3-1 Warm Up

Example: graph of function f{x) is given. Sketch the graph of f’(x) on the same grid.
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Power, Sum & Difference Rules

Recall: What is a Derivative? The derivative of the function fat the number a is the slope of the curve y = f(x) at X =a

. The symbol for the derivative of fat the number a is f'(a). Putting this together with the answers to our two questions
above, we get

The derivative of f at the number a is given by

Sfla+h)- f(a)

f'(a): lim p

h—0

This leads to the definition of the derivative function

The derivative of f(x) with respect to x is the
function f'(x), where

(s) -l LD =10

h—0

Other Notation for Derivatives

d
Other notations for the derivative of the function y = f(x) are f'(x), y',and d_y
X

More About Derivatives

Since the derivative f'(a)can be interpreted as the slope of the tangent at (a, f'(a)), it follows that the derivative f”'(a)

can also be considered the instantaneous rate of change of f'(x) with respect to x when X = a .

The Power Rule

If f(x)=x",neR, then f'(x)=nx"".

n-1

d
Stated in Leibniz notation, if y = x", then @ =nx
dx
The Constant Multiple Kuie

If f(x)=kg(x),k € R,then f'(x)=kg'(x).
4
o

d
Stated in Leibniz notation, E (kv)=k

The Sum Rule!

If f(x)= p(x)+q(x),where p(x)and g(x) are both differentiable
functions, then f'(x) = p'(x)+q'(x).

Stated in Leibniz notation, % (f(x)= % (p(x))+ % (g(x)).

' A corollary of the constant multiple rule and the sum rule is that if ix)=p(x) — g(x), then f"'(x)=p '(x)-q '(x)



Examples
1. Determine the derivatives of each of the following
5

a) f(x)=4x b) g(x)=11x2
)= 2o 9'6o)= %5;;0—
0 h(x) = 4x* =3+/x ' d) k(x) = (5x-3)°
h'(x)= lax‘—%x" k(X)= a5x*~30x+9
=I:lz—_5__- '(x\ = 50%x~- 30
% ax K ()
5 7 3
e) m(x):4x5 37rx f) n(x)=7x4+«/;—3x2 —%—99
x x
W‘(")= %Xn— :'ET_X? n(x):. '-T-xq+ 7(*-— 37(}— 27(_4—‘79
m' )= &7( _i-n_ 3 Vo 3 _*_ + -5
()= Bx — 41 4 N()= 28X+ Lx "~ Lx +8X

' 3 1
nf= BX+L_-AxT+ g
) alx = x>

2. Determine the equation of the tangent to the graph of ) = X +2x° —4x+1lat x=4

j= 7(31_‘;{76; tx+) E?/Aa‘bon o:F ‘};anjen{,' hne s :
'”'4:""3': B Y Yx—4 j"_‘j; =""(?<—7C|)
Y-8 =6o(x—4%)
At x=4, m_=30) 4% Y=4ox-a40+2
M{-_:- 60 j =cox—159 (SIBPC :j_ ,I"-}ey Cg_r"" {ovm)
At x=14, Y= “f‘3+-7ﬂ”)i ‘f‘(‘l')'l‘l
= EH+32-16+) 0¥ €0X—Y=15920 (slandard form AxtBy+C=0;
= 8]

A,B,anel C ave th'g(VS)



3. A cubic polynomial function, f(x)= ax® +bx* +cx+d s given suchf'(()) = 0, f'(l) =5, f'(Z) = 16.find

7'(3).

f’(X): 3&X2+-?LX+C, @ _ @ :
:f'(o).-_.o
. 0= 50(0)’3-2L&:)+c Sub. b=l n@:
E=o] 430+ (0
=3

I()):. 5
JC‘ES =3a()¥2b()+o
5z3a+ab — O
A= 3t ax

EE)= e e 2
|6:F: 30{2):.1_ 21:(2)4-0 -j: (3)_ 3(3)1' ()
I¢= 12a+ 4k {'(3)=23

or b=3a+bh —

(W b= '1'—30,)

4. Determine the point(s) where the tangent to the curve f(x) = x* — 6x* + 7:

a) Has a slope of -9

5'(")? ;x-:— 12 '-F(?_‘_i RIORsA
9= 37(.2_ |2X -FC_I); T C(,)’-_'__.F

3x—lhx+9=0 _
3(x- #x+3)=0 |
3 (7(—3)(7(—0 -0 . The Foml‘i ave (3,—20) and 6,3)
X=3 or X=)
b) Is horizontal
m'l:.': (@]
§'(x) = 3x=12x
o= 3’)56(-—’#)
A=—o or x=4W

Q=% )= wci)?
=
.. The Fo'm)i ove [O,?—) ame’ (‘1‘,"35)




3
5. Find the values of x so that the tangent to f° (x) = —= is parallel to the line x + 16y + 3 =0

l(,5=—x—5 (x) Dxds Ux
=T 3[. Nt
"o &(x)=—7(
tT T
- ==
' X%
3.
X>=le
7C*= 496
X=*3

6. Find the values for @ and b so that f{x) is differentiable for all x.

—x+2x*+4 x <1

f(X):{ax+b x>1

{69 is J‘-PF‘ ventiable & .f(x) )s contmuous
J';'_-_F(x); Jge'ﬁf(x); £0)
b x> 2ax% 4 = [m ax+b
por x>\t
—1+2+4 = a+b
a.+l=; 5 — O
f@‘) is oll-F{lerentlc'zL’e at x=a & f'(o«'): f'(ocj
f’(l'): :F'(l +)
-3xX ¥ x=a
-3t+4-=a

Sub n ®:
I+b=5
b=y



Ex.  Given the parabola y = 10x — x% — 16. Find the equations of the two
tangents that pass through the point P(4, 12). (Hint: Graph the function)

207y Skelch the funchon:
Verkex fovm : Y= -(x-5) +9
Varbex: (5,2) Zews: 2,%

"2 16 20 ) Epote g8 oq 004 Mrg

-4
-]
-0 - o +100. -8 = 10-20.
0-4
) Since. (4,13) does not- lie on -a?+|0a.-8 = (lo-a;b(o.-‘l)
Hhe paroloola, let Q (o -C(a)) —02+|00.-28 = 100.-2a" =40 +3a.
be. ohe point- of +Wa& 2 2atla =0
%& = |0-2% (0-G)(a—-2)=0
x

Ho=0b or 0=Q

%%'l«m = 10- 20,

4) Fl}S'\'—\-an%eh‘\‘ line hom P of x=3:

3) Find the slope +Hhrouah At x=3, _p= 0-3(
Pand Q- = y=10(2)-()™-16 sl .
Mpy= T2 ‘:a =0 2 y-(0)= (Q[x-(1]
_ (lDa &-16)-12 y= Gx-13
-4 Sewovd torgent [ine, from P ok x=6:
_ =ol +10a-38 e:-l- x=0b, - _@)H = 10-2(6)
o4 w=10(e)- (6~ 16 * ’F‘_
=3 =-9
2y ()= Ca)[x- (6)]
==-Ax +20

. Two +an3en-\- lives are |a=6x- 12 ard y=-2X +30.



MCVA4U — Exploring Derivatives i
Power Rule 90L&L‘)ne ns

Challenging Questions-Solutions

1. Determine the derivatives of each of the following

a) f(x)= i x —3\7x_3+7r2x3—% b) g(x 4\/_(7rx/_ PAY )

3 1
Done in class g(x)=4x* {mﬁ - 2%}

19 3
=47x? -327xx*

-1 -1
g’(x) 1957[x2° —247x*

197 24r
-1 T 1
3t +27x° —53x 5x%0  x*

) g(x)="—""=

4 4
g’(x)z3 +£+§x7§
2 2 12
, 3 Vs 25
g(X)Zsz'l‘EX— B
12x3

2. Find the slope of the tangents to f(x) =x> —x+4 such that they pass through an exterior point
P(3,2).

fx)=x"—x+4 y=x"—x+4
my = f'(x)=2x-1 ’
Slope of line passes through points A(x,x2 -x+ 4)
and P(3,2) is

xP-x+4-2 xP—x+2
my=——— > My =———
x-3 x-3
2_
X x+2:2x_1
x-3

xz—x+2=(2x—1)(x—3)

XX —x+2=2x"—Tx+3

X —6x+1=0 6 5 4 3 2 1
x:3i2\/5 8

Slope of tangent lines are:m, =5+ 42 v




MCVA4U — Exploring Derivatives .
Power Rule Sb\w\'tons

3. Determine the value of a, given that the line ax — 4y + 21 = 0 is tangent to the graph of y = % at
X

x=-2. ot

At x =-2 function y = % and its tangent line ax —4y +21
x

have the same y-value,therefore:

4-2)-4[%] +21=0

—3a=-21

a="17 [ [

4. The tangent to the cubic function y = x> — 6x* + 8x at point A (3,-3) intersects the curve at another
point, B. Find the coordinates of point B. Illustrate with a sketch.

y=x —6x" +8x AV y=x'—6x" +8x
¥y =3x"—12x+38 18
m; =3(3)" -12(3) +8 :2
my =—1 y =—X :

Equation of tangent line: y=—x+5 <« (3,-3)

-3=-3+b 9 6 3 3(.36 9
b=0
LYy=—X
2
y=x"—6x*+8x = -x=x"—6x"+8x Z
y=-x X —6x>+9x=0 v
x(x—3)2=0
N
x=0 x=3
U U



MCVA4U — Exploring Derivatives

Power Rule $e\u§r\'oﬂs

5. Find the equations of the tangent lines to the parabola y = x> + x that pass through the point (2, -3).

Sketch the curve and tangents.

f(x)=x*+x
my = f'(x)=2x+1
Slop of tangent line passes through A(x, x? +x)
and P(2,-3) is:

x*+x+3
my =————

x-=2

X' +x+3

x=2

2x+1=

y=x+x

A(x,x2 +x)

(2x+1)(x—2)=x2+x+3 -«
2x* =3x-2=x"+x+3

x*—4x-5=0

(x+1)(x-5)=0

x=-1 & x=5

equation of tangent lines are: y=—-x-1 & y=11x-25

6. Two perpendicular lines which intersect at C are also the tangent lines to parabola

f(X) = 1_—(:()6—6)2 —3 at the points A and B when y =-5.5.Find C.

-1 5 -1 2
— T (x—6)— —(x-6) -3=-5.5
y=-55 — (x-6) =30=55
(x-6) =25 DR

x—6=15 = x=11lorxg=4+5.5

f(x):;—;(xz—12x+36)—3

f’(x):l_—;(2x—12)

Z?(x—6)




MCVA4U — Exploring Derivatives .
Power Rule gQ\,UJ\'\OVlS

m; :_?1(11—6) & m :?(1—6)

=1 -1

y=—x+b y=x+b y=x455

—55=-11+b -55=1+b B =y=-05,x=6
y=x—-6.5

b=55 b=-6.5

y=—x+5.5 y=x—-6.5 .‘.C(6,—0.5)



WARM -UP: DERIVATIVE RULES

1. Differentiate the following. Express the answers with positive exponents.

a) f(x)zx_4—\/§—5—x+82
-9 AR~
[@= A "—dmA = 51 + 6%

£'6= —ux - J;z: X 557(55

3C'(x); -4 —JT -5
e AIX NK
PO -T2

A b) g(x) =x ()cf1 + 1)2
90R)= 7 (2 27+ )
3(x): X x4 A

I0= 2 "5

2 The equation of the tangent to y=ax” +kx+1 is y=4x+k at x=1. Find the values of @ and k . At what point
q g Y y

does this tangent intersect the curve again?

At x=) ,S;LH—k — ©
>
Mlso, Y= oL)+R()+

= atk+l — &
Q=
btk = at kit
Q,:B

y= hxtk
wmy = 4
Y= axkxtl
Y'= dax’+k
Ax=t: 4 =3a() +k
L|-: 3Q.+k ——“@
Suba=3 Ih @ .
L|';3(3)+k
K--5

ot Fo'ml: O:F ‘Lowljenij :

Y= B 5K+]
and "y=tx-5
A't Pom‘t oﬂ:alh‘tcrsec‘tlon :
UA-5=3x -5x+I|
35—q%x+ 6 =0
3(7(3:'—37(.-)':8_-_0
et {(X)= x=3%x+2
- {§8):O = X—| I's aJCo.c‘va oJC ‘_FG()
-1|rte -3 2 ( ‘D(?CL'I"X-D.):O
- / (x-) (x+)(x-) =°
(X'Bz(x‘f‘ﬂ): o
X=| oy X=—2
At x=-2, y=41(3)-5
Y=-13

. Tue 'l'_qnjen".' w|“ m‘tevsec‘t 'ﬁ:te Cuyve

a.jq{n q_'é (_3,_ ,3)



Product and Quotient Rules

The Product Rule

If p(x) = f(x)g(x), then p'(x) = f'(x)g(x) + [ (x)g'(x)-

Restated in Leibniz notation,

du dv

d
If u and v are functions of x, o (uv)=—v+u—

dx dx

Proof of the Product Rule
Suppose p(x) = f(x)g(x). Then
i S Mgl +h) — f(x)g(x)

P =l (cth)—x
s+ D0 {950

Just like multiplying by 1 is a powerful tool in math, so is adding 0
In this case, 0 = —f(x)g(x+h)+ f(x)g(x+h)
Who said mathematicians aren’t creative? ©

i LM+ ) — f()g(x +h) + f()g(x +h) — f(x)g(x)

h—0 h

Next, we’ll factor out g(x + /) from the first two terms of the
numerator, and we’ll factor out f(x) from the last two terms of

the numerator

i {[f(ﬁ 1) —f(X)} et b+ f(x)[g(w 1) —g(x)}}

h—0 h P
- Ené{f(x + hz - f(x)ﬁin(}g(x +h) +lim £ (x) yng[g(x + }2 - g(x)}
= f'(x)g(x) + f(x)g'(x)

Examples
1. Differentiate 4(x) = (x” —2x)(3x* +2x +8) using the product rule

()= B2 +ax+2) + (k=23 (13+2) o
e Ix R 6 X —16 FIRX 2 R X
= 230+ F oA =B ~16



2. Find the value of f”'(—1) for the function f(x)=(3x* —12x* +4x —9)(6x’ —4x* +18)

-S: '[X):.G 97(.3— QX+ ‘#9(67(;— X »—H%} + (37(}’—- };)xz-l- lfx_q) (Lf- 37(5_ /67(.3)

f (’ ’): [la(—t)g- 24 (—l)H][G(‘\Y- 4 I)q+ lS] +D('\)qﬂl&(~|>z+‘l(~l)—ﬂ[q &(—-\)6_ l(o(-\)z]
= (—Ia+3‘i+®(—é—‘1+li¢> T ﬁra+l©(3 —/3—4—?)
= (9®) +58)(-22)

== Y€
Find an expression for p'(x) if p(x) = f(x)g(x)h(x)

p(x) = f(x)g(x)h(x)
=[f(0)g(x)]h(x)

P=[26969] h(d + [FE)9E]hE
ro-f B9 h@ +6)g DR+ §R3E N ()

This is called the extended product rule for three functions

3. Differentiate the rational function f(x)= x(2x +5 )(x - l) by using the extended product rule.

$69-= Cx+5)(-) + %E)(x-1) + x@x+3)(1)
= 2 —ax+ 5x—5+2AxX—2x +2x°4 5%
= 6X+Ex—5

4.1f g(x)=x*f(x) . f(2)==-2 and g'(2)=28then determine f(2) .
3R = ax 6+ x*{'R
96)= 2Q{®+@f'®

zg+;r(_2)+(; (n)/ F)=H

The Power of a Function Rule for Integers

. : o d L du
If u is a function of x, and # is an integer, then o w"y=nu""-—

dx

In function notation, if f(x) =[g(x)]" , then f'(x)=n[g(x)]"" g'(x)
We will prove a more general statement of this (the Chain Rule) in section



Examples
1. Determine /'(x) where h(x) = (4x” —3x+1)". Then, evaluate /'(1).

h'G) = #(kx=ax+)° (zx—3)

h() = #(k-2+1) (36)-3)
= +@0G)

= 2240

2. Find the derivative of g(x) = (3x2 -5 )6 (2x3 + 1)4.

9'RP = ¢G5y )@+ )+ (3x5) ‘(&Yaxﬁ-)s(éx’)
= 36x (35Y (x) + =) (39 & Faclor
2 x(3x>5) @x +I) [3@;(3-\-) ‘i'Qx(sx 5)]
= RAGA=5)"ax*H)* ((P+3+6x > 10%)
= X (EA=5) (3 (]ax™- 10%+3)

3. Differentiate the following. Write the final answer with positive exponents.

(2x-1)’
o ()
hG)= (ax-1) (32
h'(x) =2 (2x-) @)(3701-:2) + (ax-) (—3ﬁx +2> ( )

=4 (:‘7"')(37& 2) -9 (3;(-;-3) @X

= @)t [4Bxra) - 3G x)]

= (A=) (x4 (-6x +17)
(X~ (=6x+17)

(3x+3)*

Quotient Rule
If h(x)= &, then

g(x)
RIPACEIC R [T
[g(x)]
du dav

V—Uu—

In Leibniz notation, i [zj _dx  dx
dx \ v

2
v




Proof:

Since A(x) = % ,g(x) # 0, therefore

glx — multiply each side by g(x)
Mx)g(x) =/ (x) —differentiate each side
h'(x)g(x) +h(x)g'(x) = 1" (x)

h'(x)g(x) = f'(x)—h(x)g'(x)
oy = D hg ()
g(x)
F@-T D e
g(x)
g(x)
! _ M 1
O 05D g
g(x) g(x)
_S(0g(x) - f(0)g'(x)
[g(x)]

Examples
3x—4
x> +5
NG)= 3(x5) - (3242
(7<‘+5)’
= 3XFIE—EXHBX
(x%5)*
= =3xX4Rx+I5
(x*+5)*

1. Determine the derivative of A(x) =

. . X
2. Determine the equation of the normal to y = at x=0.

x°+1

Definition: A normal line to the graph of a function f(x) is defined to be the line perpendicular to the
tangent at a given point

l= ’ = Q( 2+D_ (X.)
4= 18 Coam
= —2x’42

(6= 2(0) | :

(oY +) \ /
=0 /

(o) = —20Y +2
'S: [ ) Y_Co)z_{_]l

E ua‘flo;ﬂ (1] hDYMA} fs . 2 2
Eﬁ/ﬂ"j': "P"(X"‘D — /\
lj-o :-5—6"‘@ | / |

9= 4~

=

-m, = =L
. J_ a




2x+38

; N Ix

f'(x); J@(ﬁ_ @x-l-%)& % z) OR  uS\y Pmd.uc\- yule:
X

3. Determine the coordinates of each point on the graph of f(x) = where the tangent is horizontal.

£ 4+
- agt oo ferd) $(9= axrec
S 6= x*—4n =
= :zx’—;c — 4% = XEFO—)
L -1
= X—yxt = K4
L A=
= X -’-'(7(—4')
X
= XxX—4

AE $00= 2(r)+8

Tanjen‘i: Is hoylgonfal => Mti% - 8\1_
O=Xx-4

2. The pont is (#,%)

Challenging Questions

1
1. Determine the equation of the tangent line to g(x) = (—3 + lj(x - 1) at x=-1.
X

2. If g(x)z%,where f(5)=8,and f’(5)=—5,ﬁnd g'(5).

x+9
3. Find the points on the function f(x)= _8 where the tangent lines pass through the origin
X+

4. Recall: A normal line to the graph of a function f(x) is defined to be the line perpendicular to the tangent
at a given point. Find the equation of the normal to the curve y = x> =1 at the point where x=3 .

f(x)

5. Let fand g be functions such that g(x) ==——=. If y = 2x — 3 is the equation of the tangent to the graph of f(x)
X
at x=1, what is the equation of the line tangent to the graph of g(x) at x=1 ?

6. Find the points on the curve y = Ll where the normal line is parallel to x+ y=2.
X+



MHF4UE- Derivatives & Applications :
Product and Quotient Rules SDKU}\OY)S

Differentiate the following. Write the final answer with positive exponents.
2x-1)’

H(x)= E3x+2)3
h(x)=(2x-1)"(3x+2)°
h'(x)=2(2x-1)(2)(3x+2)" +(-3)(3x +2) " (3)(2x-1)’
=4(2x-1)(3x+2)°-9(3x+2)*(2x-1)°
=(2x-1)(3x+2)"[4(3x+2)-9(2x-1)
=(2x-1)(3x+2)" [12x+8-18x +9]
=(2x-1)(3x+2)"(17-6x)
_ (2x-1)(17-6x)
(3x+2)*

Challenging Questions-Solutions

. . . 1
1. Determine the equation of the tangent line to g(x)= (—3 + 1j(x —1) at x=-1.
X

x=-1,g(-1)=0 equation of tangent line:

g( )=(x +1)(x 1)
g() ( )(x 1)+(x +1)
my =g'(=1)=(=3)(-2)+(0)

m; =6

y-0=6(x+1)
S y=6x+6

2. If g(x)=\/ﬁ,where f(5)=8,and f'(5)=-5, find g'(5).



MHF4UE- Derivatives & Applications .
Product and Quotient Rules g O\,UJ"\-QY\-S

3. Find the points on the function f(x)= x_+é93 where the tangent lines pass through the origin.
x+

= (x)
@) =(x+9)(x+8)" : b -
7= (e8) (8 (69 ) 7
_ (x+8)(x+9):—
S'(x)=(x+8) [( 8)=(x+9)] :
X +18x+72=0
f'(x)= (Hg) (x+6)x+12)=0
x=—6 or x=-12
Slope of tangent line passes through _ 3 3
o _ $49) . points are | —-6,— | and | —12,—
origin and point (x, j 1s
5~ x+8
= %=X x+9 _
T Y . 0 40
mT = > mT =
x-0 x(x+8)
4. A normal line to the graph of a function f(x) is defined to be the line perpendicular to the tangent at a given
point. Find the equation of the normal to the curve y=3/x* —1 at the point where x=3 .
! Z .
y:(xz_l); h"\' X=?>, ‘a‘:;@’)’\
= —> y=-2x+b
R VPR 2=—6+b
yi=—|x"-1) 3 (2x
3( )2 b=8
1 2 : L
M x=3: m, 25(32 _1) 3 (6) Equation of normal line .. y=-2x+38
my %—)mlz—Z

)
X

5. Let f and g be functions such that g(x) = . If y=2x - 3 is the equation of the tangent to the graph of f(x) at

x=1, what is the equation of the line tangent to the graph of g(x) at x=1 ?

20 =x"£(x) Atr—L, g(l):@:_l.
g @) =—x7f(x)+ f(x)x”
=g'=—f+ /(1)

Equation of tangent line at (1,—1) on g(x)is

y=3x+b
At x=1, m =2 that means /(1) = -1=3+b
Also atx:l,y:2()—3:_1 b=-4

Sy=3x-4

that means f ()

my =g'(1)=- (1)+ (1)
=—(-1)+2
=3



MHF4UE- Derivatives & Applications -
Product and Quotient Rules gﬁ\uo'\'\oﬂs

6. Find the points on the curve y = Ll where the normal line is parallel to x+ y =2.
X+

X+y=2->y=-x+2 m =-1=>m,=1
, 1

- 2 0

(x+1) B =0, y = -(QL)Z-\

1 1 =0
()H—l)2 C—Q)
(x+1)2=1 A-l—x:—_-—a, \a=—£‘1)—+(
x+1=+%1

X=-|%\ =

% =0 or X=-3 - e ponds ore (0,0) ond (R2,9).



Warm-Up: PRODUCT RULE

The limit below represents the derivative of some function f(x) evaluated at some number a.
Determine the function and the number a.

f’(a):lim2(6+h) 2(6) f(x)=_2% , a= &
h—o h
1. Differentiate the following .Where applicable; write the final answers with positive
exponents.
2) g(X)=(5§/X—3-2—;j§/§ b) g(t)=m5'2t;+3ﬂ2
3 -2 Ji- -€ 2)-2
9= (55" - 127) % q)= L+> 24 %7
- 5L % M= TE A — 2T
gl = SKFT—gx 3 3(‘5) Wt"’y» ==
1 _ =) -2
§H= Lt Hrs %
!
=1t + 5

2

2. Given f'(1)=4,g'(1)=-2,f(1)=1,and g(1)=1,find b'(1) if h(x)=(2x-vx) g(x)+x*f(x).
MGd= 2(ax-Vx)(a-15) 9@ + @1 96 + 305+ <LK
()= 2 06| 2-58] 40 + - () # 36750y + 0P )

= 2()@)(1) + (D) +3() + 1 (#)

3—-2+3+4
€




. Chain Rule

The Chain Rule

If g(x)is differentiable at x and f'(x) is differentiable at g(x), then the composite
function, h(x)=f(g(x)) or h(x)=(fog)(x)is differentiable at x and #'(x) is given by the

product

h'(x) = f'(g(x)g'(x)-
In Leibniz notation, If y=f(u) and u=g(x), are both differentiable functions, then

dv_dy du
dx du dx

Proof of Chain Rule:

[£(g(x))] =lim S(glx+ h)z —f(gX))

h—0

h—0

_ Hm{f(g(x )= S g, 1}

_ lim{f(g(x +h) = f(g(x)  glr+h)- g(x)}
" h gx+h)—g(x)
We can only make this move if we know that g(x + 4) — g(x) # 0. In other

words, this proof is not valid over any domain of the function for which the
graph of y = g(x) is a straight horizontal line.

(f(g(x +h)= f(g(x))](g(x +h)—g(x) ﬂ
L gx+h)—gx) h

S(gx+h) - f(g(x))} nm[g@‘ +h)- g(xq

h»O_ g(x + h) — g(x) h—0 h

Look at the denominator of the first fraction. We’re taking the limit of that
fraction as # — 0. We know that %iir(}[g(x +h)—g(x)]=0. So, we'll let

g(x+h)—g(x)=k. Recognizing that k — 0 as 7 — 0, we're able to
rewrite that last line as follows:

- lim{f(g(x)Jrk)—f(g(x))}. {g(xﬁLhZ—g(x)}

m
k—0 k h—0

= f'(g(x)g'(x)



Examples:

. d
1. If y:u2+u—1,and if u:xz—zx/;,then evaluate —yat x=1

dx A-t X:l, u=I—2a
%‘g_=2m+i + dy
u dx du dx d
4 2 = [a[0-w]
i‘*’;.: Ax — X % . ﬁ%x' "'(Q“"")(g"(_’lﬁ) x X=1p=) - (—D(l)
x* -3 =l
2. Determine the derivative of f(x) =3 352
= 2—3 3
$ (%c
(: x-3)5
§®= & ) [.;!x > <";,’65x§= s ﬂ
3 57() [gx'?ﬁzf)’i 15‘]
L (3 59°_ C5rron-19)
3 (7( 3)3 (3 57<>
= 5% -|-§7c-—|5
e e
3. Differentiate:
a) f(x):m(nx2+ rx )ﬁ 5+3x
{'6=Fm nx‘+Y7bﬁ-’(3"7‘+f) ZF(X '|T(5+3x) b)
=3u(503x)
0 y= — d) f(x)=/4x"+6x -1 +
I e N PR= L (o ex-)
l—‘i'x.
j'_._ (l-%‘) +H~xﬂ—&x) = 4253

- x> ( ll-x‘)t \I“I'X"l'é’(""
'j'z 6-47(’)-"‘:L6—‘+7<’3+‘I-x]/‘

| —4x*




= (2x> —9)\3x” +5x f m(t)=Rt+y1+£

% (2 —q)(sx 453 m(4)= [++(\++)]3
3.. *m(sx'?—Sx) +(ax* -ﬁX,_)(Sx-l-Sx) (€x+s) m'(E) = .L(t‘l-'\ll_-l-— > [H— LG+t (215‘]
_ x - t
'j L (ax’a-'s@ [_g (2x°+5%) +Ex+5)(ax™ ‘D] - + =
X +40xX+12:3- 54x+H0X—#5 - ) S
I A(3x%+5%)= 3 (£+dFE)
'S BEXF5oX = Shx— 45 = [+t +..t
S 3 3(t+ NFE)¥ ({ 1)
4. a) If h(ﬂ:M,determine h'(x).
g(x)
h'®) = Q.F(x) o ') 96 — G(x))zﬁ ')
[3G9]*
= 40 [24'0 o)~ $69 460
36T

b) Given f(1)=2,f (1)=-3,g(1)=1and g'(1)=4find h'(1).

W' (@)= 2£0) £'0)-960) — G6Y-9'C0) h()= ~13-1€
[3 I'}L W ('] 2(;)(_3)(,) (q.)(z)?- / la'(')-'*-.?%

l:.
5.0f y = f(3x )and (3 ):—1 determine % :
x=1

d%_ P'(xY). (2x°)

:Cj_,gc_\ | _?'(3).0:1)
RS

=-3



MHF4UE — Exploring Derivatives

2.3 Chain Rule onu:k'lbns

Practice

1. Given that g(2)=4,¢'(2)=-1A(2)=2, and #'(2)=3, find f"(2)if

a) f(x)=
2= 3 [ae0]" 9 (o)
5@ = 31968 4@

=34 v
= ~K3

(g(x))

b f(x)=g(h(x))
F6= o' The] ')
f@=9'[h)- WG

INONE
= ()6

-

2. Let f(x)= h(g(x)) and j(x)=h(x)g(x), where gand hare differentiable functions on R.
Fill in the missing entries on the table below and determine h(4) and h’(4).

X h(x) h’(x) 9(x) 9'(x) f(x) f(x) j(x) j'(x)
0 ,L‘ 1 2 —R \ -8 -8 10
1 2 2 & | | 4 4 6
2 l 4 4 ) 15 8 4 18
NG o) : < h(oco .
0= 4m  MOmgm o= O ::(?( Y 40= ()
- = i = 4 _ Q> - h(a)
= 2 3 3 = | =
=y = | =Q

£0=h (g -4/
HOSNCORYO

) (I=h9g6) + W ' ()

JO=R0)40) +10g©  FO=REN-40) YO =R+ Ng'()

CANORNG) (10)= ()@ +(-4)4'® (4= W@ o/ 0) ©) = K@+ @D
3= (W) (o) 52 g0 4= ()90 8= w0
2= 9'(0) -3 = ¢'(0) =9 ) 4=h0

3 ()= RE) o +NDa'(®)
(@)= @)+ (g
18-l6 = %’(&)

Q= %’(&)

£ 3)=h(qk)
5 =h(®
S hW=\5

f@=N(q@)9®
(B)= K'(4)- 9'(
EANORE
A= h’(_‘\)



3. Slope of the normal to the curve with equation y =ax + b

at point(1,6) is —%. Find

the values of a and b.

m=-3 b
+ Ar(1,0): (0= DY 3R
L mg=a b=a+b >B
yzox+ b(4-34) B0 4=-2
_Q - _
13‘: %K +o(=) (4-3%) () oL i_‘n)i 5
~ 3h S = S
= T 2= a3
ML ok s 073, b=-a
2 = 0t E{_u‘)li
2= o3b(D
4. Find k given that the tangent to f(x)z (k 1)2 at x =0 passes through (1, 0)
X+
Y —
$(o)= [k(o)ﬂ]z \Qy\oé),n\' poseS “\)Y\N\mah

(o) ond My =-8K
Eo‘yfn of %t%n%: %': ~Bkx +4
~ Tonggnt Tne. posses *\’nmﬁ) (1,0,

=4 . Pt ot -\-u!\ofm% (0,“\)
$ (=4 (k'xq—\}—a

R OE —X(kxﬂ)_a(k) s i 4o Bnd k:
= gk (kxwt)°
$O)= -3k [ko)+] ©) =3k D+4
= -8k i
= |



4

(a) Find the equations of the tangent and normal at the point where P(3,4).

5. Consider f(x):

(b) If the tangent line cuts the x-axis at A and the normal line cuts the x-axis at B, find the coordinates of A
and B.

(c) Find the area of triangle PAB.

-1 Normal :

%) $6)= A (4,72 M=t ek (34)

25 ) = -2(H -X_)f(“ V Y- (4= CY[x-6)
=Q("l'7()s \5:—%7&+%

m,= 8= 3[H-G)
= d

- Gyt ok dargent
E?:' (W=Q[x-G)

Y= 2x-a
) and -mtercepls for Ha dorggnt ond rormal line:
Torgent: Nomad
0=32x -3 = dx+d
| = X x =0
< Point A s (1,0) - Point B 1s (W,D).




More Practice on using Chain Rule
1. Differentiate the following .Where applicable; write the final answers with positive exponents.

3X“—x+5
a) y (2+x)+J_+XJ5_;(

o) S(1)=(1-27 |+ a5

(3x+2)°
c) h(x) W

2. Let f and g be differentiable functions such that g(]) = 3,f(]) =-2, f(3) =-1, f’(3) =-2and

(Express in a fully factored form)

g (1)=2.Leth(x)= % If h'(1)=5, find the value of f'(1).

3
3. Find the points on the curve y = (1—%) where the slope of normal line is 15.

4. If ur?f(QLh)—f(Q) =-4 and g(x) =f(\/5—x2) , determine the value of g'(1).
5. Assume that h(x) = [f(x)T .9(x). where f and g are differentiable functions

if £(0)= _E],f'(O) = gond 9(0)=-1,g(0)=-2 . determine an equation of the line tangent to the

graph of h at x=0.

6. Consider the curve y = ax/;+bT where a and b are constants. The normal to this
X

curve at the point where x = 4is 4x + y = 22. Find the values of a and b.
2

5
x-(k+1)
dy

8. Given y = ;LS; ,and u=+x*+3, determine ax by using the Leibniz notation.
X

at x=1. Find value of k.

7. Liney =K is tangent fo the curve f(x) =

x=1



More Practice on using Chain Rule
1. Differentiate the following .Where applicable; write the final answers with positive exponents.

2 [
0) y=(2+x) +§i + X WX*5 Lo Divide
\5x

Q! = 3 -2
Y= G )"+ (1-6)° %_E”(z—\gﬂ%x

‘9\: To(ar ;)m- l( ) + l5(1 -xzj%(‘bc) ¥ %g(g“)?‘i {5 (’ :"z) ;(%

_ 2\IC-1 '& 3
_aﬁx(&h‘ B 'xz 4 +ql—g_s'xz" ﬁa
5(\"7()? Q%2

b) S(T):TQ(]-QT—F}M
1
SW= +*-am + (4£-5)

5 1= 2t + 4 (45 (34)

- 4+
T
c) h (x) = ((32)(;: ]2))23 (Express in a fully factored form)
(2’ h(e L@ - (- (F)(3+2) ()
o= C3x+&)3 (37<+ 2)®

_ A @)Gx+) - (a1 (Bx+d)’

G 12 —(:a_c—(-w
_ G334 (3xs)-a(ax)]

(3x2)° o
(st O Smplthed
B (3%+2)° (2xt2)

_ (ax)(-6x+3)
(3 x+2)*




MHF4UZ More Practice on using Chain Rule Date:

2. Let fand g be differentiable functions such that g(1)=3,f(1)=-2 , f(3)=-1, f'(3) =-

f
andg'(1)=2. Leth(x)= & If W'(1)=5, find the value of f'(1).

f(x)+g(x)
()= L (B)E (X)(E(x)+8(x))-(F (x)+ ' (x))f (8 (x)
(f(x)+8(x))
h'(1)= f'(g(1))g (1)(F(1)+g(1)- (£ (1)+g (1))f(g(1))
(f(1)+8(1)
e (2)(f'(3))(1)-(2+f'(1))f(3) > (s)= £'3)- (2) [(_-;z)+(3)]_ T_‘N‘ﬁ@-ﬂ'*:@
5=-4+2+f'(1) - [('l)+(3)]3
f(1)=7 5= (AR)- [+ 0)+2](-)
5= -4 +£'()+Q

; +='Q)

3. Find the points on the curve y = (]—%} where the slope of normal line is 15.

m
! 15 l:l-z OI' _1=1_§
2 3 5 3 5
B O B
2oq-= To142
/A 5 3 5 3
i: i(l_fj E_E E_i
15 15 5 5 3 5 3
1 ( sz 10 1 20 1
—=1-= X=—|>ly=— X="—|>ly=-—
9 5 3 27 3 27
1 X
+-=1-=
3 5
f

4. If ”m(2+)-f(2)=‘4 and Q(X)=f(\/5-X2) , determine the value of d'(1).

5 ()= £ ({5-0) - 220

h.% h - - (2)=-4 g'(l) =f'(2)o 5 Qn"\i-—OY
s(3)=r({5) / a2
O




MHF4UZ More Practice on using Chain Rule Date:

5. Assume that h(x)= [f(x)]3 .9(x). where f and g are differentiable functions
If £(0)= _E],f'(O) = ? andg(0)=-1,g'(0)=-2 , determine an equation of the line

tangent to the graph of h at x=0 .

W(x)=3[f ()] £ ()& +E@ O po)=[(0)Tg(o)

h(0)=3[f(0)]"-'(0)8(0)+# (o) [f(o)] (2]
-5(3) (3 Jeorea(3) L1y () s et o
it oy
= 4e~m45 Bapehom: y-g = XY= Xt

6. Consider the curve y = c1«/§+2 where a and b are constants. The normal to

Jx
this curve at the point where x = 4 is 4x + y = 22. Find the values of a and b.

)7=aX;'|']:)XE la-ib:l_)4a-b=4 (1)
- 4 16
=x2(ax+b .
Y ( ) y:a&.yi&)y:za.kk Pb\n'\' M"HQ
X

Vx 2 | (uyve where
4x+y=222*4 5 yv=-6 Yo normal

occurs

y'=§xf(ax+b)+ax-21
Pt #=4: m,=21(a): (4a+b)+a(4):

-1 1
m, =E(4a+b)+;a

m,=ta-1b
‘4 16 2a+2=6
2

CAX+Yy =22 5>y =-4X+22
CAxTy y=4 1) g4a+b=12 (2)

m, =-4—->m, =-—

LTy 4a-b=4 @)

a=2,b=4
4a+b=12 (2)



MHF4UZ More Practice on using Chain Rule Date:

Zhoﬂwn\o.\ tne -. m, =0

2
7. Liney =k is tangent to the curve f(x) = xi((k_f]) at x=1. Find value of k.
£/(x) = 2X(X-k-1)-}2(2 +5
(x-k-1)
f'(1)=0->2(1-k-1)-1+5=0
-2k=-4
8. Given y=%3; ,and u=+/x*+3, determine dy by using the Leibniz notation.
- x=1
dy dy du -
vy (o) .7
R N N ORI
(2u 1)2J Léx/x2+3szlu=2 o | 1(U-+3)
_7.1 T oA CQ,\,L-\):L
97 § _ Jul-u-6
T (Q.u. ()2
CQU:\Y
2
w= (_Xl+3)2
du A/ > 2 )
ax = 3(x+3) (3
= X

1
A x =1, u= EC1)2+3] :
=a



Mid-Review
. Let fand g be differentiable functions such that g(1)=3,f(1)=-2 and g'(1) = 2. Let

__(f8)(x) Ve £ ,
h(x)—m. If h'(1) =5, find the value of f'(1).

3
. Find the points on the curve y = (1— f) where the slope of normal line is 15.
5

CIf ]him f(2+};l)_f(2) =-4 and g(x)= f(«/5-x2 ) , determine the value of g'(1).
)

. Assume that h(x)= [f (x)]3 .g(x), where f and g are differentiable functions.

If £(0)= _71, 7(0)= _?8 and g(0)=-1,g'(0)=-2 , determine an equation of the line

tangent to the graph of h at x=0.
. Let fand g be the functions satisfying f(x)=(x ),/g(x) for all real numbers x. If

y = 4x -3 is the equation of the tangent to the graph of g(x) at x=3, what is the equation
of the line tangent to the graph of f(x) at x=3.

. . . +1)(2x-
. Determine the equation of the line normal to the curve h(x) = w at x=-1.

1-X

. Determine the point(s) (a,b) on the curve of y = x+1 where the slope of the tangent
x-2

line is -3.

x*-5

m at x =1. Find value of k.

. Liney =k is tangent to the curvef(x)=



MHF4UZ Mid-Review-Solution Date:

1. Let fand g be differentiable functions such that g(1)=3, /(1)=-2 and g’(1)=2. Let

h(ﬂ:%. If #'(1)=5, find the value of f'(1).

. )

e x50

(1) = (£ W+ (& (W)(E (1) +8(1)-(£(1)+ (1)) (F (1) (1)
f(1 +g(1))2

5=3f'(1)-4+6f'(1)+12

3=9f'(1)

f (1):g

1
m,=15=m, =-— 1 - 1 -
15 _  , —=1-= or -—=1-=
3 5 3 5
X -1
y=3(1-— (—j X 1 X 1
5 5 Z=1-= =14
. 5 3 5 3
—= i(l-fj x_2 X_4
5 150 5 5 3 5 3
1 x 10 1 20 1
—=(1-—j X=——)y=— X=——)y= -
9 5 3 27 3 27
1 X
+—=1-=
3 5 _—




MHF4UZ Mid-Review-Solution Date:

f(2+hh)—f(2) =—4 and g(x)=f(«/§) , determine the value of g'(1).

3. If lim
h—0

lim
h—0

: f@+2—fﬁth4%fq@=4

4. Assume that A(x) =|:f(x):|3 .g(x), where f and g are differentiable functions.

If £(0)= _?l,f'(o) = _?8 andg(0)=-1,¢'(0)=-2 , deftermine an equation of the line

tangent to the graph of h at x=0. h( )—[f( )]3 ( )
B(x) =3[ (3) /()-8 (x) + & () [£(x) v
h'(0)=3[f(0)]".f'(0).g(0)+g (0).[f(0)] =(—j (-1)
-1 (-8 -1)? _1
o2 (3 Jeoeen3) 8
=+t y-2=2x
=2+ 8 1

H [\©



MHF4UZ Mid-Review-Solution Date:

5. Let fandg be the functions satisfying f(x)=(x),/g(x) for all real numbers x. If

y =4x-3 is the equation of the tangent to the graph of g(x) at x=3, what is
the equation of the line tangent to the graph of f(x) at x=3.

_ Line y=4x-3 is the tangent
F(x)=x{8(x) (%) to g(x) at x =3, that means g'(3)=4.
f'(x)= g(X)+2gg(X)°(X) Also g(3)=4(3)-3=9

(3) f(3):3\/@
£(3)= B+ 50 =9
£(3)=9+75+(3) "y-9=5(x-3)

m,=5

6. Determine the equation of the line normal to the curve h(x)= w at

x=-1.

h(x):%_,h(-l)zo

(ax-1)(1-x)- (1) (2" -x-3)
(1-x)
m,=h'(-1)>m,= g

h'(x)=

. 2
Sy==(x+1
S (x+1)

7. Determine the point(s) (a.b) on the curve of y = )):—+2] where the slope of the

tangent line is -3.

r— -3

VT (x2y

3=_"3 a-2)"=1
3 (a_z)ﬁ( )

a-2=%+1
a=3 or a=1
b=4 or b=-2



MHF4UZ Mid-Review-Solution Date:

x?-5
x-(k+1)

8. Liney =k is tangent fo the curve f(x)= at x=1. Find value of k.

2x(x-k-1)-x*+5
(x-k-l)2

f'(x)=

f'(1)=0
2(1-k-1)-1+5=0
-2k=-4



Higher Order Derivatives, Velocity and Acceleration

¥

So far, we have seen that the value of the derivative, f"'(x), gives
us the instantaneous rate of change of a function, f(x), at a point.

It is represented graphically by the slope of the tangent line to the

curve, y = f(x) , at that point. Throughout the graph, the slope of

the tangent line is continually changing. We can describe this
change as the rate of change of the slope of the tangent. To
determine how the slope of the tangent is changing, we differentiate
the derivative function f'(x). If f'(x) is differentiable, then the

derivative of the derivative function can be found.

This is known as the second derivative of f(x), and is denoted in : 2 !

|
N

function notation as f"(x).

In Leibniz notation, the second derivative is denoted as
&y _d*[f(0)]

dx* dx®

Example 1

Find the second derivative of £ (x)=x*+3x% —5x

I _ 3 _ —-A—
£0)= "t +ex—5x

P=12c"+e+5_

Ak
E le 2: Flnd d2y iven = 5X-3 —_— 5 — 3 x-,
xample 2: FReE g y ox =2 >/— = 5

Page 24 of 53



Third Derivatives

The second derivative of f(x) is found by taking the derivative of f(x) twice. This can be extended further if f(x) is
differentiable; taking the derivative of f”(x) gives the third derivative of f(x), which is denoted in function notation
as f”(x) or f@)(x).

In Leibniz notation, the third derivative is denoted as shown.

&y _ &[]
dx’ dx’

Note that the brackets around the 3 are required in f®)(x).
In general, if the derivatives remain differentiable, the nth derivative of f(x) is found by taking its derivative n times,

and is denoted f(n(x).

Example 3: Determine the third derivative of the following functions

a) y=§ or j: X-A b) y:2x—6 oY ﬂ:.s(ax—é]r' c) y:\/; oY :jz 7(,%
, 2 = -3(:27(-&) *® X E
=% 3 G- e (o) E
v _ = = = X 2.
g=ax _y "= 12(ax—¢) (1) 377
j =—6x j = 2“"(27("4) j‘"; ix_%
- -é 11} -4 %
=X 3 =-7a(ax-¢) (3 §e 2
- —bt¥ X
(Qx )’

Example 4: Suppose f(x)=ax2+bx+c and f(1)=8,f'(1)=8, and f”(1)=—4. Determine a,b, and c.

S'I(x): 2ax+b Subk 0=-2 1w
g(:} 3 3 :a(-a)+b
3=z aa+b — b=+

5:“(7()= R4 R ) It i PO {.6): €
:F(') ==4 - ?:—a(l)='+:,.6)+¢

" —"l':;li. g=5te
A= C=3%
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APPLICATIONS OF HIGHER ORDER DERIVATIVES - LINEAR MOTION

Definitions
Position s(t) is the location of an object at a value of time t. NO('Q _“\.Q.SE. ore VQ.C.‘\'O(
Velocity v(t) is the rate of change of position over time, so ‘L -
- ds wrl—\%es with o
dt mo.%r{\ +ude and
Acceleration a(t) is the rate of change of velocity over time, so d C‘\"\ on
a(t) =v'(6) = s"(0) QureCnon -
Or
dv d’s
at)=—=—
© dt dt’
Position

s(0) represents the initial position of the object (when ¢ =0)
s(t) > 0 indicates that the object is to the right of the origin
s(t) < 0 indicates that the object is to the left of the origin.

Pt
b s(t) = 0 indicates that the object is at the origin (where it started)

Velocity

ds
Thus instantaneous velocity is V() =s'(t) = E

v(0) is the initial velocity (when ¢ =0)

v(t) >0 = object is moving to the right (positive direction)

v(t) <0 = object is moving to the left (negative direction)

v(t) =0 = object is at rest or object may be changing directions or object may be at
a maximum/minimum height &Mm‘nﬁlta 9\‘,?5

Acceleration

a(t) > 0 =object is accelerating (velocity is increasing)
a('t) < 0 =object is decelerating (velocity is decreasing)

a(t) =0 = objectis at a constant velocity or object is at a max/min velocity

(ie. crutse. control)




If sv > 0 the object is moving away from the origin> Same. direC wns/Sians +H+ - -
If sv <0 the object is moving towards the origin _s, owg'\-\-,e_ &\Ye.d'ions/ Q%Y\S +/~

If av > 0 the object is speedingup > Sagme d]ch\-\'ons/sfaY\S ++ --

If av <0 the object is slowing down _, DPPOS“"'(', direchons /§I

ns  +/-

Example 5: In each graph determine if the object is moving away from/towards the origin or speeding up/slowing

down

(d)

s(t)

(b)

(@

w0

() >o Ssvdo viE)>o
v(t) >0 vWso . <°%av<o
a.(£3>o=$a>° a.{)
>/ !
QY vom oVI9 17 MOV o “(.'{IWY‘ NOV\ ..som
Movmj aH_J{: m ovig 6\’\3“:\‘9_? S?ee.elmg up om":?\, oing doon
() ® ’
s(7) s(7)
s\(,?e)>:° =sv<o v®<o v(t) <o
at)<o a(t) ﬁ, o
>0 av<o
4 t t
M°V|75 ‘J‘DHAVJ H?e oriqin “\OV\!!%‘\‘DM e _W\.IW%‘\OW? dhe

—Ngin,; Speedugup




Example 6: Complete the table below the graph.

s(t)
A

a@®).v(d) s(e)v(®
Interval Displacement Acceleration Speeding up/ Moving away/
+- Slowing down toward
[0.2] — Speeding up Moving auay
[2,b] + sloume down Moving auay
[b.c] + Speedng up Moviq towavd
[cd] — slouma doun | Moving away
[d.e] — sPeeJmJ up Mov»;J touavd
[e,f] + sloumj down Moving auay
[f.g] + SPeeJan up Moving toward




Example 7: An object moves in a straight line according to the motion equation

s(£)=26 —15 +36t-22,¢20. wheve £ 18 seconds and
(a) Find the velocity and acceleration at time . S(-l:) 15 1h melves .

5'({)=V(t) = ¢t -30t +3¢ ,t>0
S'@ev)=oB =t -30 ,t >0

(b) Find the initial conditions and interpret their meaning.
Al t-o, s)=-22 ,v(e)= 36 , a(0)=-30 ‘ ‘ _
The QLJ'ect s 2am 5 te left of the ov':;-l;ﬂ ond the mitial velocty 15 36 mjs Yo the r\ah{-_
_n.c oLJéc": lr'n{l'a”j ejece,leme ai’. o. ra OJ: 30 ""/52.'

(]

(c) Find the average velocity and acceleration from t=2to t = 4.

Ava.ve‘oc'lr:s Avj a“el.,cbon =v)-v ()

= )= i[il)_"-:o(»naq: ~[66-300) +3¢]
2@ 5@V + 36 -2a] - R 15G) +366) -22.] . GT
= 10=6 2

3

Avevaje acce’em-}.oh 1S GM/5"
=2 .'.Prve.vase Ve.|oc.|5 s QM}s .

(d) When is the particle at rest?
Bohde 1s at vest when v@)=0
§t*-30t+3€ =0
é(tz— 5't+€) =0
t-9E-D=0

t=3 ov t=2
.. The fmr"’lc’q (s a,t resf Nl\en t: as ard +=3s.

(e) When does the object move in a positive direction?
v(£) >0 Mothed #1: Gragh Method #2: Inlenad Chort
(D3>0 S

v +y - 3

o 2 3 o

¥ < Nole : leadmq co rerent
{: Ioéu’n’ve %35120\:‘{ with
ositive sian on e fay

3
'-OLJé.ct moves In & Fosr’we divection when vight .Snnn Cl'wmaes 1.32

the dearee O)C :lfacféy
o\<t <2 amc’ ‘L'>3 s od 3S|3n vemains Fe

Same 1f the W 'S even.



Example 8: The motion of a particle on straight line is given by position function s(t) =36-24t+9t* -1, where

s is in meter and tis in minute. 5@33 - 36—2‘1-{'1'“:7'— ts

(a) Find the velocity and acceleration at time t. =- ({-_'th’-r;q.-t - 36) = s@)=0°
v{E)= -o4 413t -3t* alt)= 1s-6k L t:: s o ]c:ir:co]c sEE)
v(t) - - 3({:1— ct-l-%) a(ﬂ :'é(‘l: —3) | —€ % -3¢

- 3@y S

25 (- E=2+9)
(b) After how many minutes does the object stop?

v(t) = o uhen the object stops
o s

o betor B=2 .. The oLJéc{: 540]’5 a-ﬁév 2 min and # min.

(c) When is the particle moving toward the motion detector?

BV(B<0 when sheck oves “ovords e reference. pant

5() = — (k- G==t+<) —
vl=-2(3-9E2) ﬁ | ,
= S@.’,) V('E) =3 (E*—G) (‘t:St‘i'G) (‘t—‘f)(t-l) - . The ol:Jéc.'t I's Mmov lnjel‘llo wavd h"le Je‘l’ec ov

when ogt<2 and #<t<e
(d) When is the object slowing down?
v (0-a£)<O Whon object is slowing down .
- -+
V(E)= ~2(E-HE) S S S
a(t)= -¢(t—) o ‘ ‘ r<a
.. Ob ec{' is Slowing dovn when OST<S
o.@‘:).v({): ’g({-’%&’@@:’% J J ond 3<t <h.

(e) Determine the total distance traveled in the first 7 minutes.
From b) Hhe objed slops of t=2 and =4 od lons]dev'w%:\"r\e inrervod [0,%].
Find the posihon oF Jhe dbject ot these hmes.
$(@=36

ASk—— 00s
s()=3-24(2) +Q(&)a- (Q)z —34s
=l . s k— _ -
5 () = 36~ 24(4) +a ()~ (4)° J D . _
= 20 i -2y o 20 % 7S
s(@= %@ +a(H-(*
=-34
Use GDC.-
Total distance = ’sé)—s(‘r)l-f- ls(u-)-s(n)' + ,s(:z)-s@)l D) Enler function Y,
= , —3"|'—20| + ' ao—-lé‘ + Ilé —36} 3) Vors —» Y-vavs —> Function -
= SHHE430 ¥ B [(][7]D] > [Eder]
= 7% OR
) Groph Hhe funchon

2) Press Han erter 4o
+-volue



Application of Higher Order Derivatives:

Linear Motion

Displacement Velocity Acceleration
) Notation: S({) ') ('(') Q ('9
L Unit of measure: m rh/S ov ms’' W\/S: or ms.a‘ ,
Order of Derivative n/a . S'G'-) or %% ('E) OVOE_P or V'f;)
efinition: The 2 Rode of of posihion| The voke
Definition: position wr\-homspecl- Jo *Py::, \-/‘:':;lo-‘c:-l-\a with vespeck
me . AV
b-bas wmh = B w\-rl-\a, Vecto L’\nl"'(\a.
\Veclor : ecor
Other notes: \Nr\'h q’ r. Vector e ua
davech
o - ) calod)| VS- Speed (scalar)
1.

Vertical Motion:

A ball is thrown up and its motion is described by /(7) = ~4.91% + 67 + 2 where h is the height in metres and t is the

time in seconds.

(a)

Find the velocity and acceleration function:

V(H)=-93t+6 « h'(¥)
a[®)=-2.3 <« v'[4) or h"(4)

(b)

Find the initial velocity, v,.

V(§)=-9.3t+6

v(0) =-4.3(0)+¢
=6

s The ."\\'F\&\ w.\od-l-\a. s éu\ls
upwards.

When does the ball reach its max height?
What is this height?

At mox height, v(£)=0 (mOmentoy ly, stops)

Vl_“')-"—' -q,8+ +6
0=-93 +6
=6

-“l.ﬂ
0.-6la =+
h(0.613) = - 4.2(0.612) "+ G (0-613) +a
£ 3,34
. The ball reaches s mox hdsH‘
of approx. 3.34m o agprox. 0.613s.

(c)

(d) Sketch h(t),v(t)and a{t) below each other.

h(#)=-4,9¢%+ 6t 42

9
a
< + —» > &
l 0.6l l.3a
v(®)
g V()= -9,3¢ +6
l.|
& $ ? &
-4
-3
al®p
& $ } >
0.6l l.a2
-l‘ o
-3
T a(H=-3
v



(e)

f)

{g9)

When does the ball hit the ground?

Ball hits the qround when hi#=0:
5 0=-4,94%+6t +a

StE 15D or +2-0,2313 € lm_ii\r;\gsnble sinc

£z ~@2 [V 4(-4.9()
(-4.9) 5 The ball will bt the ground o
6 *35.3 opprox. 1.5Ds.

Q.3

What is the velocity (rate of change of height) upon impact?

viH=-9.8t+6
V( lom)é -q,3 (I.SD)!-G

: _3.7
. The veloaty upon impact is appvox. 84 m/s  downwards.

What is the acceleration (rate of change of velocity) upon impact?

at)=-9.8
a(losb)': -9.,8

~.The aceleration upon impad- is A8 m/s? down words.

Determine the time interval when the ball is speeding up (eumismmsisn) and when it is slowing down
I v(®)- a(¥)70 > the object is speeding. up

H V(0 al£)<0 = the doject is slowing down
1# v(H):a{#)=0 = the dbyject is nerther speeding. up or slowing down (constant speed)
le. truise wntrl or stopped
Note: for verheal motion, accelerahon i1s alwoys neaahve (due o gmiﬂ\a) hence.
?r\- depends on +he. sign of the velocry. " ’

“the ball is slowmﬁ down in the interval OSt<0.612,+eR when it 1s oping up-

. The ball is speeding” up 1n the interval 0.613<tS150,£ €R when it is caming down.



Exit Card!
5

Given position function s() = £2(7 —gt), t %__0 .
S(‘E) = ?t_i— t=
(a) Is the particle speeding up or slowing down when ¢t =4s .

vit)= sstt-z2t% >0
FoF

= %‘!‘.‘%(5—‘5
V("l') >0 _t-'- ‘E; a.(q-).v[tl-) <o
0-(‘&)= Jng 1_%; h . Object 1= s]on.amj dowsn at t=#s.
= ;::;t‘@—t) / J
a(n <o

(b) At what time(s) is the object at rest?

v(t):%'lr}’_(s-t) feo ortes
v(t) =0 A | oLJe‘c{: 's ot vest ot t=os and t=5s.
0= j.;.'t"(‘s—t)
(€) In wCiz:%d_i-re?o-E gt?: f-tggact moving at £ =4 ‘ o ‘
= Ft" . The obie<t Is moving h a ‘Fosr}lve
+ = Alvccijlon at t=4

(=] (Y =Y

(d) When is the object moving in a negative direction?

V('t); %t%(s—t) . The obiect 15 mowv\j h a neﬁa-}n}e divection
+ - / vhen £>5s .

>,

o s Y

(e) When does the object return to its initial position?
s(t)=o
S(‘E):- 7'&,%— ta";"
O = t%(4"t)
‘t:O oY t=-‘?' .
. The oLJécf velarn 5 1k mrhal F05'£'5" at Fs.



MHF4UE Practice: Higher Order Derivatives

1. Find the first and second derivatives of each function.

a) f(x)=2x"— 4> b)y=—
X
f(x) =3x7
f'(x) =8x’ +8x~° ) _6
’ — _6 3 ’ -
£ (1)= 24 240 f)=67>70=5
F1(x) =182 > f1(x) =2
X

¢ y= " d) gx)=(-DE+1)y
F(x)=2+4x" g'(x):(x+l)3+3(x+1)2(x—1)
() o () 2] g"(x)=3(x+1)" +6(x+1)(x=1)+3(x+1)’
S'(x)==x > 1 (x) = =6(x+1) +6(x*-1)
Fr(x) =227 = /( ):% —12x(x +1)
g) y=xx;14 h) s(t)=t3+%
y,zzx(x+1)_(x2_4) s(t):t3+2t%
+1) 3
2 (x ) S'(t)=3t2—t 2—)5’(t):312_L
y'zw tt
(x+1)2 " 3 -2 " 3
, s"(t)=6t+=t 2 >5"(t) =61+ ——F
L (2x42)(x+1) =2(x+1)(x* +2x+4) 20t
B (x+1)'
__ -6
(x+1)3

2. A boat demonstrates a positive velocity but a negative acceleration. Which of the
following plots illustrates its position?

A

— =1




A particle moves on the y axis with this relationship between position and time:

s(t) = —17¢* + 80t —100 .Determine the time interval(s) during which it is :
a) located below the origin

s(t)=(t-2)(t-5)(¢-10) 0 - 5 10
(t)<0
t(0,2)U(5,10)

\ 4

9
[

+
[

b) moving upward( moving in positive direction)
V(t)=3l2—34t+80 10

v(r)=(3t—10)(t-8) 0 3
v(t)>0 i +

c (O,?ju(&oo)

c) slowing down

u
+

d) moving away from the origin

v(t)=(3r-10)(z-8)

s(t)=(1=2)(¢=5)(:-10)

$(0)v(1) = (e=2)(t=5)(-10) (3¢ ~10) (1-8)

s(v(6)>0 = s(&) and V(&) is In e same dirchon
te(Z,?j (1() )

10

0 2 3 5 8 10
|
|

\ 4

. |+

\ 4



A particle moves on the y axis with this relationship between position and time:
s(t) = lt“ -2f +2t2 —4t+2
4 2

a) Describe the motion of the particle at # =0.

ooV L Yhe
S(O) =2 The initial position of object is 2m to-the-rrsht-of origin

b) What is the average velocity of the particle between ¢ =1 and ¢ =4 seconds?

average velocity = M
4-1
3

—6—>
__ 4

3
=-235m/s

¢) When does the particle reverse direction?

v(t)=s'(t)=1"—61+91—4 l
1

==y .

\ 4

d) Find the total distance traveled from 7 =0 to # =5 seconds

Total distance = |s (4)-s (0)| + |s (5)-s (4)|

3-(-9)

=|-6-2|+




5. For each graph below, sketch the corresponding graphs of /* and /.

a) b) 4
¥ P
T ’
8 N Y
o SY TS ,
‘ > 7 N2 .
* »x " <575 3T e &%
4 -2 2 4 Yy
-4
-8 8"."
W

6. For what values of the constants a, b, c, and d does the function f{x) = ax® + bx> + cx +d
satisfy both of the following conditions?

a) f”(0)=0 atthe origin b) a horizontal tangent at (2, 4)

f(x)=ax’+bx’+cex+d  f(0)=0—>d =0 {12a+c:02>a___1 s
f'(x)=3ax’+2bx+c /"(0)=0—>2b=0 or b=0 da+c=2 4°
S (x)=6ax+2b /'(2)=0->3a(4)+c=0—>12a+c=0

f(2):4—>8a+26:4—>4a+c:2



A person’s height, in metres, can be modelled by the function A(¢) = . + ¢, where ¢ is the

age of the person, in years, and a, b, and c are positive constants.
a) /'(¢) represents the growth rate. What does /"(¢) represent?

h"(t) represents how fast a person's height will change as the person gets older

b) Show that 4"() is always negative. What does this indicate about the growth rate?

h(r):ba—jﬁc W (1)=ab(b+1)”
a(b+1)-at h'(t)=-2ab(b+t)”

( )ZW _ —2ab

| o (b+t)3

h ([):(b_”)z 1(t)<0

It indicates the growth rate will decrease as person gets older

¢) Show that
i) the initial height is ¢

at
h(t)=——
® b+t+c
h(O)zc

i . a
ii) the initial growth rate is —

ab
h(t)=
(1) (b+t)2
, ab
h (O)Zb_z
_4
b

d) Suggest reasonable values for the constants.

Answers may vary

e) In what way(s) is the function not a realistic model for the height of a person?

After a certain age the height won’t increase!



8. The following graph shows the position function of a bus during 15 min trip.

a) What is the initial velocity of the bus?
b) What is the bus’s velocity at C and F?
¢) Isthe bus going faster at A or at B? Explain. A , the tangent line is steeper
d) What happens to the motion of the bus between H and I?
e) What happens at J?

0and 0

The bus is at rest

Bus returns to the origin

9. Refer to the graph in question 8. Is the acceleration positive, zero, or negative during
the following intervals?
a) oto A b) CtoD ¢c)EtoF d)GtoH e)FtoG

Positive Negative Positive Negative Positive



10. create sketches so that each graph in a set corresponds to the other two.

b) |

d)

Displacement Velocity Acceleration
0 . V()
‘ £y
< \1/ l \/ Pt 0 I
s(t) R alt)
e t
¥ k. 0
ol i « AN Pt
L 4 L ]
40 vit) aft)
t
>
¢4
& t -
< \L Y Pt 01
v y
‘\As(t) “t) 4’(‘) :
it
\ 5 ¢
< \ - — o
N l |
S(t) dv(t) iﬁt)
\ / t < a
e S—
Q
" ¢ < p
0 v




Warm Up

The forward motion of a space shuttle, t seconds after touchdown, is described by
7

s(t)=189¢ —1* , where s is measured in metres.

a) How much time is needed for the shuttle to stop?
v(’c) = |89 —fc 3
= 11~ z:b’
3.-_{%_ 139

‘t * I%q( )

-|:3 . The sLuH!e will need 2Fs -
t'= Sawﬂ /‘

t=2%,t>0

b) How far does the shuttle travel from touchdown to stop?

s(¥) = 13at- ts .
s(GA) =1k - A’
s(rb 24dle

The shubtle travel 23€m from touchdown f5 shp.

¢) Does the shuttle speedlng up or slowing down at 8 seconds after touchdown?

V() = 129- 1_";
a(t)= -_&t s

v(sz) a(?) = E?‘l‘— 33;_( ‘Z)%] [‘35,3-68)%]
(1] (23]
L)

— 25480 o
<

"

\

. The shu‘f‘He is s|ou|p}j down at s a]”zf fOQChJDNh-



1mplicit Differentiation

Until now, we have described functions by expressing one variable explicitly in terms of
another variable: y = f(x). Example:y =x% ,y =vV1—x2, y = x3 — 3x.
However, curves may be defined by a relation such as:
x2+y2=9
x;+ y2=1
y> +x?y —2x2 =—1

Use a method called implicit differentiation.

Strategy: differentiate both sides of the equation with respect to x and then solve for

dy ,
— or y.
dx y

(Note: use chain rule when differentiating terms containing y.)

dx? dh?

Recall: — = 2x and = 2h
However: dd—f: =2 Z—i
Ex. 1. Differentiate: Ex. 2. Differentiate:
"Tz +y2=1 y> +x%y —2x2=1
Q
—%’(—+D%%=O 5!3%42x%+7( ‘%?-47(:0
—X Q
= 4 d ( - -
& T -d—;% 5'v(}4-x > 4% Q‘X%
R d@ _ Ax :I:m&
7] :).a ax 516 -l-X:
- X

.I.

L
oS

Page 1 0of3



Ex. 3. Find the equation of the tangent to the curve 3x* + x2y? + y3 = 5 at the point
(1, 1).

12%3+ Qxlaa+ x"-aca% + 3‘33 a‘i’?. =0
%:a-(axa\a + 3\(0)2) = —13%°- QXIAR
%l?_ - X=Xy

u+3y”
L. y-(N=CH[x-0]
Qg{ _ =1()*-al)(D* 4. M
10,0 " Ta070) +30) 1= 5xE
= pal %:: -Jél-x-'--l‘é.
° or 1x +54-14=0
. "The equation of +he tongent of (1,1)

s y="Ex+g.
Ex. 4. If x*+y? =25, find Z—i}. Verify that any tangent line to this circle is

perpendicular to the radius at the point of tangency.

Q,,.d
X 'l'\a =a5 m dius = ﬂ—O
ax+ma%ﬁ=o e x-o

87 4

Slope of thallﬂ‘x Myadius = (—'%(‘)(%9(")

('x)‘a)

+The slope of +he 'l'anqevﬁ ond +he slope of the radius
ot the point of fanognuy ave nesgive. reciprocals,
- ey are perpendi wlor

Page 2 of 3



Ex. 5. Find the slope of the tangent line to the curve y = V6 + x2 at the point
(V2,2)

Method @ Implicit+ Method @: Expliat
‘33-7 b+ x° Y= (6+ 53

3958 = an dy _ Ll AV

- (é,+7r )3 (ax)
%:% = 39;3 H - __ X%
dy . 2063) 36+
= 3@ gy 2@ )
_ £ (=3 3[6+(—J3.'):J%
¢ N R

= —
3
Ex. 6. Find the equation of the tangent to the curve \/; = Jxy —2vx atx = 4.

|> lagl-: [‘Kla)%- 97(:{-

o

‘ 2) A+ x=4,
2yt - Loy (yrr ) - X7 14 Ay -2
Lody. 4, A du L Ty = aly -4
Ny X7 ey A W X 4=dy N
ol -2 _\_ b - — = oo T I
2 (3 355)= 37~ W i I ol
du _ !ﬁﬂ o X =X
T.&‘ Axy  C >y
w-aE 4) y-(1e)=C)[x-@)]
A Y-lo=-9qx-+l6
(lb)" Q'Jl—b— \a: .- 4x+32
D o™ Tm- @ . The. egquation of the. +ungent af

y x=4 is la=-4x+3.§.

Page 3 of 3



Implicit Differentiation

Explicit form Implicit form
2
y== xy=2
x

Example 1:

Find the derivative of both y = 2 and xy =2 using explicit and implicit differentiation, respectively, and
X

. o : d
show that the two have equivalent derivative functions &

y=ax"! X%:Q d
R @rrgeee
Xe_iéz:_j
W=

Most of the time, we use implicit differentiation when we’re dealing with curves that are not functions,
with powers of y greater than 1. This is why we cannot solve for y explicitly. We will, however, be able to

solve for Z—y after differentiation implicitly.
Y

Important note : When differentiation implicitly, you must show that you are taking the derivative of
both sides with respect to x.



Example 2:

Find the slope of the graph of y* + y* =5y —x* =—4 at (1,—3) by (a) finding % then evaluating it at

(1,—3) , then by (b) differentiation and plugging in (1,—3) before solving for %

MEH‘OC‘ @ : Mel'ka @ .
By tayy-5y-ax=0  Bfy+gy—Sy-ax=o
2 ) 1 )
4 (35r2y-)= 2 Lo raldy-sy-a()=o
'~ ax 2%y- &y - 5(3' =2
j 33’"-!-2\\]—5' ’63I -2
gl = 200 j': 2
dZ(,3)  3CFrad-5 ¢
-_ 2 =%
27 —-¢-5
= 2
16
= i
B
Example 3:
Find the coordinates where the graph x” + y* = 25 has horizontal and vertical tangent lines. At what point
3
is the slope — ? ) my= 2
2 i VeY‘l'IOJ “'_qn eh{: : j=°a 5%
AXty= ?5_ ® —x =3_|_ =%
=0 ¥
j‘ = =2%X 5 Sub m [O)
aﬂ S‘llo;\:_@s' (__%‘531_'_ 37-225
'z ox =32 SN
Ej Y ' x=15 %j 4 = a3
Hovlzon{al ‘l’_qnjen‘t : 3 =0 3%3 = 25
O==-X 3-‘:——_ 16
~ 3 Y= +4
=0 . .
Sub n @ : %“lo m@;
52';.25 At‘j—"", x==3
y=1s Aty=—i, x=3

. The 3va}>lq ‘w«s l'\owz;on'f;al tan gn‘l_' lines o.:f (0,5) a\nJ (O,—S) a.nel
vevtieal £Ahjgn‘l'. Iines at (5.0) and (—s,o)
The 3va]>l« has a s'ore. OY_ _5:71__ ot (3,"'6 and 6—3,‘!3



Example 4:
Find the coordinates (x, y) of any horizontal and vertical tangent lines to the curve given by the equation

2x> +xy+4y* =3. Be sure to label your work.
fx+1(y)+ xy'+ Byy'= ©

'(xtBY)= — Hx—
\j( J . Verhiced tangent S,ZDO

\
H = m— | = —-OX-
Atyy © _;-_%
' +3y =
HaY laoh‘b;\l 'tahjeht . 'j =0 i X__?_gg
O::j-:(_;'lj Sub n @ :
y ATA =3
Cadtyrayr=3 —O a( 8202* (2837(‘3)1‘* *y
_ . 2 D?lj—gﬂ +‘i“j =3
- QX-I‘X("""C)"'*(-H"() =3 |;1L|-3":3
Ax - 4-7(7'1-6‘:_7( =3 5‘;%
427(2;3 :jii =
xX :.__3_ o 12
62  x=-8y
A=t |2 ' - = = — [
.n:—’-l-x €= -A{j_\[‘%—"" ’X—Tf&l_g \i—i_’%-'\l'%_#
Atx=[2 ,y==t2 . }_,—Stﬁ -—[2 ,x=28J G -
Jé_z ez (\[‘_‘ GJ My LT_* ) NI Sk J%’)

Example 5:
2
Determine the equation of the tangent line of 3(x2 + y2) =100xy at the point (3,1)

é(x'?-«ﬁ(:zx—l-a\g:}); Ioo(j+ 7(3')
é(a‘-r 1‘) [:)(3)1-;2@39: loo( 1+ 33')

€0(€+23')= Iooﬁ+33') &= Divide l:a Qo -
3(6+a‘j‘\= 5(|+33'), Envm ation of Langent line 1s :

18+6y'=5+15Y y-1 = 12 (x=3)

q
3=y / Y= 12— 13+
3 3

5_—__[5_.7(—'_‘9.
T 3




Name Date
Implicit Differentiation .P\’Dd;\ ce
Show all work. No calculator unless otherwise stated.
1. Find dy
dx
(@) x> =3x7y+4xy* =12 (b) \/@=x+3y o) (¥ +2xy) =4(x+1)’

£ Raesd]-42
35 -y 'ktjdf* '!;ﬁ’x(‘_jz) e

f‘.ﬂ_[:ssz ¥ 5)(51’ éx_tj -35:“‘/3?
éax_'j "31L "fj
ﬂ)ﬁ 9;: y- By

or

2
b nls 'fj —bxy ¥mltigy by
dk 3’:'_52_3

Page 1

A6 5l

—L(xum-ﬂ**'@= I+3%

V2 r

+ X xj

=/+3%2

W= _d
‘ % i-r»saz

%[(yz +2xy)2:| = 4%[(x+1)2}
2(y2 +2xy)(2y%+2y+2x%)= 8(x+l)

(yz +2xy)(y%+y+x%)=2(x+l)
s Ay

dy
)/_"'y +yix=-

L dy dy

D o420y Y 2 0x 42
dx Y xydx *
Q(
dx

+2xy

y +3yzx+2)c2y)=2)c+2—y3—2xy2

2x+2-y=2x)°
ay y 9%

dx ¥ +3y*x+2x7y



2. Find dy at the indicated point, then find the equation of both the tangent and normal lines.

dx
2 x2_4
(@ y~ = at (2,0
y 24 ( )
;g[-‘_j] }xf By
248 . G496 o)
B T
2, 2x>+8x -2 +8x
P 2yl
4y _8x

A Ty (N

3. Find y
(a) x* -lzcyz =36

,%[xq'-!- ﬂ'- i-([_-sq
Zx+25ﬂ=0

o -2
M

SBI4E0
Ly @(-o ff

_i 5+x( {3)

wody | Xed
P4 ys

Page 2

—-1in terms of x and y.

(b) 1-
#solve fir y IsH
(j-)uj.—-)(-’
y(r-x= *'
0"
y=-/, X#1

%',%“w x¢!

bk
L-o,xﬁ
X

¥ Simp’r'cy carly & oblen

-y

(b) (x+y)3 =yx? +y3 at (—1,1)

Aicedl Al
Woer) (1+52)= 343575
s 5)‘+ 38 (cry) =30 +35 %

.-A—L - .[__T__..?—_—- -] TP
Moy oo

A’ﬁ!"""‘ “:5

TorgenkLine
GED)

(© %" +3H7 =1

¥ Solve For o IsH!

¥ X"

y= (-2
3\Y; =Y
AV

'J"L y;)(, KV)VL
—fi y-yjﬂ' o ‘}ﬂﬁﬁ— '/) -% 3—2 )
% "%- )?")’ 1605
___% 1{) Yg[(/ v/ﬂ'}') :(
,“l’i ] tﬁ:&pwfﬁ
¢ 3 V-3



4. Determine the point(s) at which the graph of y* = y? —x? has either a horizontal or vertical tangent.

Be sure to label which is which, if either exist.

Vert. +angents when

1 2 M . trngents when
207 55 e b 2o (o, (£, 2 2) (1, £5)
A 4 o 7 )
"3'-4’“23";'!“1!( ﬁ:w ¥
o7
J:l ): 2y =0 2y-fy>=0
'};{‘fﬂ '2;.[= G 24(/-2y Y=o
- when xeo: Y=o, y=tI=:G
T dese B
U 1}( Y q_ 51_:5 wihen 4=0 5 :fo-k
l.j:o,g:—,g-‘-’-l (t%)i-@_%!__xs
“_77;.' (0,0),(0,—Q(ﬂ, 1 | P PR
fte 2
w=2t E-.—.:l:ﬁ_

Find the two points where the curve x*+xy+ y? =7 crosses the x-axis, and show that the tangents to

the curve at these points are parallel. What is the common slope of these tangents?

rahen cLriE eSS Je- S, Y=o
X ro+o=2
¥ o x=T3
when x=13 -
x4 ﬁ‘_,u_{‘s'?
y(F+9=2

Y=o ar -
pe (759,07, |
Lhen x==1F -
H—mye o=
yly-=e
y=, 820

(o Crmr-

So HeTWO_k-interzephs o e

Carve are. [(17,2) ank (75,8 \

{:I‘S checon i Hhe -‘5_1‘10!'»\ at r.jl-ﬂ-)

r-mlkl gl [ines hate +he Smve siope -

£ [ronyrf] A1)

Ix 4 () + B G5} =0
49/ v = —2%-Yy
Z2x Y
s 3

P

23 +&

] = + =
Pems™ — ZHTas TED
L) - 2Fao

Ax I(,ﬁ,o) T+ 2

So MHe commen S lope S —Z
at He x-inl:rcrch.

6. Find the equations of the normal lines to the curve xy+2x—y =0 that are parallel to the line

Zx&j" o
Y= -2
ts!ape:-—?_

/

£ He hormal lines ave 1o b= et

Mae  fiven Iih-z,.u\,‘r ;1“?4 Asurt cyia." -2,
bo Hhe Jungund ines ot thoge peins must

be@
Hrgr2e- Pl
() + B)(42)+2 - 32 =0
fle-p=-92

da . L

e 2
iz 4 5
7

z.j_;—'f= f—x

x-:f.-‘f_z

When x=-3-29:

iy a2 —y=s
—3y-24— G —Hy-4=0
—2 - By-6=2

-1 (\34.,)(\;:;-3) =
dy . -4-* 3'-‘—:}.-."3=-3
b = M‘L wheny=-2
Jy a4z ~X¥IX4|=¢ — 2% 4377
i =2
- P (-1,-1) P (3
Norr tine eg:  Lonal line Ep:

m:—l,p’\"(‘fp—-i)

=1, (3,3
G



7. The slope of the tangent is —1 at the point (O,l) on x° —6xy—ky® =a, where k and a are constants.

The values of the constants a and k are what?
: 3 - —a
A‘l' f‘diﬂ._ 9 j;;[x‘}_éxj-#j]“ﬁ[“j _-kj.-k_
&*aﬂxf}'m)—ﬂ 1 ﬂ 2?}0 o=
(s 2 P il
T (—tx-3y) = €973

du, by-Br
M —py-3fY*

a2 5551—595_4

&x by +3K9%

dy | _ _pa B -Gl

you P e v v

- = s
2k
Bk=b

Page 4



Multiple Choice

[ 8. Find y" when xy+5x+ 2x* =4.

5+2x—vy v+S5+4x v+5+2x

(A) y)=——= (B) y'=-= (C) y'=—(y+5+4x) (D) y'=———

T I ik g a2t o aE

X X

3/2
dy 3 2 dy 3(y dy 3 1/2
A 9.Find 2 when —+——=4 AL __2 Y B Y _2
B N AN N 2() ® 42

3/2 3/2 3/2
dy_ 2[x dy_2(x dy _3(y dy 2, \n
(C)dx 3(y) (D)dx 3(y) ()dx 2( ) (F)dx 3 xy)

D 10. Find the equation of the tangent line to the graph of y* —xy—12=0 at the point (1,4).
(A) 3y=2x+10 (B) 3y+2x=10 (C) y=4x (D) 7y=4x+24 (E) 7y+4x=24

E_11. The slope of the tangent line to the graph of x* —2y° +xy =0 at the point (1,1) is

4 3 5 5 4 2
A) —= B) = C) -= D) = E) - F) -=
()5 ()2 ()4 ()4 ()5 ()3
dzy
D 12. Determine F when 4x* +3)? =4
Y
d’y 16 d’y 16 d’y 4 d’y 16 d’y 16
W F= BIs-—— OS3--5 D) is--— B F-—;
dx? 2 dx? 9y? dx? 9y7° dx? 9y° ar  9y?

2
D 13. The graph of the equation (x2 +y2 _gx) = 4(x2 +y2) is shown 6+ P
at right. Find the equation of the tangent line to the graph at the point =

(3,3\/3 ) )

(A) y=%(§x—l2j B) y= \/_( x+12) (©) y=%(%x+¥] -2 p ) 12
1(3 36 1(3 6 —44
®© =535 ®r-fl3



Related Rate of Change

Introduction
Change is an essential feature of the real world. In many situations a change in one quantity causes a change in another quantity or occurs
together with a change in another quantity, with the result that the two rates of change are related. Consider the following problem:
An oil spill from a tanker spreads out in a circular pattern, centred at the tanker’s position. If the edge of the oil spill is
moving outwards at 2 m/s, find the rate of increase of the contaminated area when the radius is 500 m.

. ) ) dr )
This is an example of a “related-rates” problem. We are given the rate of change of radius with respect to time, ?, and wish to calculate the
t

rate of change of area with respect to time, 7 . Since area and radius are related by 4 = 7 2, and since both depend on time #, we can
t

dA
calculate 7 by differentiating both sides of the equation A4 = 7+ with respect to ¢. Differentiating both sides of an equation that relates two
it

or more time-dependent variables forms the basis for the method of solving related-rates problems.

Strategy for Solving Related Rates Problems

Read the problem carefully.
Draw and label a diagram if possible.
Introduce notation. Assign symbols to all quantities.

Express the given information and required rate in terms of derivatives.

LA

Write an equation that relates the various quantities of the problem. You may need to know a formula
for volume, area, surface area or Pythagoras.

a

Differentiate both sides of the equation with respect to time (t). You will probably use the chain rule.

7. Substitute the given information in the resulting equation and solve for the unknown rate.

RESIST TEMPTATION
Do not substitute numerical information until the end of the problem!

BALLOON
Air is been pumped into a spherical balloon so that its volume increases at a rate of 80 cm?/sec. How fast

is the radius increasing when the diameter is 60 cm?

Relevant formula: - —iﬂ'}"3 \et V ke o Vo\un.e_, r be the
3 redius and + e P thime.
Known quantities: _j{_: Bocms/s
Unknown quantity:
e il{—=7ul\eh Tv=30Ccm
Differentiate wrt “t”
av -4 "-‘J—Y- dv _ 2 JY
=4O E => dvowmegr
Substi a . . .
dv ubstitute (80) - ‘1-]1'(30) -:ll_?l(:' dv - L -. 11;: Yma'lus 1s u\aeqs..j
=80 5r=30 = dv - %o dETHST  abggens I
dt  2¢cooT Answer: ch/s
T




SNOWBALL
If a snowball melts so that its surface area decreases at a rate of 1 cm?/sec, find the rate at which the
diameter decreases when the diameter is 12 cm.

Relevant formulae: S= 4" / - S; ‘HT(_g_Y L@l— S be the S\U"FU.CQ. ored-,

U Dear S- D D bedhe diameler ond £ ke
‘ .
Known quantities: | &S - sz/s Hahimme
dt
Unknown quantity: dn 7 uh Do jacm
g2 = en b=
Jt
Differentiate wrt “t” éﬁ_ = 2TDJdD
dt dt
g substitute - l)=- 2”('3) ﬂ .. The dameler 1's decveas l‘nj B
d -l - Dzlad = <t at _l__cm/s. Answer: ——cm/s
at ) dD> - -1 24T 247
Jdt aum
CIRCLE PROBLEM

A golfball chipped into a water hazard creates a circular ripple effect. If the radius of the ripple is increasing at 0.8 m/s, how fast is the
area changing when the radius is 6m?

Lok  be e radius, R be the area and £ be Hhe hime.

Given: g{-’- 0-8mfs

Fnd: i’-,ﬂ"—'?ul.en r=&m

=

tormula.:  A=TIr"
X » . dA = Yo’f‘
Diferenfiate o am o
Subsitde: - =2TE)oD .

= 9.¢TT Answer: 9.67—
L S
.. The avea. Is C‘mnﬁm'j at 9.€T Ma/s-

THE FALLING LADDER

A ladder is sliding down along a vertical wall. If the ladder is 10 meters long and the top is slipping at the constant rate of 10 m/s, how
fast is the bottom of the ladder moving along the ground when the bottom is 6 meters from the wall?

Let bre ahaj;m be as Jabelled-
' fomula: x*+ht = 10>
1om ()WU\ : gh-—= e (] M’s +

Dok, 21X +2hdh ~ o
h Bind: =7 when x=6m ot Jt
i :5 . Sub: J(é)_ﬁz_-m(s)(—lo) =0
= ht 16°-¢ .. The bq‘f-‘om D# The IQJJe"
hZ c4 dx - 8o Moving at 4o mls.
h=%,h>0 ot ¢ 3
21_7_(-.: 4o
ot 3

_/ Answer: 13 % m/s




CYLINDER ROBLEM
A hose is filling a cylindrical swimming pool of radius 3m at a rate of 50 L / min. At what rate is the water level rising?

(Recall: 1 L/ min = 0.001 m*/ min)

Lek V be +he velume, h be dha Yoight v be the redius

I

ond & ke hme.
A
ven . =0- 2o Fg ! dv _ =
Given 5%_005»&1/;\ » oA—p, & ClTI'_l-,_
Find : _c_l{_ =
d . dh
. (0.09)= AT -
formla: V= Tr*h Subshiude (O 3- aE
Sbin =3 since it is oo cnstant : _Q?r— aﬂ'ﬂ?
= T3 ;l'\ dl,\
\/\/- ﬂ(Tl'%q a4t ‘ioolT
) dh =
at l‘ao1T
" The waler leve] is Y"\sfnJ a‘t‘_gl;ﬁ m/mfn.
Answer: m/min
80
CAR PROBLEM #1

Two cars start moving from the same point. Car A is traveling east at 60 m/h and car B is traveling south at 25 m/h. At what rate is the

distance between them increasing 4 hours later?
Le-{_- 2 Le H:'e ells‘tance. a,f any instont Le‘l’ueen ﬂ-‘e 2 Cars.

Given: X %< « fll%; éom[h
y fomda: 2% Xy
j%-:-?SM/k Z
Ditbrentiale: 22&% Q.xelx +232!§-
. 1. dE =
Find: SE=7 when L4 Sbstbule: a(ne@j_:_ﬂ(at@(eo) + 2(1o0)(29)
A= 6om x th=2%om
h d2 = 6900

y= 25-'%.X 4h=100m de 2o

R % - ¢

2“:.\]‘7‘ 00

. The distance. bedueen the 2 cavs 1 mcveqsmg ab €5 mih .
2 =260

nswer: 65 m/h




L

CAR PROBLEM #2

Car A is traveling north at 80 km/h and car B is traveling west at 110 km/h. Both are headed for the intersection
of the two roads. At what rate are the cars approaching each other when car A is 0.4 km and car B is 0.7 km from
the intersection? 0.7 km fl%’ =—tokm/h

Le‘f S l’Je 'H'\'?. «Jls‘}ahce. lp(,"’ueen ﬁTe.Q- onvs
aut a':J lVlS‘}an‘J'-

Gwen: -j%---%okm/h o dx ;—“okm“,,
Bind: &%:? Uhen %= o.7—l<m and y=0.ttkm
Formwdo.: 7("-1-"1‘:
)terenfiole: Qxill_zct_ +23§'§':253,f‘
Subsivhere:  2(0-%) (C16) + 2(0-HE80) = a(m'illi—

2

ds =-3%—32
d+ Jo.65
Ait =-|35 Answer:-135.2 km/h
d ".The cars ave oFonachm 9 ot 135 km]h
CAR PROBLEM #3

A train is 180km south of town A, travelling north at 40km/h. A car leaves town A driving west at 80km/h. At what rate is the distance
between them changing 2 hours later?

:E < ] T Let s be e distance betuecen tre Hvaiin and Hre car at amj instard

) 1Bok Fomula: 7 7(1"'6?0_3);
gt | Diferarbole: Rsds. = Axd 14 ((0-5)(o4y)
X= Sokhmxnk =160 km Qbstude: (30@) 6°)(g®+6°°)( 49
y= “l‘o_l%g)(al'\ = okm %.TSE - |_800""'|'OOO
S=\leo™t (i30-g6)* 2ot
= 38600 ds = e
Sz 20(FT t

. The CJIS"GV'CQ loeJ'ucen H‘Te_ ’f’vauh ame’ #\'é Cav Is 'mcrms‘\vxg
ot 46.¢ kmfh -

Nd’eiﬁ 1S no'll Vlejox‘]\ve_ shece j 1s mc_veo‘s\fnj le;\ +|Me.




Cor Problem %3 Method & -

A train is 180km south of town A, travelling north at 40km/h. A car leaves town A driving west at 80km/h. At what rate is the distance
between them changing 2 hours later?

Le‘t' L3 Le H?& dls{:omce Le+ueen l'kc "I'Vqlh ane' Hrt Car a:t' anj m:}qn'}
%ﬁﬁ gokm|h . A

T
1 s e -
s I S=X +‘j
Bokn sds = Zxdx
iatubofh 1 R ‘J;,T A ;g”‘.‘l%

@"@?)ii_'—‘( €0)(29) + (foo) 49

X = 8okm xnln =160 km

L ds - 12800— 41000
y= I?olm«—(‘l-okogxak) <t 20089
=toskn " ds = nee
S= \lléo"-r 100% Jdt

s = J3S¢600
S=20(89

.. The disfance betueen e Hvonin and ke car Is cl\ahjlhj
ot 4¢.¢ kmfh .

NOK’; : _:lé. Is neja\‘}w'e. since distance s Jecveamr'\j wih ime .



SHIP PROBLEM
At noon, ship A is 100 km west of ship B. Ship A is sailing south at 35 km/h and ship B is sailing north at 25 km/h. How fast is the
distance between ships changing at 4:00pm?

Lﬂ.'t S Le "Fe_ cllé'tance be‘l‘ueen ﬁ{e o] SLI’JS a‘t dhj IhS'Lah‘t

Gicen: 100 Km formula 2
2 2
du . s5kmfh I éI‘J 5% (x+y) +1eo
—&%— QSk /)" A.<J_IOOS B \j
d = 35Kmfh” ” ;’tﬁ: = 2(x+y) (dx +c|%)
Jt Jt INGETS
. 4. d
Hind: ;J%:? ok 4:00pm Substrtude:

A= 35%1xl—|' h (Qéé%%" @%Mio@]&gﬂégﬂ

= 4o km
ds - (auo)(6o)
dt 260
H: Qsﬁr):_x '-I"'o
o0 K ds = s55.4
= loo kmn Qlt
== u><:+m-o)"'-|—|oc>a
sz (Fcoo
S =260 km

.o.T[\’e. Alstmﬂce loe'}ueen H’\'o. skrP's IS 1W§\bna ad- 55.4% I<MIL.

Answer: 55.4 km/h




CONE PROBLEM #1

A tank of water in the shape of a cone is leaking water at a constant rate of 2m3/h. The base radius of the tank is 5 m and the height of

the tank is 14 m.

(a) At what rate is the depth of the water in the tank changing when the depth of the water is 6 m?

(b) At what rate is the radius of the top of the water in the tank changing when the depth of the water is
6 m? e ———
Diagram: 7 S -
- —_

'4.-V.-‘- -“____/' A l

s s V=—nrh

Given:

Fovmula.'- MSIY\j snmi'av ":rio«rlj ’es,

r
cJ\/__QM/h ak == Tn‘ V=T (g1
v=5} V= asnh’
% 58%
. : ‘JV: 5 le“'l
L Dierentiote e -;g;r(sh )
Sbsitede:  (~2)= 257(6) jk
196
a) Pnd %: 7 when h=€m dh - —-2(19¢
dt 557 (36)
dh 9%
ot 22357
' . The ele'rn-'\ _Fﬂa'e uaf'\’
I's dwwmaa:t ’L. _
E) F"d j; = 2vshen L= &m <2t
Formula.: =h V= "b‘LTrYIL
5 It Ve v/
Sh=lt / ) (&%t)
S = “-I'-ITYB
15
D Hferentiode ﬁ%" %(3’( )
Gbstikude -2 = 4T (15 JY
s UF;

é=J—;LY v - *3(5) /q.q} . The vadws OF ke f :[.‘ e walev is

a dtﬂm at . L M
veis T (5)0%) " i
’ F=3% Answer: 2) —5_ m/h
dt B nswer: 2) 257

b) =7 m/h
457




CONE PROBLEM #2
Gravel is being dumped from a conveyor belt at a rate of 25 cubic feet per minute and it forms a pile in the shape
of'a cone whose base diameter is twice the height. How fast is the height increasing when the pile is 12 feet high?

m‘&: V: _%Tr’f’_h
o D=2ah v ki)
2r=2h 3 h3
Given: %‘Lz 5t frin sh=y V= =
'F'"d: *j—_IE:- ?Nl\enl\:_laf'k DMQ !Pllc:\'?, QIV Trh:-Q“"
v . QA5 =TI(1Q e“'l
Subshbute (i ) T hugh . e

dh - a5 .
JE T TuaT ‘“t—,‘%r%?k/"'"'

CONE PROBLEM #3

3
Sand pouring from a conveyor belt forms a conical pile, the radius of which is 1 of the height. If the sand is piling up at a constant rate

1
of 5 m?/min, at what rate is the height of the pile growing 3 min after the pouring starts.

hok V be tho wolumg of He one, h ke e haigfit,
r be Yo radius and £ be hme.

Formula_: Y=—L3'_J'\ -7 V= ]B’__Szj'\
Given: —Cl—v=—|§_-""3/4""*‘ V= JBI %L) h
= V= 31h3
dh 6
i =7 n T= 3 nmin
A_f"'ey3mm,v—_LM/4nm X 3 min . .
V= 2 ms/mm Subshhute : _;12_ ﬁTT (g) °U‘
.. SIL= 16>
V= 31—2’13 dt RTRS
' 3
B h dh zp.52
B=h
o
'1? =h " The l\enjlrf Is jrowntj &t 0.152 M/mn'n.

Answer. 0.152 m/min

Lok V represent Hhe volume, ¥ e thao md'\us)h be.%kdcbh\— ond t be K




CONE PROBLEM #4

A cone with height of 30cm and a diameter of 20cm contains water. Water is leaking out of the conical cup at a constant rate such that
the depth of the water, A, is decreasing at 2 cm/min when the depth of the water is 20 cm. The water is then collecting in a box with a
square base 10 cm per side. At what rate is the depth of the water, p, increasing in the box?

Lok V bethe volume of the wne, h be the height v ke e
vodius and t be the hime.
ormla Jor Hhe me:

Similor As:

v = h V=._I_-|TY11"

0 3o T L
dh=—2cm/min = (_ba
dt f;.e.‘/ he 206w y=_h

3

- \ =
\ . v dV = 11 R,
iSEm Differentiote: 1= o5 elty
é‘_/:_; T”QO!Q-(—D)
ot 9
dV, - —gooT A :
gt g o aE s e
$ince Yhe waoder s \mkm%
ok of the cone.
Fo\'mu(o. “QD)"\'&L\OOX:
- o T = CJ
V, = looy _8%»_ loo=3-

Dhiterenbiade: s% _Ro0T_
dVg_ -IOO% d Q(IOO)
dy - ¢
in \rohsme_ n +he wne is q,\m.\ 4o 'QT% _Z;L

dhe chanae v volume n the Yox
Cre. no Water loss).

dv - du . The alepﬂ\ of e water in fhe box Is
dt dt |"O'€06l'\j at ﬂ[cm/mm

Noer $ s poshve. sne dhe. box
is bim% flled with woter:




TROUGH PROBLEM

Water pours into a triangular trough at a rate of 0.5 L/min. The trough has a height of 10 cm, a
width of 12 cm and a length of 8 m. How fast is the depth of the water changing when the

depth is 8 cm?
Lok b ke $he bose of Ha Arienge fac; h be He haight,
Y ke He volume ond + he ime.

Given: dV: SL/m
WZOILMN ek wits
lmOszzl L
[0om
Need o Prd: 9B =2 when h=Sam

Formulo.: V= (Ara. of bos)(lergth o prion)

= 7bh
2
+ length o ooy s 0. constant-
- V=2bh(3®
=400 bh
U similar «Immyslez, o reduce variobles :
b
B - V=800 Bk
b=2h = 48N
. . dh
Diffoenkicte: &Y< 430 (an 32)
= quon &

Sibshhle:  (s9)=60(3) 5

e 0.065

=~ The depth of e woler is risingy ot o rake oF 0.065 am/min.



1.

a)

b)

Water is being pumped into a trough that is 4.5m long and has a cross section in the
shape of an equilateral triangle 1.5m on a side. If the rate of inflow is 2 cubic meters
per minute how fast is the water level rising when the water is 0.5m deep?

The cross section of a 10-meter trough is an isosceles trapezoid with a 2-meter lower
base, a 4-meter upper base, and an altitude

of 2 meters. g
10m*/min

Write an expression for the volume of water
in the trough as a function of y.

TN
!

Cross Section

Water is running into the trough at a rate of 10 cubic meters per minute. How fast is
the water level rising when the water is 0.5 meter deep?

A trough filled with water is 2 m long and has a cross section in the shape of an
isosceles trapezoid 30 cm wide at the bottom, 60 cm wide at the top, and a height of
50 cm., if the trough leaks water at the rate of 2000 cm3/min, how fast is the water
level falling when the water is 20 cm deep?

A trough is 12 feet long and 3 feet across the top. Its ends are isosceles triangles with
altitudes of 3 feet

a) If water is being pumped into the trough at a rate of 2 cubic feet per minute, how
fast is the water level rising when the depth is 1 foot?

b) If the water is rising at a rate of 3/8 inch per minute when h = 2, determine the
rate at which the water is being pumped into the trough



SOLUTIONS

1. Water is being pumped into a trough that is 4.5m long and has a cross section in the

shape of an equilateral triangle 1.5m on a side. If the rate of inflow is 2 cubic meters
per minute how fast is the water level rising when the water is 0.5m deep?

—=2m?3 /min

at ==
Q=? when h=0.5m
dt H
4.5m
0.75 1
H base
1.5 m 1.5 _ base
3/, h
—+3
3
H= 9.9 basezzh\/5
4 16

_3
3

V =(area of base of trough)(length of trough)
=(area of the A of water)(4.5m )

= % - base of the Aof water - height of the A of water.(4.5m)

- 228 . (a5m

33y
2

v=3V3 .
2
dv

dh

°v _ h"

- 3V3h g

1 \dh

2:3\/5(5)5
dh _4y3

3 m / min
dt 9



SOLUTIONS

2. The cross section of a 10-meter trough is an isosceles trapezoid with a 2-meter lower
base, a 4-meter upper base, and an altitude

of 2 meters.
10m*/min

a) Write an expression for the volume of water
in the trough as a function of y.

Cross Section

V=3 (oD L

V=§[2+(2+2x)]y(10)

V =20y +10xy
. . x 1
From similar triangles: —=—
y 2
1
X=—y
2

V =20y +5y*

b) Water is running into the trough at a rate of 10 cubic meters per minute. How fast is
the water level rising when the water is 0.5 meter deep?

dt dt
when y=3m
dy dy

10= 2OE+ 10(0'5)E
dy

— =0.4m /min

dt

ﬂ+10y%



SOLUTIONS

3. A trough filled with water is 2 m long and has a cross section in the shape of an
isosceles trapezoid 30 cm wide at the bottom, 60 cm wide at the top, and a height of
50 cm., if the trough leaks water at the rate of 2000 cm3/min, how fast is the water
level falling when the water is 20 cm deep?

V= Ji(mm- [}
V= ;[30+ (30+2x) [y(200)

V = 6000y +200xy

From similar triangles: X
y 50
200 cm
X = 0.3y
V= (000 n.z ¥ QOcaa L
: 60 cm
dV - >

& oy : 5,
wheny 20cm \, 30+ ax ./ !
< +o(p0) -

-2000 = m 'y 50 cm
.‘7
—O.EI)O \ / P8
dt ('bw)-l— -—»
1"‘(&) . ‘ 30 cm
= =0.23% C"\/m'n

4. Atrough is 12 feet long and 3 feet across the top. Its ends are isosceles triangles with
altitudes of 3 feet

a) If water is being pumped into the trough at a rate of 2 cubic feet per minute, how
fast is the water level rising when the depth is 1 foot?

1 y i
_Ebhl (b=h) mm;{ ,
1., M
=—_h?(12 12t —

2 (12) eI
V =6h> El 7
A1 :%"“‘J- t
g=12h(ﬁj 3 1t o ' ‘,_,.."3/ {1
dt dt ‘ \Z//
dh Y
2=12(1 —_— 2
( )[dtj



SOLUTIONS

b) If the water is rising at a rate of 3/8 inch per minute when h = 2, determine the
rate at which the water is being pumped into the trough

Q=§in/min

dt 8

@_%%ﬂ /min

dt 8\12

V =6h*

ﬂ=12hxﬁ

dt dt
=12(2)(LJ

32
dv 3ft?’/mln



RELATED RATES QUESTIONS
Part1l

1. Two cars start moving from the same point. One travels south at 60 km/h and the other travels west at 25
km/h. At what rate is the distance between the cars increase two hours later?[ 65 km/h]

2. Car A is traveling west at 50 km/h and car B is traveling north at 60 km/h. Both are headed for the
intersection of the two roads. At what rate are the cars approaching each other when car A is 0.3 km from
the intersection and car B is 0.4 km from the intersection?[-78km/h]

3. The top of a ladder slides down a vertical wall at a rate of 0.15 m/s. At the moment when the bottom of the
ladder is 3 m from the wall, it slides from the wall at a rate of 0.2m/s. How long is the ladder?[ 5 m]

4. How fast is the area of a circle increasing when the circle’s radius is 2 m and growing at a rate of 5 m/min?
[20m m2/min]

5. Gas is escaping from a spherical weather balloon at a rate of 50cm3/minute. At what rate is the surface
. . . 20 .
area (S) shrinking when the radius is 15 centimeters? [—? cm2/min]

6.A square is expanding so that its area increases at 10 cm?/min. How fast is the side length

5J13
26

increasing when the area is 52 cm?? [

cm/min]

7.Josh is 200 m directly north of a buoy, and swims towards it at a rate of 1.2 m/s. Kim is 240 m
directly east of the same buoy and swims towards it at a rate of 1.4 m/s. Determine the rate at
which the distance between the two swimmers is changing 100 seconds after they start. [-1.84

m/s]
Part 1l

1. Water is pouring into a conical tank at the rate of 8 cubic meter per minute. If the height of the
tank is 12 m and the radius of its circular opening is 6 m, how fast is the water level rising when
the water is 4 m deep?

2. Sand is falling off a conveyor belt at a rate of 12 cubic meter per minute into a conical pile. The
diameter of the pile is four times the height. At what rate is the height of the pile changing when
the pile is 10 m high?

3. A water tank has the shape of an inverted circular cone with a base diameter of 8 m and a height
of 12 m.
a) If the tank is being filled with water at the rate of 5 m3/min, at what rate is the water level
increasing when the water is 5 m deep?
b) If the water tank is full of water and being drained at the rate of 7 m3/min, at what rate is
the water level decreasing when the water is 7 m deep?

4. A container has the shape of an open right circular cone, as shown in

the figure below. The height of the container is 10 cm and the 10cm

diameter of the opening is 10 cm. Water in the container is

evaporating so that its depth h is changing at the constant rate of

-3

0 cm/h.

a) Find the volume V of water in the container when h = 5 cm. 10 ¢
Indicate units of measure.

b) Find the rate of change of the volume of water in the container, h
with respect to time, when h= 5 cm. Indicate units of measure.

¢) Show that the rate of change of the volume of water in the '
container due to evaporation is directly proportional to the
exposed surface area of the water. What is the constant of proportionality?

-




5. As shown in the figure below, water is draining from a conical tank with height 12 feet and
diameter 8 feet into a cylindrical tank that has a base with area 4007 square feet. The depth h,
in feet, of the water in the conical tank is changing at the rate of (h —

12) feet per minute.

. . . . - 8 feet
a) Write an expression for the volume of water in the conical tank >

as a function of h. —
b) At what rate is the volume of water in the conical tank changing *
when h = 3? Indicate units of measure. 12 feet
¢) Lety be the depth, in feet, of water in the cylindrical tank. At
what rate is y changing when h = 3? Indicate units of measure. ‘

Part II -Answers

2 . .
1. —m/min 2. im/mln
T 100
3. a) increasing at a rate of 0.573 m/min
b) decreasing at a rate of 0.409 m/min

4.a) 1257 o’ b) LU c) p=dh__3
12 8 dt 10

5. a) 4 =1h3 b) d_V:—gﬂ'ft3/mil’l C) d—y:ift/mln
27 di dr 400



SOLUTIONS
MCV4UZ Related Rates Worksheet Date:

SOLUTIONS
Part I

1. Two cars start moving from the same point. One travels south at 60 km/h and the other travels
west at 25 km/h. At what rate is the distance between the cars increase two hours later?[ 65
km/h]

dx After 2hours: x =2x25=50km

B 25km/h
dt = 2x60 = 120km

4 s=4x"+)°
y _
s — ~ 00km/h s =507 + 1207

s =130km

x2+y2=S2

dx dy ds
— 4+ A -
Ty

(50)(25)+(120)(60) =(130)§

ds = 65km/h

dt

2. Car A is traveling west at 50 km/h and car B is traveling north at 60 km/h. Both are headed for the
intersection of the two roads. At what rate are the cars approaching each other when car A is 0.3
km from the intersection and car B is 0.4 km from the intersection?[-78km/h]

@ g s=0.3+0.4

y =0.4kmi s =0.5km

x2+y2:s2

dx dy ds
&y x—+ 2y ==
2 — _60km/h dt dt dt

“ (03)(-50)+(0.4)(~60) = (0.5) &

ds =-78km/h
dt




SOLUTIONS

MCV4UZ Related Rates Worksheet Date:
3. The top of a ladder slides down a vertical wall at a rate of 0.15 m/s. At the moment when the

bottom of the ladder is 3 m from the wall, it slides from the wall at a rate of 0.2m/s. How long is
the ladder?[ 5 m]

dy
YN =~ _0.15m/s
--;L \ dt
ul! L when x=3 m,ﬁ =0.2m/s
-1 LW dt
.1“ / x*+y' =0
y
| [
==
« 3(0.2)+y(-0.15)=0
I
-:—: T y=4m
- W [=4x*+y’

X l=\]32+92
1=+25

I=5m

4. How fast is the area of a circle increasing when the circle's radius is 2 m and growing at a rate of

5 m/min? [20n m?/min]

A=nr’ d—A:27n’z

dt dt
s mmin dA
dt —=27(2)(5)
2 - , dt
E—. whenr=2m =207 m>/min

. Gas is escaping from a spherical weather balloon at a rate of 50cm®/minute. At what rate is the

surface area (S) shrinking when the radius is 15 centimeters? [—23—0 cm?/min]

_ 2
V:im’3 d—V=47rrzz S=dnr
3 dt dt ds dr
v 2 dr o
— =-50cm’/min —50=47z(15)" —
dt dt ds -1
ds dar -1 _=8”(15) PPy
—=2whenr=15m —=——cm/min dt 187
— =—"cm’/min




MCV4UZ
6. A square is expanding so that its area increases at 10 cm?/min. How fast is the side length

increasing when the area is 52 cm?? [

A=x*

52=x—x=213 cm

dA

=~ =10cm*/min

dt

5J13

d—A=2x
dt

SOLUTIONS

Related Rates Worksheet Date:

cm/min]

dr
dr

10=2(2J§)%

v _
dt

10
413
5J13

13
26

cm/min

cm/min

7. Josh is 200 m directly north of a buoy, and swims towards it at a rate of 1.2 m/s. Kim is 240 m
directly east of the same buoy and swims towards it at a rate of 1.4 m/s. Determine the rate at
which the distance between the two swimmers is changing 100 seconds after they start. [-1.84

m/s]

200m <

‘

After100 seconds: x=100x1.4=140m

»=100x1.2=120m
5 =(240-x)" +(200- y)’

s =/(240-140)’ +(200-120’

s =4(100)" +(80)’

s=20/41m

(240-x)" +(200-y)’ =’
(100)(~1.4) +(80)(-1.2) = (2()@)%

s =—1.84m/s
dt




SOLUTIONS
MCV4UZ Related Rates Worksheet Date:

Part IT
1. Water is pouring into a conical tank at the rate of 8 cubic meter per minute. If the height of the tank is
12 m and the radius of its circular opening is 6 m, how fast is the water level rising when the water is 4

m deep?
1 (1Y
v=Lmn g 5”(5’7) !
s
AV §m’ /min V_lzh
dt
Jh dv_m ., dh
—=?—>when h=4m a4 ar
dt Jh m
i—i_)r—lh 821( )2_
2 6 T2 P di
— =—m/min
dat «
12m
The water level rising at rate 2/ m/min when the h
water is 4 m deep

2. Sand is falling off a conveyor belt at a rate of 12 cubic meter per minute into a conical pile. The
diameter of the pile is four times the height. At what rate is the height of the pile changing when the
pile is 10 m high?

v=Lmrn v=Lrnyn
3 3
a_ 12m’ /min V =4—ﬂh3
i dt 3
i dav dh
i h ﬁ:?—>whenh:10m =4rh* —

i dt dt dt
S e h mmmmnoE 2I”=4h—)7"=2h 12:4”(10)2@
e dt
dn ——3 m/min

dr 1007




MCV4UZ Related Rates Worksheet Date: SOLUTI O NS

3. A water tank has the shape of an inverted circular cone with a base diameter of 8 m and a height
of 12 m.
a. If the tank is being filled with water at the rate of 5 m3/min, at what rate is the water
level increasing when the water is 5 m deep? [increasing at a rate of 0.573 m/min]
b. If the water tank is full of water and being drained at the rate of 7 m*/min, at what rate
is the water level decreasing when the water is 7 m deep? [decreasing at a rate of 0.409

m/min]
a) V=l7rr2h
3
( d—V:5m3/min
dt
1 d—il=?—>whenh=5m
h
zzﬁ—n’:lh
4 12 3
2 2
Vzlﬂrzh—_3h BVZLT(lh) !
3 3 \3
V=L7rh3
27
d_V:lﬂ-;fﬁ
d 9 dt
1 > dh
S5==—n(5) —
9 () dt
% = i =0.573 m/min
dt  5rx
b) .
L V=—rnh
V==nrh T
. d Y dh
av 3. _V:lﬂhz_
E:—7m /min di 9 dt
dh L dh
—=?> when h=Tm = ”(7)
@z—iﬁ—0.409 m/min




MCV4UZ Related Rates Worksheet Date:
4. A container has the shape of an open right circular cone, as

SOLUTIONS

shown in the figure below. The height of the container is10 em

cm and the diameter of the opening is 10 cm. Water in the

container is evaporating so that its depth /% is changing at the T
constant rate of ;—Scm/h .

(a) Find the volume V of water in the container when 2 =5 cm. T 10 em

Indicate units of measure.
(b) Find the rate of change of the volume of water in the
container, with respect to time, when 2 =5 cm. Indicate

. Al
units of measure.

(¢) Show that the rate of change of the volume of water in the container due to evaporation is
directly proportional to the exposed surface area of the water. What is the constant of

proportionality?
v VW _x.dn
V:§7Z'}"2h dt 4 dt
dv w3
dh -3 o205 =2
Z:Ecm/hr dt 4()(10J
dV —157
d—V:?—>whenh:5cm —=——"—cm’/hr
dt dt
£:£—>r:—h
5 10 2
2
Vzlﬂ(lhjh
3 (2
v=Tp sy 1T
12 12
c)
V==nrh d—V:2ﬁr2ﬂ
dt dt
r_h o, ah_,dr d_V_Z 2 L an
5 10 t dt a7 7 dt
V:—ﬂr2(2r) ar
av_ aan \ai)_dn
V=2nr dt dt (zr?) dr
54
)
di =——cm/hr




SOLUTIONS
MCV4UZ Related Rates Worksheet Date:

5. As shown in the figure, water is draining from a conical tank with height 12 feet and diameter 8 feet into a
cylindrical tank that has a base with area 400w square feet. The depth 4, in feet, of the < S g
water in the conical tank is changing at the rate of (4 — 12) feet per minute. e .

(a) Write an expression for the volume of water in the conical tank as a function 12 foet

of h. ‘

(b) At what rate is the volume of water in the conical tank changing when s = 3?
Indicate units of measure.

(c) Let y be the depth, in feet, of water in the cylindrical tank. At what rate is y
changing when 4 = 3? Indicate units of measure.
1,
V==mnrh ———
3

a)
ﬁ:(h—12) ft/min
dt
d—V:?—>when h=3ft
dt
Ezk—nleh
4 12 3

2
Vzlﬂ'(lhj h
3 \3

v ="k £ /min
27

b) c) V =400ry
v . dh
—="n— V4007 Y
da 9 dt dt dt
av w2 d
Y T3y (=9 — 4007 Y
" 9() (-9) 9 = 4007 %
YV _ 9r % /min Y _ 9% fmin

dt dr 400




Relax.....Review

1. Differentiate the following:

3
a) m(t)= %ﬁ -317 +4x° b) f(x)= (1+xZJ( x+\/;) (do not simplify)
X +4 (x> 1)
= d - @ J
c)g@) x =3x+1 'y &3—2xy5
2.1f g(x) = 2x1—4 +\/;, find g”'(4).

3. For what value(s) of k will the line 2x—3y+k = 0 be normal to y = +/3x” +4 2

3
4. Find the rate of change for s(t) = ( j at 1 = 27 . Leave final answer in terms of 7 .

=107

5. Two tangents are drawn from the point (2,6) to the graph of y = —x? —=5x+4. Determine the coordinates of the
point(s) where the tangents touch the graph.

6. For what values of a and b will the parabola y =x’+ax +b be tangent to the curve y = x° + 5x at the point x=1?

7. A 1500-L tank leaks water so that the volume of water, in litres, remaining after # days, 0 < ¢ <15, is represented by

2
t 1
V(t) = 1500(1 - E) . How rapidly is the water leaking when the tank is 5 full? Round final answers to 2 decimal

places.

3
8. Find the values of x so that the tangent to £ (x) = T is parallel to the line x + 16y + 3 =0.
X

9. Find a and b so that the line y = - ax +4 is tangent to the graph of y=ax’> +bx atx =1.

10. Find the constant value(s) of k such that the equation of tangent to the curve f' (x) =+/1- kx? at x=1is parallel to
the line3x -2y +1=0.

7
11. Two lines drawn from point 4 (O, Z) are tangent to the parabola y =1— x? at P and Q. Find the area of triangle

APQ.

2
ax” +b and that has the following properties

12. Let f be a function given by f(x) =
X+c

lim f(x) =00, 7'(0)=2,  f"(0)=-2. Determine the values of a , band ¢
x—=>=1"

13. Let f (x) =+Jax® +b. Find values of @ and b such that the linear equation 7x + 2y = Sis tangent to f’ (x) at

x=-1.

14. Find the area of the triangle determined by the coordinate axes and the tangent to the curve xy = 1 at
x = 1.



15.

16.

18.

19.

20.

21.

22.

23.

24.

25.

a
. Find @ and b so that the line y = —4x +1 is tangent to the graph of y = —+

Consider the curve ) = a\/; + T where a and b are constants. The normal to this curve at the point where x = 4 is
x

4x +y =22. Find the values of g and b.

The equation of the tangent to y = 2x* - 1 at the point where x = 1, is 4ax—y = 2b*+1 . Find the values of ¢ and b.

at

x  x+1
x=1.
The curve y = 2x° + ax + b has a tangent with slope 10 at the point (-2, 33). Find the values of ¢ and b.

The position of an object moving along a straight line is described by the function
s(t)=—t* +4t*-10 for t>0.

(a) Is the object moving away from or towards its initial position when t =3?
(b) Is the object speeding up or slowing down when t = 3?

A position function of an object is given by: § (t ) = £ -6t +8 ,120

(a) Determine the velocity function for the object.

(b) Identify the point(s) where the object is at rest.

(c) Identify the point(s) where the acceleration is zero.

(d) Determine the equation of the acceleration function.

(e) For which intervals is the acceleration negative? Positive?

(f) Determine the intervals for which the object is speeding up and slowing down.

A north-south highway intersects an east-west highway at a point P. An automobile crosses P at 10:00 AM,
travelling east at a constant speed of 20 km / hr. At the same instant, another automobile is 2km north of P
, travelling south at 50km/hr. Find the time at which they are closest to each other, and approximate the
minimum distance between the automobile.

At noon a car is driving west at 55 km/h. At the same time, 15 km due north another car is driving south at
85 km/h. At what rate the distance between two cars changing 4 hours later?

How fast is the area of a rectangle changing if one side is 10 cm long and is increasing at a rate of 2 cm/s and
the other side is 8 cm long and is decreasing at a rate of 3 cm/s ?

A water tank is in the shape of an inverted right circular cone with top radius 10 m and depth 8 m. Water is
flowing in at a rate of 0.1 m3® /min. How fast is the depth of water in the tank increasing 3 minutes later?

A ladder 25 m long is leaning against a house. The base of the ladder is pulled away from the wall at a rate of
2 meter per second. How fast is the top of the ladder moving down the wall when the base of the ladder is
12 meter from the wall? Consider the triangle formed by the side of the house, the ladder, and the ground.
Find the rate at which the area of the triangle is changing when the base of the ladder is 7 m from the wall.



SOLUTIONS

MHF4UZ Relax...Review: Derivatives & Applications

1. Differentiate the following:
a) m(t)= %ﬁ -3 +4x°

m’'(t) = mt* +1—f

3

b) f(x)= (1 + xZJ(»\/x+ \/;) (do not simplify)

{3 ot

X +4
P =3x+1

¢) glx)=

_ 3x2(x3 -3X+1)-(3X2-3)(X3 +4)

() (x3 -3x+1)2
~ gx{-gxi" +3x2;sp("/-12x2+3x3+12
(x3 -3x+1)2
_-3(2x*+3x*-4)
(x3 -3X+1)2
8 v= 32 1)
(x3 —2x)_5

-4

= (32 a2

y=a{et 1) (06) -] (-] 3 2) 31
y'=(3x*-1)" (x*-2x)’ [-24x (x*-2x)+5(3x*-1)(3x>- 2)]
y'=(3x>- 1)_5 (x2- 2x)4 [-24x4 +48x> +45x* - 45x> + 10]
(x*-2x)" (21x* + 3x* +10)

(3x*-1)

y'=



SOLUTIONS

MHF4UZ Relax...Review: Derivatives & Applications
2. If g(x): 2x1_4+\/;, find g'"(4) )
1 1 " _ 4 3 -2
g(x) =2 (x-2)" +x? g"(4)=-3(2)" +5(4)>
1 45
(x)=-L(x-2)2+1x= g"(4)=
g'(x) 2(X 2) X 256

g"(x)=-3(x- 2)'4 +2x

3. For what value(s) of k£ will the line 2x—3y+k =0 be normal to y = V32 +42

' 3X
A
2+ > —"==—
«2/3x 4 . oxia 2

m=§—>m,=-g m:-zx (x<0)
3x* +4=4x"
x*=4

Xx=42 X% x=-2

y=43(-2)"+4
Y=4
sub. (-2,4) into 2x-3y+k =0 to get k.
-4-12+k=0

k=16
!
: - 3 :
4. Find the rate of change for S(t):(t T j at t =2 . Leave final answer in terms of 77 .
-107
s'(t)—l( t-m )'3 Y-10mA + 7
2| t-107 (t-10m)*

-2
ot

N
16T




SOLUTIONS

MHF4UZ Relax...Review: Derivatives & Applications

5. Two tangents are drawn from the point (2,6) to the graph of y =—X ? —5x+4. Determine the
coordinates of the point(s) where the tangents touch the graph.
Lok pant A be (x,-%5) and 6 be (36)
y =My,
_2X-5:6+X +5X-4 (‘ -A—%\ 20 -10
2-x AxX ,
(-2x-5)(2-x)=x*+5x+2

-4X+2X*-10+5X=X"+5X+2
x*-4x-12=0
(x-6)(x+2)=0

x=6 , X=-2

y=-62, y=10

6. For what values of a and b will the parabola y =x*+ax+b be tangent to the curve y = X +5x
at the point x=1?
: =1 indo \oth derivodives: _ \
Sub X=! ke Yoot Lot chims &{b“ﬁ \ o b a 6 who o0 ©
2 3 [ = HQ Yo =3x 45 (0)+b=5
4=(D*aldb Y, =150 AN v, = 3045 b=-I
%‘:l‘lﬂﬂ’b =0 ‘é‘ =Qda, ‘a;zg
2. Hob=b . =
o+b=50® s Ha=%
=06

7. A 1500-L tank leaks water so that the volume of water, in litres, remaining after ¢ days, 0 <¢ <15,

2
is represented by V(t) =15 00(1 - %) . How rapidly is the water leaking when the tank is é full?

Round final answers to 2 decimal places.

! t) 1 t ) -1
—~x1500=1500| 1- — V'(t)=3000[ 1- L ||
9 15 15 )\ 15
l=(1'i) V'(1o)=3ooo(1-£j(ij
9 15 15 )\ 15
1 t 200
+—=1-— .
3 15 3
t_,1 op t_,.1 =-66.67 L/ days
15 3 15 3
t_2 t_4
15 3 15 3
t=10 days t=20days Y
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3
8. Find the values of x so that the tangent to / (x) = T is parallel to the line x + 16y + 3 =0.
x

1 .4 1
f(x)=ax 3 w3__1
(x) 3x4 N X "
, 3 4
f'(x)=-x 3 <% =16
mL=-i x*=16°
16 x=18

9. Find a and b so that the line y = —ax+4 is tangent to the graph of y =ax’ + bx atx=1.

' 2 b ‘ st\j
f'(x)=3ax” +bx > Akt 3= ol b0
m, =f'(1)=3a+b %%l =3octb -

T - =] =-
y=-ax+4 m;=-a >3a+b=-a th=-4a (1) o
f b %‘IK=‘ = -0 (6_".'_(62.)9-‘]5@

(1)=a+ >a+b:-a+4ﬂ>-2a:4 -, 3oto=-0 M(-';Qa:-.aﬁ
eaia b=-lp® .

2N 0= -9
a=-2 , b=8 b Ve O
b=4(2

10. Find the constant value of k such that the equation of tangent to the curve =%
f(x)=«/ —kx* atx=1is parallel to the line3x—2y+1=0
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. . 7 VA
11.Two lines drawn from point 4 O,Z are tangent to the ;
A

parabola ¥ =1-x" at P and Q. Find the area of triangle APQ.

Let Q(x,l-xz),A(o,%J

' P 0
y =m,, "
- ~ B 0 C «x
-X -— 7 1
ox=— 4 |PQ|=base =./3 , height=%-~
X 4 4
_2X2=ﬁ_x2 :§
4 2
base x height
§=x2 Area ,,, = 8
4 2
3
1 1 3 X
X:iﬁ TP['\/E,_J’Q[£9_J :f 2
2 2 4 2 4 >
=3Y3 ynits®
4

12. Let £ be afunction given by f(x)= ax’ +b and that has the following properties:

xX+c
lim f(x)=o0, Jf'(0)=2, f"(0)=-2. Determine the valuesof & , b and ¢ .
lmf(x)=w=>-1+c=0
X r1

c=1

ax*+b
f(x)= X+1
B 2ax(x+1)-(ax2+b)

F(x) (x+1)°
f'(0)=2:-b=2

f'(x _ ax”*+2ax+2
(x+1)°

£ (x) = (2ax+2a)(x+1) (;i(f): 1)(axz +2ax+2)

f'(0)=-2:2a-4=-2

a=1
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13.Let f(x) =+ ax? +b. Find values of ¢ and b such that the linear equation 7x+2y = 5is

tangent to f(x) atx=-1.

ax
f'(x)=
( ) ax*+b
' 7
f('1)='g
_a _7

f(-1)=6

Ja+b=6 (2)

Sub. (2) into (1):
2a=7(6)

14. Find the area of the triangle determined by the coordinate axes and the tangent to
the curve xy = 1 at x = 1. | 4

y= 1 point(1,1) '.
X |

1 .
Vi

Equationoftangentline :y-1=-1(x-1)
y=-x+2
x-int(2,0) & y-int:(0,2)

. 1 e s
Area of tringle:—(2x2)=2 units
2
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15. Consider the curve y = a\/; +T where a and b are constants. The normal to this curve at the
X

point where x = 4 is 4x + y = 22. Find the values of a and b.

1 -1

1 1 1

y=ax?*+bx? Za-gbzZ Ma-b=4 (1)
y=X2(aX+b) y=a\/;+L&>y:2a+E
-1 3 1 ‘\/; 2
y=_X (ax+b)+ax? Ax+y=22_ "5t y_@
-1 3 2
=—(4)= +b)+ 2
m, =—(4)= (4a+b)+a(4) sasP 6
2
mT=i(4a+b)+la qa+b=12 (2)
16 2
m,rzla-%b 4a-b=4 @) a=2.b=4
41 g4a+b=12 (2) ’

4X+y=22 4y=-4X+22

m =-4 {Mp=—

16. The equation of the tangent to y = 2x> - 1 at the point where x = 1, is 4ax—y = 2b*+1 . Find the

values of g and b.

y =4ax-(2b* +1)

y=2x*-1-5y' =4x >m, =4

4=4a

a=1

At x=1,y=1
1=4-(2b2+1)
2b®* =2
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17. Find a and b so that the line y = —4x +1 is tangent to the graph of = a, b ! at x=1.
X  x+
y=-2__b
X (x+1)

b
m,=-a-— b

4 )-a-—=-4 P 4a+b=16 (1)
y=-4X+1 4

at x=1 y=a+k
2 a+—=-3>2a+b=-6 (2)

at x=1 y=-4(1)+1 =

2a+b=-6

4a+b=16> aciil.[b==8

18. The curve y = 2x’ + ax + b has a tangent with slope 10 at the point (-2, 33). Find the values of a
and b.

y=2x3+ax+b
y =6x*+a
10=6(-2)"+a
10-24=a

a=-14

33=2(-2)*-14(-2)+b
19. The position of an object moving along a straight line is described by the function
s(t)y=—t*+4t* -10 for t>0.

(a) Is the object moving away from or towards its initial position when t = 3?
(b) Is the object speeding up or slowing down when t = 3?

s(t)=-t3+4t*-10

v(t) =-3t> + 8t

a(t)=-6t+8

s(3)v(3)=(-1)(-3)>0

.. The object is moving away from the origin
a(3)v(3)=(-10)(-3)>0

.. The object is speeding upwhent=3
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20. A position function of an object is given by: s(t)= ¢ —6t> +8¢ ,t>0
(a) Determine the velocity function for the object.
v(t)=3t>-12t+8
(b) Identify the point(s) where the object is at rest.
o=3t>-12t+8

6412

t
3

t:6i2\/§
3

t=3.150r t=0.86

(c) Identify the point(s) where the acceleration is zero.

a(t)=6t-12
6t-12=0
t=2

(d) Determine the equation of the acceleration function.
a(t)=6t-12

(e) For which intervals is the acceleration negative? Positive?

The object is deceleration when 0 <t <2 and it’s accelerating when t>2

(f) Determine the intervals for which the object is speeding up and slowing down.

a(t)v(t)=6(t- 2)(3t2 -12t + 8)

e

76 2 <t<201't>76+2\/§
3 3
6-2J3 . _6+2J3
3 3

The object is speeding up when

The object is slowing down when O <t <
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21. A north-south highway intersects an east-west highway at a point P. An automobile crosses P at
10:00 AM, travelling east at a constant speed of 20 km / hr. At the same instant, another
automobile is 2km north of P, travelling south at 50km/hr. Find the time at which they are
closest to each other, and approximate the minimum distance between the automobile.

(2-y)*+x*=s"

dy dx ds
- - — 4+ _ = I
2(2-y) at 2x at 2s at
dy Let s =0, since y = 50t and x =20t we get
= = dy dx
dt V) =yt
N G " &

(2-501)(50) = (20t)(20)
10-250t = 40t
10 =290t

1 .
t=— hr~2.1min
29

S= «/(2-y)2 +x*

- 250 [ [=o( 5]

=0.7728 km

22. At noon a car is driving west at 55 km/h. At the same time, 15 km due north another car is driving
south at 85 km/h. At what rate the distance between two cars changing 4 hours later?

Afterghr : x=55x4=220km
y=85%x4=340km

s = «,xz +(15-y)2

s = \/2202 +(15-340)°
$=392.46 km

15km <

s*=x*+(15-y)"

ds_ . dx dy
X sdt—z’x it Z(15-y) it

(392.46) 5 =(220) (55)- (15~ 340)(85)

§:101.2 km /h
dt



MHF4UZ Relax...Review: Derivatives & Applications SOLUTIONS

23. How fast is the area of a rectangle changing if one side is 10 cm long and is increasing at a rate of
2 cm/s and the other side is 8 cm long and is decreasing at a rate of 3 cm/s ?

A =xy

dA dx dy
—:y_+x_
dt dt dt

dA = -
a 10(2)+8(-3)

=-4cm/s

24. A water tank is in the shape of an inverted right circular cone with top radius 10 m and depth 8 m.
Water is flowing in at a rate of 0.1 m? /min. How fast is the depth of water in the tank increasing
3 minutes later?

Vzlsrrrzh
3
dv .
— =0.1m? /min
dt /mi ,
ﬁ=?whent:3min
dt
2=§—>r=§h
r h 4
after 3min. V=3xo0.1
=0.3 m3
0.3=1ﬂ(§hjh
3 \4
3 _325 3
10 48
dv_25 ,.dh
dt 16 dt

0.1= EJ‘[(O.57)2 Q
16

dt
dh =0.062m/h
dt
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25. A ladder 25 m long is leaning against a house. The base of the ladder is pulled away from the
wall at a rate of 2 meter per second. How fast is the top of the ladder moving down the wall
when the base of the ladder is 12 meter from the wall? Consider the triangle formed by the
side of the house, the ladder, and the ground. Find the rate at which the area of the triangle is
changing when the base of the ladder is 7 m from the wall.

XZ +y2 = 252
When x=12m

y= ~/252 -12°

=21.9m

dx dy
2X—+2y——=0

dt dt

dy _
(12)(2) +(21.9) at o

dy =-1.1m/s
dt

A:lxy , X°+y*=625
2

when x =7m ,y:y:«f252-72 =24

dx d
2x—+2y—=0
dt dt
7(2)+(24)(ﬂ]=0

dt
Q=-lm/s
dt 12
dA 1( dy dx)
— == X—+y—
dt =2 dt dt

oz
2 12

=21.96 m/s



