( ) ( ) ( ) ( )

( ) ( ) ( )
( )

p x f x g x h x
f x g x h x

p x

=

=

¢ =

=¢ )(xp

( )( )( ) 2 5 1f x x x x= + -

( ) ( )2g x x f x= ( )2 2f = - ( )2 8g¢ = ( )2f ¢

dx
dunuu

dx
d nn 1)( -=

[ ]nxgxf )()( = [ ] )()()( 1 xgxgnxf n ¢=¢ -

f-
' (x) -42×3-24×-1 4)(6×7-4×418) t (3124-12×44×-9) (42×6-16×3)

f-
'

f-D= fatih 24ft)t4][6Gt- 4th't 187+13434-121-15-14ft)-9142Gt- 16h33]
= (-12+24-14) (-6-4+18) t (421-16)/3 -12-4-9)
= (I6) (8) tf8)f-22)
= - 1148

IfG)gGD
'

h (x) t CfG)gGD h'Cx)

f
'

G)gG) hG) tfG) g
'

G) hG) tfG)gG) h'Cx)

f-
'

G) = IGxt5)Cx-Dt x②Cx- D -1×(2×+574)
= 2×2-2×-1 5×-51-2×2-2x -12×4512

= 6×2+6×-5

g
'

G) = 2xfG) t x'f
' Cx)

g.
'

G)= 2 (2) fG) t (2)
'

f'G)
8=4C-2) t Hf

'G)

8¥ = fig, ✓
f'G

If

AGEE
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Examples 
1. Determine  where .  Then, evaluate . 
 
 
 
 
 
 
 
 
 
 
2. Find the derivative of . 

 
 
 
 
 
 
 
 
 
 
 
 
3. Differentiate the following. Write the final answer with positive exponents. 

       

 
 
 
 
 
 
 
 
 
 
 
Quotient Rule                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

)(xh¢ 72 )134()( +-= xxxh )1(h¢

( ) ( )6 42 3( ) 3 5 2 1g x x x= - +

( ) ( )
( )

2

3

2 1
3 2
x

h x
x
-

=
+

If , then       

                  

In Leibniz notation,  

 

)(
)()(
xg
xfxh =

0)(,
)]([

)()()()()( 2 ¹
¢-¢

=¢ xg
xg

xgxfxgxfxh

2v
dx
dvuv

dx
du

v
u

dx
d -

=÷
ø
ö

ç
è
æ

h
'

G) = 714×2-3×+16 (8×-3)

h 'G) = 7ft-31-7484) -3)
= 7-G)

'

(5)
= 2240

9
'

G) = 66×2-57%4Gx'tD't (35-574442×77%5)
= 36×(3×25)56×415't 24×42×4743×257

'

⇐ Factor

= 12×(3×25)
's(2×71)>(36×41) -12×(3×25)]

= 12×(3×25)42×413 (6×3+3+6×3-10×7
= 12×(3×25)42×77342×210×-13)

hG) = (2x-D-(3×+2)-3
h '

(x) = 2Gx-DG)(3×-12)-3-1 (2x
-DE-3)(3×+2543)

= 4 (2x-D (3×+2)-3-9 (3×+2)
- "

Gx -D
'

= (2x-1)(3×+2)-414(3×+2)-9/2X-D]
= (2x-1) (3×+2)-4(-6×-117)
= (2X- 1)(-6×+17)
c-3×+2)

4

Its
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Proof:   

Since , therefore 

 

 
 
→ multiply each side by  
→differentiate each side 
 

  

Examples 

  1. Determine the derivative of  

 
 
 
 
 
 
 
 
 
 
 
 

2. Determine the equation of the normal to  at . 

Definition: A normal line to the graph of a function f(x) is defined to be the line perpendicular to the 
tangent at a given point 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0)(,
)(
)()( ¹= xg
xg
xfxh

2)]([
)()()()(
)(
)(

)(

)(
)(
)()(

)(

)(
)(
)()(

)(
)()()()(

)()()()()(
)()()()()(

)()()(

xg
xgxfxgxf
xg
xg

xg

xg
xg
xfxf

xg

xg
xg
xfxf

xg
xgxhxfxh

xgxhxfxgxh
xfxgxhxgxh

xfxgxh

¢-¢
=

´
¢-¢

=

¢-¢
=

¢-¢
=¢

¢-¢=¢
¢=¢+¢

=
)(xg

5
43)( 2 +

-
=
x
xxh

1
2
2 +

=
x
xy 0=x

h'Cx)- 36757-(3*-44)
455

= 3×415-6×4812

It
= - 3×48×+15

¥55

y'=f 2447-2×6×32 FG)
-4415

= -2×42÷÷÷¥÷÷÷i÷÷÷ni. .

y-0=-36
- o)

y=

ME -2L

8€
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3. Determine the coordinates of each point on the graph of  where the tangent is horizontal. 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Challenging Questions 

1. Determine the equation of the tangent line to  at  

2.  If , where , and , find .    

3. Find the points on the function  where the tangent lines pass through the origin 

4. Recall: A normal line to the graph of a function f(x) is defined to be the line perpendicular to the tangent 
at a given point.  Find the equation of the normal to the curve  at the point where x=3 . 
 

5. Let f and g be functions such that .  If y = 2x – 3 is the equation of the tangent to the graph of f(x) 

at x=1, what is the equation of the line tangent to the graph of g(x) at x=1 ? 

6. Find the points on the curve  where the normal line is parallel to  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

x
xxf 82)( +

=

( ) ( )3
1 1 1g x x
x

æ ö= + -ç ÷
è ø

1.x = -

( )( )
-1

f x
g x

x
= ( )5 8f = ( )5 -5f ¢ = ( )5g¢

9( )
8

xf x
x
+

=
+

3 2 1y x= -

( )( ) f xg x
x

=

1
xy
x

=
+

2.x y+ =

f-
'G)=2k¥G×xt8÷) or using product rule:

= 2X
'T
- X At4) f-G)= 2x±t8x¥
T f'G) = X

-±
-4¥

= 2x¥×x±4X = X
#(x-4)

= X±4X¥ = XI

T x
's

= x
-

Efx- 4)
T

= X- 4

¥
'

: Tangent is horizontal ⇒m⇐o#fA)=214¥80
= X- 4

= 8

21=40
.

'

.
The point is (4,8)

of
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Differentiate the following. Write the final answer with positive exponents. 

      � � � �
� �

2

3

2 1

3 2

x
h x

x
�

 
�

 

 

   

� � � � � �
� � � �� �� � � �� � � �� �

� �� � � � � �
� �� � � � � �
� �� � > @
� �� � � �
� �� �

� �

c

ª º¬ ¼

2 -3

-3 -4 2

-3 -4 2

-4

-4

-4

4

h x = 2x - 1 3x +2

h x = 2 2x - 1 2 3x +2 + -3 3x +2 3 2x - 1

= 4 2x - 1 3x +2 - 9 3x +2 2x - 1

= 2x - 1 3x +2 4 3x +2 - 9 2x - 1

= 2x - 1 3x +2 12x +8- 18x +9

= 2x - 1 3x +2 17 - 6x

2x - 1 17 - 6x
=

3x +2

 

 
Challenging Questions-Solutions 

1. Determine the equation of the tangent line to � � � �3
1 1 1g x x
x

§ · � �¨ ¸
© ¹

 at 1.x  �   

� �1 , 1 0x g � �                                                 equation of tangent line:  
 

 
 
                                               
 

 
 

 

2.  If 
� �( )
-1

f x
g x

x
 , where � �5 8f  , and � �5 -5f c  , find � �5gc .    

 

� �� �

� � � �� � � � � �

� � � �� � � � � �

� � � �

1
2

1 3
2 2

1 3
2 2

( ) -1

1-1 -1
2
15 5 5-1 5 -1 5

2
1 1 15 8
2 2 8

3

g x f x x

g x f x x x f x

g f f

�

� �

� �

 

�§ ·c c � ¨ ¸
© ¹
�§ ·c c � ¨ ¸

© ¹
�§ · § ·§ · � �¨ ¸ ¨ ¸¨ ¸

© ¹ © ¹© ¹
 �

 

 
 
 

� � � �� �

� � � �� � � �
� � � �� � � �

3

4 3

1 1

3 1 1

1 3 2 0
6

T

T

g x x x

g x x x x

m g
m

�

� �

 � �

c  � � � �

c �  � � �

 

� �0 6 1
6 6

y x
y x
�  �

?  �

ER Solutions
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� �� �
� � � � � �� � � �
� � � � � � � �

� �
� �

1

1 2

2

2

( ) 9 8

8 1 8 9

8 8 9

1
8

T

f x x x

f x x x x

f x x x x

m f x
x

�

� �

�

 � �

c  � � � � �

c ª º � � � �¬ ¼
�c  
�

9
8

x
x x

�

�� � � � 2

1
8x
�

 
�

� �� �

� �� �

2

8 9

18 72 0
6 12 0
6 12

3 3points are 6, and 12,
2 4

x x x

x x
a a
x or x

� �  �

� �  

� �  

 �  �

§ · § ·? � �¨ ¸ ¨ ¸
© ¹ © ¹

� �

� � � �

� � � �

1
2 3

2
2 3

2
2 3

1

1 1 2
3
1 3 1 6
3
1 2
2

T

T

y x

y x x

m

m m

�

�

A

 �

c  �

 �

 o  �

2
2 6

8
2 8

y x b
b

b
y x

 � �
 � �
 

?  � �

� �
� �

2 1( ) ( )

(1) (1) 1T

g x x f x f x x

m g f f

� �c c � �

c c  � �

1( ) ( )g x x f x� 

� �
� �

� �

At 1, 2 that means 1 2.

Also at 1 , 2 1 3 1

that means 1 1

x m f

x y

f

c   

  �  �

 �

� � � � � �
� �

1 1 1

1 2
3

Tm g f fc c  � �

 � � �

 

� � � �

� �

1
At 1, 1 1.

1
Equation of tangent line at (1, 1) on is

3
1 3

4
3 4

f
x g

g x
y x b

b
b
y x

   �

�

 �
�  �
 �

?  �

3. Find the points on the function 9( )
8

xf x
x
�

 
�

 where the tangent lines pass through the origin. 

                                                               
 
   
  
                                                                           
 
 
 
 
Slope of tangent line passes through  

origin and point 9,
8

xx
x
�§ ·

¨ ¸�© ¹
 is 

 
  

 
 
 
4. A normal line to the graph of a function f(x) is defined to be the line perpendicular to the tangent at a given 
point.  Find the equation of the normal to the curve 3 2 1y x �  at the point where x=3 . 
 
      
                                                                              
   
                                                                 
  
                                                                             Equation of normal line 
 
 
 
 

5. Let f and g be functions such that ( )( ) f xg x
x

 .  If y = 2x – 3 is the equation of the tangent to the graph of f(x) at 

x=1, what is the equation of the line tangent to the graph of g(x) at x=1 ? 
 
                                      
  
 
 
 
   
 
 
 
 
 
 
 
 
 
 

� �

9 0 98
0 8T T

x
xxm m

x x x

�
� �� o  

� �

•& Solutions

.

: Mt = f
' (x)

.

'

.

* *

m=
HI
Xz-X , Tv

At x =3
, y
= 35¥
= 2 →

At x=3 :
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6. Find the points on the curve 
1
xy
x

 
�

 where the normal line is parallel to 2.x y�   

  

� �

� �
� �

2

2

2

2 2 1 1
1
1

1 1
1

1 1
1 1
0 , 2
0 , 2

tx y y x m m

y
x

x

x
x
x x
y y

A�  o  � �  � �  

c  
�

 
�

�  

�  r
  �
  

 

•• Solutions

Atx --O
, y ¥71

Atx = -2
, y =F¥,

t.EE.
) -

- a

-

'

. The points are (0,0) and f-2,2) .
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Warm-Up: PRODUCT RULE 

The limit below represents the derivative of some function f(x) evaluated at some number a. 
Determine the function and the number a. 

        ,     ________   ,   a =  _______ 

1. Differentiate the following .Where applicable; write the final answers with positive 
exponents. 

                                          

      a)                                                 b)    

 
 
 
 
 
 
 
 
 
 
 
 
2. Given   if   

 

 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( ) ( ) ( )
®

¢
2 2

h 0

2 6+h -2 6
f a = lim

h ( )f x =

( ) æ ö
ç ÷
è ø
5 33

2
1g x = 5 x - x
2x ( )

5 -4 2

2
πt -2t +3πg t =

3t

( ) ( ) ( ) ( ) ( ) ¢ ¢ ¢f 1 = 4,g 1 = -2,f 1 =1, and g 1 =1, find h 1 ( ) ( ) ( ) ( )
2 3h x = g x +x2x- x f x .

13

25 66

gtx)=§x¥- Ex
-2) X

'T
g = Ist

'
-EE 't TIE

'

g G) =
5K¥-Ex

-E g
'# = TIE-1¥- 27¥

g.
'

G) = x
#+Ex

-E

g
'

# 5¥, -15¥

h'G)= 2(2x - Rx)(2-L#gG) t (2x-RD
'

g'(x) -13×74) t x'f
'

(x)

h 'll) -- 212N -Taffy -Lrdg tGH-rag 'll) -1345ft It Chf'D
= 2 (1) (3) (1) t C-2) (11-13411-114)
= 3 -2+3-14

= 8

GEEZ
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3. 3 Chain Rule  

The Chain Rule 

If is differentiable at  and   is differentiable at , then the composite 
function,  or is differentiable at  and   is given by the 

product   
                                                         . 

In Leibniz notation, If y=f(u) and u=g(x), are both differentiable functions, then  

                                                                     

Proof of Chain Rule: 

 

We can only make this move if we know that .  In other 
words, this proof is not valid over any domain of the function for which the 
graph of  is a straight horizontal line. 

 

 

Look at the denominator of the first fraction.  We’re taking the limit of that 
fraction as .  We know that .  So, we’ll let 

.  Recognizing that  as , we’re able to 
rewrite that last line as follows: 

 
 

 

  

( )g x x ( )f x ( )g x

( ) ( )( )h x f xg= ( ) ( )( )h x fog x= x ( )h x¢

)())(()( xgxgfxh ¢¢=¢

dy dy du
dx du dx

= ´

( )( )[ ]

ú
û

ù
ê
ë

é
-+
-+

´
-+

=

úû
ù

êë
é ´

-+
=

-+
=¢

®

®

®

)()(
)()())(())((lim

1))(())((lim

))(())((lim

0

0

0

xghxg
xghxg

h
xgfhxgf

h
xgfhxgf
h

xgfhxgfxgf

h

h

h

0)()( ¹-+ xghxg

)(xgy =

úû
ù

êë
é -+

ú
û

ù
ê
ë

é
-+
-+

=

ú
û

ù
ê
ë

é
÷
ø
ö

ç
è
æ -+
÷÷
ø

ö
çç
è

æ
-+
-+

=

®®

®

h
xghxg

xghxg
xgfhxgf

h
xghxg

xghxg
xgfhxgf

hh

h

)()(lim
)()(
))(())((lim

)()(
)()(
))(())((lim

00

0

0®h 0)]()([lim
0

=-+
®

xghxg
h

kxghxg =-+ )()( 0®k 0®h

)())((

)()(lim))(())((lim
00

xgxgf
h

xghxg
k

xgfkxgf
hk

¢¢=

úû
ù

êë
é -+

úû
ù

êë
é -+

=
®®

14

SEAGAL

SAFE
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Examples: 

1. If , and if , then evaluate at  

 
 
 
 
 
 
 
 

2.  Determine the derivative of  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
3. Differentiate: 

a)                          b)    

   
 
 
 

c)                                                                  d)  

 
 
 
 
 
 
 
 
 
 

2 1y u u= + - 2 2u x x= -
dx
dy 1=x

2
3

3( )
3 5
xf x

x
-

=
-

( ) ( ) 72   f x m nx rx= + ( ) ( )5 3f x x p= +

241 x

xy
-

= 2f (x) 4x 6x 1= + -

15

At X=l
,
4=1-2

Tut -- ant ' Txt '# Ex ) → +deep -⇒
d¥=2x -Xt

.

'

. ddy×_=C2utD(2x-¥ %T/x⇒u= , Effy,
=
- I

text

f 'GkzfE⇒FGxGy¥s¥→y
= 's kx-YEIIE]
= 's is;÷e¥ 's'

= -5×46×-1531×2-3)343 - 5M¥

f-
'

G)=Fm(nx4rxF
- '

fdnxtr) f'G) = TIG-13
'

(3)
=3t(5t3x)

""

y'=f)IH-4x5±f8I f'(x) -I (4×46×-1548×+6)
I - 4×2

y
'

- C - 4x§ -1454-4×7
-± I =

4Xt3y
'

TEXT

y '=G-4x5±[G-4xDthx# /
I - 4×2 IT
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e)       f)   
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

      4.  a)   If , determine  . 

 
 
 
 
 
 
 
 
 

      b)   Given , , and find . 
 
 
 

 
 

 

       5. If and ,  determine  . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2 2(2 9) 3 5y x x x= - + ( ) 3 21m t t t= + +

( )( )2
( )

( )
f x

h x
g x

= ( )h x¢

( )1 2f = ( )' 1 3f = - ( )1 1g = ( )1 4g¢ = ( )1h¢

( )43y f x= ( ) 13
4

f -¢ =
1x

dy
dx =

16

f- (2×2-9)(3×2+5×52 Mlt)=[ttCHt7E}

y
's 443×45×5765-9)#(3×45×546×+5) mytfzfttfftffttzattI.cat]
y '=Ifsx45xJ±[8×(3×754) -16×+576×2-9)]

,

it.it#zy'=24x3t4oxFl2x3-54x-IX-45¥tE)%
2/3×45×52

=
It -1T

y
's 36×450×254×-452 3fft)(Ttt)23M¥51

h'G) =2fG) .ftp.gcxj-ffcxD-gyx)
1¥

= f-G)Gf 'Cx)ogCx) - f-G) g' (x))
[gcx)]

'

h' (D= 2ft) - f 'd) .gg - ACID?g 'd)
-

y
h'(1)= - 12 - 16

h' (1) =2G)fDG) - (4) (z)
- h'4)=
T

f⇒-_ f' (3×9.42×3)

d¥/×=
,

- f'G) da)

= Cia)

=-3

gag



17

f-'(x)=3[gcxD?g'Cx) f'Cx)=g' [hcxB.mx)
f-
' (2) =3[gC2D? g'(2) f' (2) =g'[hC2B . h'(2)
=3 (4)2. fi) = g' (2) old
= - 48 =L- 1)(3)

=-3

-4 -2 I

2 2 l l

l 2

, I

h(01=10 hCD= gli)= Ho)=hCgCoD Hi)=h(gli))go) GCD hat

=
I = I = I

=hG) =h(a)
2 4 2

= I
= I

= - y = I =L

f' Cx) -- h' (gcxD.ge/Cx)j4x)--h'Cx)gCx)thCx)g' (x)
f- 'Co)=h' (gCoDog'Co) j '(o)=h'(o)g(o) tho)g' (o) f'll)=h'(gCD)og'll) j'll) - h'll)gCDthCDg'( i)
⇐ h' (2) og 'Co) ( 107=4) + f-4) g' lo) C-4) = h' (2) og'll) (6) = h'll)(2) + (2)ft)
-8=14) . g' lo) lO = gyo)

-4=(4) og'll) 6¥ = h 'll)
-2 -_ g'Co)

→ = gyo,
-1=9'll) 4 = h'll)

j 'C2) -_ h' (2) gC2)th(2)g' (2) f- (2)=h(GCD) f' (2)=h'(gC2Dog'G)
( 18)=(4) (4) + (1) g'G) Is -_h(4) (8)=h'(4) . g' (2)
18-16=942) : htt) -45 8 -- h' (4) old
2=842) 4= h' (4)
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SOLUTIONS

MI
-I

ath , 6) : (6) = all)t÷)
- : Mt

-

- 2 6=atFGfg②
y=axtb(4-3×5

'

⑧ -① : 4= - 2b

y
'
= Xtbfi) (4-3×57-3) -2 = b

sub b= -2 into ①
= xtf.bz 2- at 362)

8 = a
-

.

-

Mt
-

- 2 at x -- I
,

2 = at&¥,,y.
.

'

. a- 8
,
b=-2

2=at3b→①

Hok a :
. Tangent passes through

= 4 . : Pt of tangency6,4)
(0,4) and Mt

= -8k

i. Eglin of tangent : y=
-

8kxt4fCxI-4kxfTd@e52i.f
'Cx)= -8(kxti53(k)

"
' Tangent line passes through 11,0),

= -8k (kxti)
-3

Sub in to find K :

Ho)= -81<[1407+1]-3 6) = -8kCDt4
- 4 = -8k

= -8k
d- = k



17

SOLUTIONS

a) f-Cx) = 4 (4 -xj 's
Normal :

ME - I ,point (3,4)
i. f

'

(x) = -214 -x)
-

IC- D
y
- (4) = C-⇒Lx-(3D

= 214 -x)
-Z

y
-

-
- txt 'S

Mt
-

- f '(3) = 214 - (3D
-I

= 2

i. Eglin of tangent :

y
- (4) = (2)Ex -GD
y
-

- 2x -2

b) Find x- intercepts for the tangent and normal line :

Tangent : Normal :

0=2×-2 O= -Ix t 12
I = X

X = It

i. Point A is (1,0)
.

.

.

Point B is ( 11,0).

c) Base is I XB- Xa I
= Ill - Il
= 10 units

Height is the y- coordinate
of P = 4

.

'

. A -- I (b)(4)
= 20 units
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More Practice on using Chain Rule 

1. Differentiate the following .Where applicable; write the final answers with positive exponents. 

a)                                                     

b)   

c)          (Express in a fully factored form) 

2. Let and g be differentiable functions such that ,  ,  , and

. Let .  If , find the value of . 

3. Find the points on the curve  where the slope of normal line is 15. 

4.  If  and  , determine the value of  

5 . Assume that , where f  and g are differentiable functions 

If  and   , determine an equation of the line tangent to the 

graph of h at x=0 . 

6. Consider the curve   where a and b are constants. The normal to this 

curve at the point where x = 4 is 4x + y = 22. Find the values of a and b.  

7. Line  is tangent to the curve  at x=1.  Find value of . 

8. Given  , and  , determine by using the Leibniz notation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( ) -2π 52 2 3x x +5y = 2+x + 1- x +
5x

( ) æ ö
ç ÷
è ø

2 2
2
2πS t = t 1- + 4t - 5
t

( ) ( )
( )

-3

-2

3x +2
h x =

2x -1

f ( )g 1 =3 ( )f 1 = -2 ( )f 3 = -1 ( )¢f 3 = -2

( )¢g 1 =2 ( ) ( )( )
( ) ( )
f g x

h x =
f x +g x

( )¢h 1 =5 ( )¢f 1

æ ö
ç ÷
è ø

3xy = 1-
5

( ) ( )
®h 0

f 2+h - f 2
lim = -4

h
( ) ( )2g x = f 5- x ( )¢g 1 .

( ) ( ) ( )é ùë û
3h x = f x .g x

( ) ( )¢-1 -8f 0 = ,f 0 =
2 3 ( ) ( )¢g 0 = -1,g 0 = -2

y = a x + b 
x

y =k ( ) ( )
2x - 5f x =

x - k +1
k

u+3y =
2u-1

2u= x +3
x=1

dy
dx

IT 18



18

← Divide

g- (atx)
"

th -x7¥t3fIxI¥+fsI'

Y'=t(2tx7
"- '

(2x)

ttsfi-xffaxtFfzlxttfsftdx-Z-2txfatxF-gcfI.gg
.

+ 9Ix± - 29,3,

SH) -_ t
'
-2kt (442-5)+2

silt)=2t -15Gt'-5548T)
=2t+

4T

FEE

h(×)=(2x- h'(x)=2H*D(2) (3×+213- (2×-1)%113×+2343)
(3×+216

(3×+273
=
412×-46×+273- 912×-1743×+2)

'

(3*276 d) factor
=

(2x-1)(3×+21214/3×+2) - 9(2x -D)
(3×+216=12×442×+8- 18×+9) g) simplified

(3×+234
(3*2)

?

=
(2x-1)(-6×+17)

(3×+234



MHF4UZ More Practice on using Chain Rule Date: ______________ 

2. Let f and g be differentiable functions such that � �g 1 = 3 , � �f 1 = -2  , � �f 3 = -1, � �cf 3 = -2

and � �cg 1 = 2 . Let � � � �� �
� � � �
f g x

h x =
f x +g x

.  If � �ch 1 = 5, find the value of � �cf 1 . 

� � � �� � � � � � � �� � � � � �� � � �� �
� � � �� �

� � � �� � � � � � � �� � � � � �� � � �� �
� � � �� �

� � � �� �� � � �� � � �

� �
� �

c c c c
c

c c c c
c

c c

c

c

2

2

2

f g x g x f x + g x - f x + g x f g x
h x =

f x + g x

f g 1 g 1 f 1 + g 1 - f 1 + g 1 f g 1
h 1 =

f 1 + g 1

2 f 3 1 - 2+f 1 f 3
5 =

1
5 = -4+2+f 1

f 1 = 7

 

3. Find the points on the curve § ·
¨ ¸
© ¹

3xy = 1-
5

 where the slope of normal line is 15. 

 

 

 

 

 

 

 

4.  If 
� � � �

oh 0

f 2+h - f 2
lim = -4

h
 and � � � �2g x = f 5 - x  , determine the value of � �cg 1 .  

 

 

 

 

 

o o

1 x 1 x= 1- or - = 1-
3 5 3 5
x 1 x 1= 1- = 1+
5 3 5 3
x 2 x 4= =
5 3 5 3

10 1 20 1x = y = x = y = -
3 27 3 27

A �

§ · § ·c ¨ ¸ ¨ ¸
© ¹ © ¹

§ ·
¨ ¸
© ¹

§ ·
¨ ¸
© ¹

t

2

2

2

1m = 15 m = -
15

x -1y = 3 1-
5 5

1 3 x- = - 1-
15 15 5

1 x= 1-
9 5

1 x± = 1-
3 5

� � � � � �
o

co
h 0

f 2+ h - f 2
lim = -4 f 2 = -4

h � � � �

� �

c c

§ ·
¨ ¸
© ¹

-1g 1 = f 2 �
2

-1= -4
2

= 2

� � � �
� � � �c c

2

2

2

g x = f 5- x

-2xg x = f 5- x �
2 5- x

18

→ (s) =
f

'

(3) . (2)K-2) t (3)] - ff ' (1)t (D)of (3)
[C-2) t (3)]

2

5 = C-2)G) - ft ' (Dt2] C- D
5= - 4 t f

' (1) t 2
7- = f

'(i )

g
'Lik f

' (IFF) . -2472TEP
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5 . Assume that � � � � � �ª º¬ ¼
3h x = f x .g x , where f  and g are differentiable functions 

If  � � � �c-1 -8f 0 = ,f 0 =
2 3

and � � � �cg 0 = -1,g 0 = -2   , determine an equation of the line 

tangent to the graph of h at x=0 .  

 

 

 

 

 

 

 

6. Consider the curve b y = a x +
x

  where a and b are constants. The normal to 

this curve at the point where x = 4 is 4x + y = 22. Find the values of a and b.  

 

 

 

 

 

 

     

 

 

  

 

� �

� �

� � � � � �

� �

A

c

o

o

1 -1
2 2

-1
2

-3 -1
2 2

-3 -1
2 2

t

t

t

t

y = ax + bx

y = x ax + b

-1y = x ax + b +ax
2
-1m = 4 4a+ b +a 4
2
-1 1m = 4a+ b + a
16 2
1 1m = a - b
4 16

4x + y = 22 y = -4x +22
1m = -4 m =
4

o

���o

���o

at x=4

at x=4

1 1 1a - b = 4a - b = 4 (1)
4 16 4

b by = a x + y = 2a+
2x

4x + y = 22 y = 6

b2a + = 6
2

4a + b = 12 (2)

4a - b = 4 (1)
a = 2 , b = 4

4a+ b = 12 (2)

� � � � � � � � � � � �

� � � � � � � � � � � �

� � � �

c c cª º ª º¬ ¼ ¬ ¼

c c cª º ª º¬ ¼ ¬ ¼

§ ·§ · § ·
¨ ¸ ¨ ¸¨ ¸© ¹ © ¹© ¹

2 3

2 3

2 3

h x = 3 f x .f x .g x + g x . f x

h 0 = 3 f 0 .f 0 .g 0 + g 0 . f 0

-1 -8 -1= 3 -1 + -2
2 3 2
1= 2+
4

9=
4

� � � � � �

� �

ª º¬ ¼

§ ·
¨ ¸
© ¹

o

3

3

h 0 = f 0 g 0

-1= -1
2

1=
8

1 9 9 1y - = x y = x +
8 4 4 8

18

→ (o
,
's) is point of

tangency
Equation:

← me

]
Point on the
curve where

the normal✓At x-- 4 :
occurs

:
I



MHF4UZ More Practice on using Chain Rule Date: ______________ 

7. Line y =k  is tangent to the curve � � � �
2x - 5f x =

x - k +1
 at x=1.  Find value of k . 

� � � �
� �

� � � �

c

c o

2

2

2x x - k - 1 - x +5
f x =

x - k - 1

f 1 = 0 2 1- k - 1 - 1+5 = 0
- 2k = -4

k = 2

 

8. Given u+3y =
2u-1

 , and  2u= x +3 , determine 
x=1

dy
dx

by using the Leibniz notation. 

dy
dx
= dy
du

´
du
dx

dy
dx x=1

= -7

2u -1( )2
æ

è
ç
ç

·

¹
¸
¸
´

2x

2 x2 +3

æ

è
ç

·

¹
¸

x=1,u=2

= -7
9

´
1
2

=- 7
18

 

 

18

←
horizontal line : . Mt

-

- O

y =Cut3)(au
- D
' '

dye = (au- D
'

't Cut3)C-1)(2u- 1542)
du

= duty -
2Cute
⑥u-t)

2

=
2U- I - 2u- 6

(du- D2
=

(du-D2

u= (x't 3)÷

du
DT= 24×43542x)
=I

⇐+3)I

At x = I , u
= [Cl)'t 3)

÷

= 2
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                                  3.4 Higher Order Derivatives, Velocity and Acceleration 

So far, we have seen that the value of the derivative, , gives 

us the instantaneous rate of change of a function, , at a point. 

It is represented graphically by the slope of the tangent line to the 

curve,  , at that point. Throughout the graph, the slope of 

the tangent line is continually changing. We can describe this 

change as the rate of change of the slope of the tangent. To 

determine how the slope of the tangent is changing, we differentiate 

the derivative function f′(x). If f′(x) is differentiable, then the 

derivative of the derivative function can be found. 

This is known as the second derivative of f(x), and is denoted in 

function notation as .  

In Leibniz notation, the second derivative is denoted as 

. 

Example 1 
Find the second derivative of  
 
 
 
 
 
 
 
 
 
 
 
 

'( )f x

( )f x

( )y f x=

( )f x¢¢

[ ]22

2 2

( )d f xd y
dx dx

=

( ) 4 23 5f x x x x= + -

2

2
d y 5x - 3Find , given y = .

2xdx
Example 2:   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Bad

ff
'G)= 4×3+6x-SIX

-at

f
' '

(x) = 12×46 +Izz

⇒ y= SI-zx
- I

fit =Ex
-2

II. = -¥
If
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Third Derivatives 

The second derivative of f(x) is found by taking the derivative of f(x) twice. This can be extended further if f″(x) is 

differentiable; taking the derivative of f″(x) gives the third derivative of f(x), which is denoted in function notation 

as f‴(x) or f(3)(x). 

In Leibniz notation, the third derivative is denoted as shown. 

 

 

 
Note that the brackets around the 3 are required in f(3)(x). 

In general, if the derivatives remain differentiable, the nth derivative of f(x) is found by taking its derivative n times, 

and is denoted f(n)(x). 

 
Example 3:  Determine the third derivative of the following functions 

a)       b)     c)  

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 4:  Suppose f(x)=ax2+bx+c and f(1)=8,f′(1)=3, and f″(1)=−4. Determine a,b, and c. 
 
 
 
   
 
 
 
 
 
 
 
 
 

[ ]33

3 3

( )d f xd y
dx dx

=

1y
x

=
3

2 6
y

x
=

-
y x=or y=X

"

org -_ 36×-65
'

or y=X±

y± -×
-z y

'= -3/2×-6542)
y'=z×±

y 's -66×-6)
-2

y
''=2X→ y

' 's -14×-3-2
- g y

' '
- 126×-6542)

y'
' '

= -Gx y
' '
- 246×-653

y
' '

Zx
-I

= -¥ y'
' '

= -726×-6)
- "

(2)
y
' ' '

3-

y
' '

's-14428×5=(2×-6)'t

f-
' (x)=2aXtb Sub a= -2 in ① :

'

'

'

f' (1)=3 3=21-2)tb
.

.

.
3=2atb - ① b

f-
"Cx)=2a .

:fCx)= -2×2+7×+0 .

.

- FG)=8
i.
'

f'
'(1) =-4 i. 8=-20774) -1C

.

.

.

- 4=2a
8=5-1C

a

GET
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APPLICATIONS	OF	HIGHER	ORDER	DERIVATIVES	–	LINEAR	MOTION	

Definitions 

Position s(t) is the location of an object at a value of time t. 
Velocity v(t) is the rate of change of position over time, so 

 

Acceleration a(t) is the rate of change of velocity over time, so 
 

Or 

 

 
Position 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Velocity 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
Acceleration 
 
 
 
 
 
 
 
 
 
 
 
 

( ) ( ) dsv t s t
dt

¢= =

( ) ( ) ( )a t v t s t¢ ¢¢= =

2

2( ) dv d sa t
dt dt

= =

 •  represents the initial position of the object (when ) 
•  indicates that the object is to the right of the origin 
•  indicates that the object is to the left of the origin. 
•  indicates that the object is at the origin (where it started) 

s( )0 t = 0
s t( ) > 0
s t( ) < 0
s t( ) = 0

 t

 s

• 

• 

P( ) t s1 1,

Q( ) t s2 2,

 Dt
 Ds

 s t( )

 t1  t2

Thus instantaneous velocity is  

•  is the initial velocity (when ) 
•  object is moving to the right (positive direction) 
•  object is moving to the left (negative direction) 
•   object is at rest or object may be changing directions or object may be at 

a maximum/minimum height 

v t s t ds
dt

( ) ( )= ¢ =

v( )0 t = 0
v t( ) > 0 Þ
v t( ) < 0 Þ
v t( ) = 0 Þ

• object is accelerating (velocity is increasing) 
• object is decelerating (velocity is decreasing) 
•  object is at a constant velocity or object is at a max/min velocity 

a t( ) > Þ0
a t( ) < Þ0
a t( ) = 0 Þ

If

Note : These are vector

quantities with a

magnitude and

T direction

+
momentarily stops

(ie . cruise control)
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Example 5:  In each graph determine if the object is moving away from/towards the origin or speeding up/slowing 
down 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

If  the object is moving away from the origin 
If  the object is moving towards the origin 
 
If  the object is speeding up 
If  the object is slowing down 

sv > 0
sv < 0

av > 0
av < 0

→ same directionssigns tt or - -
→ opposite directions signs H-

→ same directionshighs tt - -

→ opposite directionshighs tf

SH) > o VA)>o
✓ (t) >•

⇒ SV>0 ⇒ako
Yt)>o ⇒ar> o act)so
act) >0

Moving away from origin. Moving away from Moving away from
origin, speeding up origin, Slowing down

SA) > o ult)so
✓Ako

⇒Sho
v#so
act) so act) >o
*

It

ar> o
avco

movingtoward the Movingtoward theMoving toward the origin
origin, speeding up origin> Slowing down

#eEG--
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Example 6:  Complete the table below the graph. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

Interval Displacement 
+/- 

Velocity 
+/- 

Acceleration 
+/- 

Speeding up/ 
Slowing down 

Moving away/ 
toward 

[0,a]      

[a,b]      

[b,c]      

[c,d]      

[d,e]      

[e,f]      

[f,g]      

act).vCt) Sct).lt)

-
-

- speeding up Moving away

-

- t slowing down Moving away

- t t speeding up Moving toward

+ +
- slowing down Moving away

+ -

- speeding up Moving toward

-

- t slowing down Moving away

- t t speeding up Moving toward

@d#¥€
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Example 7:   An object moves in a straight line according to the motion equation   
                                . 
(a)  Find the velocity and acceleration at time t. 
 
 
 
 
 
 
 
 
(b)  Find the initial conditions and interpret their meaning. 
 
 
 
 
 
 
 
 
(c)  Find the average velocity and acceleration from t = 2 to t = 4. 
 
 
 
 
 
 
 
 
 
 
(d)  When is the particle at rest? 
 
 
 
 
 
 
 
 
 
(e)  When does the object move in a positive direction? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( ) 3 22 15 36 22 , 0s t t t t t= - + - ³ where t is in seconds and

SA) is in metres .

s
'

#=Yt) = GE-30T -136 ,
tZo

s
' 'ft)-- V'A)= act) = 12T - 30 ,

t 30

At t=o
,
s(o)=-22 , v (o ) = 36 ,

a(o) = - 30

The object is 22 m to the left of the origin and the initial velocity
is 36 m/s to the right .

The object initially decelerate at a rate of 30 m/s?

Avg . velocity Arg . aceelation=v¥z
= s(4)-# =(6/4)=3044+-36*53061+361

4-2
= 12 -

0=(2443-154443614)-22] - G (2)3- 15(25+36/2) - 22]
T

#
= 6

= 10=6
2

.

.

. Average acceleration is 6m/s
-

2

= 2
.

.

. Average velocity is 2 m/s .

Particle is at rest when VA)-0
6th- 30T-136=0

6ft2- 5T-16 ) = O
6ft -3) ft -2) = O
t=3 or t=3

.

'

.

The particle is at rest when
t -
- 2 s and t=3 s .

ult) >o Ahed # l : Graphing method #2: Interval Chart
6A -DA-D> o

v

µ.→t
Note : leading coefficient
is positive ⇒ start with

positive sign on the far
.

'

. Object moves in a positive direction when right . Sign changes if
the degree of factor
is odd ; sign remains

the
oft <2 and t>3

same if the degree is even.

BEETLE
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Example 8:  The motion of a particle on straight line is given by position function  where 

s is in meter and t is in minute. 
 
(a)  Find the velocity and acceleration at time t. 
 
 
 
 
 
 
 
(b)  After how many minutes does the object stop? 
 
 
 
 
 
 
 
(c)  When is the particle moving toward the motion detector? 
 
 
 
 
 
 
 
(d) When is the object slowing down? 
 
 
 
 
 
 
 
 
(e) Determine the total distance traveled in the first 7 minutes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        
 
 

( ) 2 336 24 9 ,s t t t t= - + -

Sct) = 36-24tt9tZt3
= - (E3-att24T - 36) ⇒ s = o

ft)= -24-118T-35 act)= Is- Gt .

.

.

t- 6 iseafgctrgfsct)
v# = - 3ft

'

-
Gt-18) act) =-6ft -3)

- •

= -3ft - 4) Ct-2)
i. Sct)= - Ct - 6) (Est-16)

VA) -_ o when the object stops
.

'

. O = -3ft - 4) Ct-2)

-

'

.

t=4ort=Z
.

.

. The object stops after 2 min and 4 min .

SLHVHKO when objectmoves towards the reference point
Sct)= - Ct - 6) (E-stets)

I
¥+b

4th -3A - 4) Ct-D
⇒ SA) v# = 3ft-6)Ast-16) (t - 4)A-2) -

'

. The object is moving toward the detector

when of -42 and 45£56

✓Health when object is slowing down
- + - +

Vlt)= -3ft- 4)A-2)

act)= - 6ft-3)
.
: object is slowing down when#<2

act) .v = 18ft-2)Ct-3)Ct-4) and 3*24 .

From b) the object stops at f-2 and t=4 and consideringthe interval [0,7] .
Find the position of the object at these times .

SCO) -- 36 25k . Os

SCH -- 36-2412)t9(2)2- (2)
3

.445=16
75K .

ski) -- 36-24147+914)
'
- (4)

3

s l l l l75=20
-34 16 20 36

S (7)= 36-24177+9177-1713
= - 34

Use GDC:

Total distance = Is#→(4)It Is →G)It ISG)- SG) / D Enter function in Y,

=/ -34-20/+1 20-16/+116-361 2) Vars→ Y- vars→ Function→

= 54+4-120
Y
, → Enter ( t ) → Enter

= 78
Old

1) Graph the function

2) Press TRACE then enter the

LEE t- value



SH) ult) att)
m m/s or Ms" MI5 or Ms-2

silt) or Ift s'' (t) orddftzorv.lt)
The change of Rate of change of position The rate of change ofposition with respect to time velocity with respect
↳ AS ↳ as to time ⇒

at at
Hector quantity . Vector quantity Vector quantity(with magnitudes,
direction )

vs. distance (scalar) vs . speed (scalar)

✓(f)= - 9.8tt6 ← h' (t) htt)n
6-

"" = -"° ← "
"" " "" t"

"µ"""""2 -

#t
✓ (f) = - 9.8tt6 0.61 1.22

✓
✓(o) = - 9.8/07+6

= 6 van
8- Vlt)= -9.8tt6

i. The initial velocity is 6ms 4 -

upwards . t

-8 -

At max height , ult)=o(momentarily stops) ✓

✓ Lt)= -9.81-+6
0=-9.8++6 all-In

- 6

÷: I
h(0,6127=-4.9(0.612776/0.612)+2 - O -

-

I3.84
- 12 - aft)= - 9.8

i. The ball reaches its max height ✓

of approx . 3.84M at approx . 0.6125 .
-EE



Ball hits the ground when htt)= Oi
i. 0=-4.9t'tGt ta ← inadmissible since

t=
- (6)±JEFF,

" t± l'50 or t=
'

-0.273 t>o

2 : the ball will hit the ground at
= 61=7-572 approx . 1.50s .

9.8

✓Lt) = - 9.8t t6

✓( 1.50) '= -9.8 (1.50)t6
'

= - 8 . 7

i. The velocity upon impact is approx . 8.7 m/s downwards .

att) = - 9.8

a(1.50)= - 9.8

i. The acceleration upon impact is 9.8 m/s' downwards.

=FBgBss@IfvCt7.a(t) >O → the object is speeding up
If ult) . alt)so → the object is slowing down
If V (t) . alt)-0 → the object is neither speeding up or slowing down (constant speed)

i.e. cruise control or stopped
Note: for vertical motion

,
acceleration is always negative (due to gravity), hence

it depends on the sign of the velocity .

- The ball is slowing down in the interval oftso. 612 ,tEIR when it is going up ."

! The ball is speeding
-

up in the interval
0.612 <tf1.50 ,tEIR when it is coming down .

②
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      Exit Card!    

Given position function . 
 
(a)  Is the particle speeding up or slowing down when  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b)  At what time(s) is the object at rest? 
 
 
 
 
 
 
(c)  In which direction is the object moving at t =4 
 
 
 
 
 
(d)  When is the object moving in a negative direction? 
 
 
 
 
 
 
(e)  When does the object return to its initial position?  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5
2( ) (7 ), 0s t t t t= - ³

4t s=
SH) = FEE- t¥

vttt-zz-E-zts.to
= Etfs -t)

v(4) >o

act)=1qIt±3tZy
'

! . 944.44)
so

= 3¥Etfs-t)
Object is slowing down at

t=4s
,

a(4)Lo

vH=z¥G-t)
✓(t) =o The object is at rest at t

-
- Os and t=5s

.

° = tgtzysez,
I

or t= s

Yt) = ItZG-t)
I

.

'

. The object is moving in a positive
direction at t -- 4 .

v(t) = It Zfs-t) moving in a negative direction

/
.

'

. The object is
when t > 5 s .

S(t)= O

SH) = FEE- TE
o = TEA - t)
t- o or t=7

.

'

.

The object return to its initial position at Fs .

It



 
 
MHF4UE               Practice: Higher Order Derivatives 
 
1. Find the first and second derivatives of each function. 

a) f (x) = 2x4 ± 4x±2    b) 2
3
x

y    

� �
� �

3 3

2 4

8 8

24 24

f x x x

f x x x

�

�

c  �

cc  �
  

� �

� � � �

� � � �

2

3
3

4
4

3
66

1818

f x x

f x x f x
x

f x x f x
x

�

�

�

 

�c c � o  

cc c o  

 

  

c) 
x

xy 12 �
    d) g(x) = (x ± 1)(x + 1)3  

 

g) 
1
42

�
�

 
x

xy    h) 
t

tts 2)( 3 �   

 
� � � �

� �

� �
� �� � � �� �

� �

� �

2

2

2

2

2 2

4

3

2 1 4

1

2 4
1

2 2 1 2 1 2 4

1
6
1

x x x
y

x

x xy
x

x x x x x
y

x

x

� � �
c  

�

� �c  
�

� � � � � �
cc  

�

�
 

�

 

 
 
2. A boat demonstrates a positive velocity but a negative acceleration.  Which of the 
 following plots illustrates its position?  
 
        A    
 
  
 

 
 

� � � � � � � �
� � � � � �� � � �

� � � �
� �

3 2

2 2

2 2

1 3 1 1

3 1 6 1 1 3 1

6 1 6 1

12 1

g x x x x

g x x x x x

x x

x x

c  � � � �

cc  � � � � � �

 � � �

 �

� �

� � � �

� � � �

1

2
2

3
3

2
1

22

f x x

f x x f x
x

f x x f x
x

�

�

�

 �

�c c � o  

cc c o  

� � � �

� � � �

1
3 2

3
2 22

5
2

2

( ) 2

13 3

3 36 6
2 2

s t t t

s t t t s t t
t t

s t t t s t t
t t

�

�

�

 �

c c � o  �

cc cc � o  �



 
 
3.  A particle moves on the y axis with this relationship between position and time:    
 1008017)( 23 ��� tttts .Determine the time interval(s) during which it is : 

a) located below the origin 
 

         

� � � �� �� �
� �
� � � �

2 5 10

0

0,2 5,10

s t t t t

s t

t

 � � �

�

� �

  

       
b) moving upward( moving in positive direction)  

� �
� � � �� �
� �

� �

23 34 80

3 10 8

0

100, 8,
3

v t t t

v t t t

v t

t

 � �

 � �

!

§ ·� � f¨ ¸
© ¹

 

       
c) slowing down  

 

                 

� �
� �
� � � � � �� �� �
� � � �

23 34 80

6 34

2 3 17 3 10 8

0

10 170, ,8
3 3

v t t t

a t t

a t v t t t t

a t v t

t

 � �

 �

 � � �

�

§ · § ·� �¨ ¸ ¨ ¸
© ¹ © ¹

 

  
d) moving away from the origin 

 

 

� � � �� �
� � � �� �� �
� � � � � �� �� �� �� �
� � � �

� � � �

3 10 8

2 5 10

2 5 10 3 10 8

0

102, 5,8 10,
3

v t t t

s t t t t

s t v t t t t t t

s t v t

t

 � �

 � � �

 � � � � �

!

§ ·� � � f¨ ¸
© ¹

 

 
 
 
 
 
 
 

 

→ SCH and ult) is in the same direction



 
 
4.  A particle moves on the y axis with this relationship between position and time:  

24
2
92

4
1)( 234 ���� ttttts  

a) Describe the motion of the particle at 0 t .  
 

 � �0 2 The initial position of object is 2m to the right of origins    
 
b) What is the average velocity of the particle between 1 t  and 4 t  seconds? 

   

       

� � � �4 1
4 1
36
4

3
2.35 m/s

s s
average velocity

�
 

�

� �
 

 �

  

   
c) When does the particle reverse direction?    
 
� �
� � � �� �
� �

3 2

2

( ) 6 9 4

4 1

0
4

v t s t t t t

v t t t

v t
t s

c  � � �

 � �

 

 

 

 
 

  d) Find the total distance traveled from 0 t  to 5 t  seconds 
 

   

 

� � � � � � � �

� �

Total distance 4 0 5 4

36 2 6
4

59
4

s s s s

m

 � � �

 � � � � �

 

   

 
 
 
 
 
 
 
 
 
 
 
 

atbovethe



 
 

ycc
yc ycc

ycc

� �
� �
� � � �
� �

0 0 0

0 0 2 0 0

2 0 3 4 0 12 0

2 4 8 2 4 4 2

f d

f b or b

f a c a c

f a c a c

 o  

cc  o   

c  o �  o �  

 o �  o �  

� �
� �
� �

3 2

23 2

6 2

f x ax bx cx d

f x ax bx c

f x ax b

 � � �

c  � �

cc  �

12 0 1, 3
4 2 4

a c
a c

a c
�  ­ �

�   ® �  ¯

5. For each graph below, sketch the corresponding graphs of f c and f s. 
a)        b)  

  
c)                                        d) 

  
 
         
 
 
 
 
    
 
 
 
 
 
 
e)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6. For what values of the constants a, b, c, and d does the function f(x) = ax3 + bx2 + cx + d 

satisfy both of the following conditions? 
a) f s(0) = 0 at the origin b) a horizontal tangent at (2, 4) 
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7. A SeUVRn¶V heighW, in meWUeV, can be mRdelled b\ Whe fXncWiRn c
tb

atth �
�

 )( , where t is the 

age of the person, in years, and a, b, and c are positive constants. 
a) hc(t) represents the growth rate. What does hs(t) represent? 
 
      � � represents how fast a person's height will change as the person gets olderh tcc   
 
b) Show that hs(t) is always negative. What does this indicate about the growth rate? 
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It indicates the growth rate will decrease as person gets older 

 
c) Show that  

i) the initial height is c 
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ii) the initial growth rate is 
b
a   
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abh t
b t
abh
b

a
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�
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d) Suggest reasonable values for the constants. 
 
  Answers may vary 

 
 
e) In what way(s) is the function not a realistic model for the height of a person? 
 
AfWeU a ceUWain age Whe heighW ZRn¶W incUeaVe! 
 
 
 
 
 
 



 
 

 
8. The following graph shows the position function of a bus during 15 min trip. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
a) What is the initial velocity of the bus? 

b) What is the bus’s velocity at C and F? 

c) Is the bus going faster at A or at B? Explain. 

d) What happens to the motion of the bus between H and I? 

e) What happens at J? 

 
 
 
 
 

9. Refer to the graph in question 8. Is the acceleration positive, zero, or negative during 
the following intervals? 

a)  0 to A                   b) C to D                 c) E to F           d) G to H       e) F to G 

 
 
 
 

 
                           
 
 

 
 
 
 
 
 
 

 
 
 

0 
 
0 and 0 
 
A , the tangent line is steeper 
 
The bus is at rest 
 
Bus returns to the origin 

Positive 
 
 

Positive 
 
 

Negative 
 
 

Positive 
 
 

Negative 
 
 



 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 






































































































