Rates of Change

Our world is in a constant state of change. Understanding the
nature of change and the rate at which it takes place enables
us to make important predictions and decisions. For example,
climatologists monitoring a hurricane measure atmospheric
pressure, humidity, wind patterns, and ocean temperatures.
These variables affect the severity of the storm. Calculus plays

a significant role in predicting the storm’s development as these
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variables change. Similarly, calculus is used to analyse change in

many other fields, from the physical, social, and medical sciences to business and economics.

{ By the end of this chapter, you will

© describe examples of real-world applications of
rates of change, represented in a variety of ways

© describe connections between the average rate
of change of a function that is smooth over an
interval and the slope of the corresponding
secant, and between the instantaneous rate of
change of a smooth function at a point and the
slope of the tangent at that point

© make connections, with or without graphing
technology, between an approximate value of the
instantaneous rate of change at a given point on
the graph of a smooth function and average rate
of change over intervals containing the point

© recognize, through investigation with or without
technology, graphical and numerical examples of
limits, and explain the reasoning involved

© make connections, for a function that is smooth
over the interval a=<x=a + h, between the
average rate of change of the function over
this interval and the value of the expression

fla+h)—f
M, and between the instantaneous

rate of change of the function at x =g and the

. fla+th)—f(a
value of the limit lim flath)=fla)
h—0 h
compare, through investigation, the calculation
of instantaneous rate of change at a point
(a, f(a)) for polynomial functions, with and without

f(a+h)—f(a)

simplifying the expression before

substituting values of h that approach zero

generate, through investigation using technology,
a table of values showing the instantaneous
rate of change of a polynomial function, f(x),
for various values of x, graph the ordered pairs,
recognize that the graph represents a function

dy

called the derivative, f’(x) or o and make
X

connections between the graphs of f(x) and f’(x)

dy

oryand —

Y dx

determine the derivatives of polynomial
functions by simplifying the algebraic expression

flxrh = Fx) and then taking the limit of the

simplified expression as h approaches zero



Prerequisite Skills

First Differences
1. Complete the following table for the function
y=x>+3x+35.
a) What do you notice about the first
differences?

b) Does this tell you anything about the shape
of the curve?

2 y First Difference

Slope of a Line
2. Determine the slope of the line that passes
through each pair of points.
a) (—2,3)and (4,1) b) (3, —=7)and (0, —1)
o (5,1)and (0, 0) d) (0,4)and (-9, 4)

Slope-Intercept Form of the Equation of a Line

3. Rewrite each equation in slope-intercept form.
State the slope and y-intercept for each.

a) 2x —4y=7 b) Sx+3y—1=0
¢ —18x=9y+10 d Sy=7x+2

4. Write the slope-intercept form of the equations
of lines that meet the following conditions.
a) The slope is 5 and the y-intercept is 3.
b) The line passes through the points (=35, 3)
and (1, 1).
¢) The slope is —2 and the point (4, 7) is on
the line.

d) The line passes through the points (3, 0)
and (2, —1).
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Expanding Binomials

5. Use Pascal’s triangle to expand each binomial.

a) (a+b)? b) (a+b)3 J (a—b)
d) (a+b)* e) (a—b) f) (a+b)
Factoring
6. Factor.
a) 2x2—x—1 b) 6x2+17x+3S§
0 x3—1 d) 2x*+ 7x3 + 3x2

e) x2—2x—4 f) 2+212—-3t
Factoring Difference Powers

7. Use the pattern in the first row to complete the
table for each difference of powers.

Difference of Factored Form

Powers

a) a"—b" (@a=b)a" "+a"2b+a" 36>+
et a3+ ab" 2+ b

b) a®>— b?

J (a—b)(a*+ab+ b?)

d) a*—b*

e) a°—b°

f) (x+h)"—x"

Expanding Difference of Squares

8. Expand and simplify each difference of squares.

a) (Vx —V2)(Wx ++2)
Jr+1—Jx)(x+1+x)

b) (
Q (\/x+1—\/x—1)(\/x+l +\/x—1)
d) (

J3(x +h) = 3%)(\f3(x + b) + [3x)

Simplifying Rational Expressions

9. Simplify.

1 1 1 1
- b P
a)2+/o 2 )x—i—h x
!
1 1 x+h x
- d
VT 2 U



Function Notation Representing Intervals

10. Determine the points (=2, f(—2)) and (3, f(3)) 14. An interval can be represented in several ways.
for each given function. Complete the missing information in the
a) flx)=3x+12 following table.
b) f(x)=—-5x>+2x+1 Interval
9 flx)= 253 — 732 4 3 N(:t_asti‘:; Inequality Number Line
11. For each function, determine f(3 + /) in —3=x=5
simplified form. 3—yes _=3 0 2
a) f(x)=6x—2 (=3, 5]
b) f(x)=3x>+5x <—_C3 0 °
Q flx)=2x3—7x2 (3. 00)
12. For each function, determine f2+h-f@2) Xii
in simplified form. ’ (=00, 50) X]I_g
a) f(x)=6x b) f(x)=2x3
9 Fla)= % ) fx) = _% Graphing Functions Using Technology

15. Use a graphing calculator to graph each
function. State the domain and range of each

Domain of a Function ) .
usmg set notation.

13. State the domain of each function. a) y=—5x3
a) f(x) = 3 5x b y= St % b) y=+x
8§—x x2—4
0 Ox) = x*—x?+4x d y=+/x J Y12
x? d) y=0.5x2+1
e = —_—
)y x2+x—6

f) D(x)=\x +9—x

PROBLEM

Alicia is considering a career as either a demographer or
a climatologist. Demographers study changes in human
populations with respect to births, deaths, migration, education

level, employment, and income. Climatologists study both
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the short-term and long-term effects of change in climatic
conditions. How are the concepts of average rate of change

and instantaneous rate of change used in these two professions

to analyse data, solve problems, and make predictions?

Prerequisite Skills « MHR 3



Rates of Change and the Slope
of a Curve

The speed of a vehicle is usually expressed in terms
of kilometres per hour. This is an expression of rate
of change. It is the change in position, in kilometres,
with respect to the change in time, in hours. This
value can represent an average rate of change or an
instantaneous rate of change . That is, if your vehicle
travels 80 km in 1 h, the average rate of change is

80 km/h. However, this expression does not provide
any information about your movement at different

points during the hour. The rate you are travelling at a

particular instant is called instantaneous rate of change.
This is the information that your speedometer provides.

In this section, you will explore how the slope of a line can be used to
calculate an average rate of change, and how you can use this knowledge
to estimate instantaneous rate of change. You will consider the slope of two
types of lines: secants and tangents.

e Secants are lines that connect two points that lie on the same curve.

y

SecantPQ

e Tangents are lines that run “parallel” to, or in the same direction as,
the curve, touching it at only one point. The point at which the tangent
touches the graph is called the tangent point . The line is said to be
tangent to the function at that point. Notice that for more complex
functions, a line that is tangent at one x-value may be a secant for an
interval on the function.

Tangent to f(x) at
the tangent point P

X
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NZSIGEICEN What is the connection between slope, average rate of change, and
instantaneous rate of change?

Imagine that you are shopping for a vehicle. One of the cars you are Tools
considering sells for $22 000 new. However, like most vehicles, this car loses - qrid paper
value, or depreciates, as it ages. The table below shows the value of the car « ruler

over a 10-year period.

Time Value
(years) (%)

0 22 000

1 16 200

2 14 350

3 11760

4 8980

5 7 820

6 6950

7 6270

8 5060

9 4380
10 4050

A: Connect Average Rate of Change to the Slope of a Secant

1. Explain why the car’s value is the dependent variable and time is the
independent variable .

2. Graph the data in the table as accurately as you can using grid paper.
Draw a smooth curve connecting the points. Describe what the graph tells
you about the rate at which the car is depreciating as it ages.

3. a) Draw a secant to connect the two points corresponding to each of the
following intervals, and determine the slope of each secant.

i) year O to year 10 ii) year O to year 2
iii) year 3 to year § iv) year 8 to year 10

b) Reflect Explain why the slopes of the secants are examples of average
rate of change. Compare the slopes for these intervals and explain what
this comparison tells you about the average rate of change in value of
the car as it ages.

4. Reflect Determine the first differences for the data in the table. What do
you notice about the first differences and average rate of change?

B: Connect Instantaneous Rate of Change to the Slope of a Tangent

1. Place a ruler along the graph of the function so that it forms a tangent to
the point corresponding to year 0. Move the ruler along the graph keeping
it tangent to the curve.

a) Reflect Stop at random points as you move the ruler along the curve.
What do you think the tangent represents at each of these points?

b) Reflect Explain how slopes can be used to describe the shape of a
curve.

1.1 Rates of Change and the Slope of a Curve -



2. a) On the graph, use the ruler to draw a tangent through the point
corresponding to year 1. Use the graph to find the slope of the tangent
you have drawn.

b) Reflect Explain why your calculation of the slope of the tangent is
only an approximation. How could you make this calculation more
accurate?

C: Connect Average Rate of Change and Instantaneous Rate of Change

1. a) Draw three secants corresponding to the following intervals, and
determine the slope of each.

i) year 1 to year 9 ii) year 1 to year 5 iii) year 1 to year 3

b) What do you notice about the slopes of the secants compared to the
slope of the tangent you drew earlier? Make a conjecture about the
slope of the secant between years 1 and 2 in relation to the slope of the
tangent.

¢ Use the data in the table to calculate the slope for the interval between
years 1 and 2. Does your calculation support your conjecture?

2. Reflect Use the results of this investigation to summarize the
relationship between slope, secants, tangents, average rate of change, and
instantaneous rate of change.

Examble 1 Determine Average and Instantaneous Rates of
P Change From a Table of Values

A decorative birthday balloon is being filled with t(s) V (cm3)

helium. The table shows the volume of helium in the 0 0

balloon at 3-s intervals for 30 s. 3 4.2
6 335

1. What are the dependent and independent variables

for this problem? In what units is the rate of change 9 113.0
expressed? 12 267.9
15 5233

2. a) Use the table of data to calculate the slope of the 18 9043
secant for each of the following intervals. What 21 1436.0

does the slope of the secant represent? 24 11436
i)21sto30s ii) 21 sto 27 s iii) 21 sto 24 s 27 3052.1

30 4186.7

b) Reflect What is the significance of a positive rate
of change in the volume of the helium in the balloon?

3. a) Graph the information in the table. Draw a tangent at the point on
the graph corresponding to 21 s and calculate the slope of this line.
What does this graph illustrate? What does the slope of the tangent
represent?

b) Reflect Compare the secant slopes that you calculated in question 2
to the slope of the tangent. What do you notice? What information

would you need to calculate a secant slope that is even closer to the

~—

slope of the tangent?
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Solution

1. In this problem, volume is dependent on time, so V is the dependent

variable and ¢ is the independent variable. For the rate of change, V is

. V . . . .
expressed with respect to ¢, or —. Since the volume in this problem is
t

expressed in cubic centimetres, and time is expressed in seconds, the units

for the rate of change are cubic centimetres per second (cm?/s).
2. a) Calculate the slope of the secant using the formula
At tHhh— 1
i) The endpoints for the interval 21 =¢=30 are (21, 1436.0) and
(30, 4186.7).
AV _ 4186.7 —1436.0

=306
At 30-21
ii) The endpoints for the interval 21 =#=27 are (21, 1436.0) and
(27, 3052.1).
AV _3052.1-1436.0 . 269
At 27 -21

iii) The endpoints for the interval 21 =#=24 are (21, 1436.0) and
(24, 2143.6).
AV 2143.6 —1436.0

2r =236
At 2421

The slope of the secant represents the average rate of change, which
in this problem is the average rate at which the volume of the helium
is changing over the interval. The units for these solutions are cubic

centimetres per second (cm¥/s).

b) The positive rate of change during these intervals suggests that the
volume of the helium is increasing, so the balloon is expanding.

3. a) Volume of Helium in a Balloon

V

2500

2000

(cm?

2 1500
P(21, 1436)

Volum

1000

300 Q(16.5, 500)

0 3 6 9 12 15 18 21 24 t
Time (s)

| CONNECTIONS
[ The symbol = indicates that an

answer is approximate.

1.1 Rates of Change and the Slope of a Curve « MHR 7



This graph illustrates how the volume of the balloon increases over
time. The slope of the tangent represents the instantaneous rate of
change of the volume at the tangent point.

To find the instantaneous rate of change of the volume at 21 s,
sketch an approximation of the tangent passing though the point
P(21, 1436). Choose a second point on the line, Q(16.5, 500), and
calculate the slope.

AV _ 1436 — 500
At 21-16.5

=208

At 21 s, the volume of the helium in the balloon is increasing at a rate
of approximately 208 cm?/s.

b) The slopes of the three secants in question 2 are 305.6, 269.4, and
235.9. Notice that as the interval becomes smaller, the slope of the
secant gets closer to the slope of the tangent. You could calculate a
secant slope that was closer to the slope of the tangent if you had data
for smaller intervals.

KEY CONCEPTS

© Average rate of change refers to the rate of change of a function over
an interval. It corresponds to the slope of the secant connecting the
two endpoints of the interval.

© Instantaneous rate of change refers to the rate of change at a specific
point. It corresponds to the slope of the tangent passing through a
single point, or tangent point, on the graph of a function.

© An estimate of the instantaneous rate of change can be obtained by
calculating the average rate of change over the smallest interval for
which there is data. An estimate of instantaneous rate of change can
also be determined using the slope of a tangent drawn on a graph.
However, both methods are limited by the accuracy of the data or the
accuracy of the sketch.

Communicate Your Understanding

(1 What is the difference between average rate of change and instantaneous
rate of change.

2 Describe how points on a curve can be chosen so that a secant provides
a better estimate of the instantaneous rate of change at a point in the
interval.

@3 Do you agree with the statement “The instantaneous rate of change at a
point can be found more accurately by drawing the tangent to the curve
than by using data from a given table of values”? Justify your response.

MHR - Calculus and Vectors - Chapter 1



1.

Determine the average rate of change between
each pair of points.

a) (—4, —1)and (2, 6)
b) (3.2, —6.7) and (=5, 17)

9 (%,—i) and (—11,2)
375 24

Complete the following exercises based on the
data set.

T

3. Estimate the instantaneous rate of change at
the tangent point indicated on each graph.

X -3

-1

1

3

5

7

y 5 -5

-3 5

6

45

a) Determine the average rate of change of y
over each interval.
i) 3=x=1 i) 3=x=3
i) l=x=7 iv) —1=x=3$§
b) Estimate the instantaneous rate of change at
the point corresponding to each x-value.
i) x=-1 ii)x=1

jii) x =3 iv)x=95

a) b)
y y
S 16
6 12
8
/—2/0 2 | 4 \ 6X 0 4 8 12
J
Yy
8
6
4

3 Connect and Apply

For each graph, describe and compare the instantaneous rate of change at the points indicated.

Explain your reasoning.

a) y
A 8 G
6
4
D
C
6| =4 /2 0 T |6 X
| E

—4
B F
)B,D,andF i) Aand G
iii) C and G iv) Aand E

1.1 Rates of Change and the Slope of a Curve -

b)
E
D
C
2 4 6 X
-2
i) Band C i) A, B, and E
iii) C and D iv) A and C

MHR 9



5. As air is pumped into

Reasoning-and Proving

Representing Selecting Tools

an exercise ball, the
surface area of the ball
expands. The table
shows the surface

area of the ball at 2-s
intervals for 30 s.

Problem Solving

Connecting Reflecting

Communicating

Time (s) Surface Area (cm?)
0 10.0
2 22.56
4 60.24
6 123.04
8 210.96

10 324.0
12 462.16
14 625.4
16 813.8
18 1027.4
20 1266.0
22 1529.8
24 1818.6
26 2132.6
28 2471.8
30 2836.0

a) Which is the dependent variable and
which is the independent variable for
this problem? In what units should your
responses be expressed?

b) Determine the average rate of change of the
surface area of the ball for each interval.

i) the first 10 s
i) between 20 s and 30 s
iii) the last 6 s

o) Use the table of values to estimate the
instantaneous rate of change at each time.
i)2s i) 14 s iii) 28 s

d) Graph the data from the table, and use the
graph to estimate the instantaneous rate of
change at each time.

i) 6s ii) 16 s i) 26 s

e) What does the graph tell you about the
instantaneous rate of change of the surface
area? How do the values you found in
part d) support this observation? Explain.

10 MHR - Calculus and Vectors - Chapter 1

6.

Which interval gives the best estimate of the
tangent at x = 3 on a smooth curve?

a) 2<x<4 b) 2<x<3

0 3<x<3.3 d) cannot be sure

a) For each data set, calculate the first
differences and the average rate of change
of y between each consecutive pair of points.

i) x -3/ -2 -1 0 1 2
y -50 | —12 2 4 6 20
i) | x -6 —4 | -2 0 2 4
y —-26 26 22| 10 | 38 | 154

b) Compare the values found in part a) for
each set of data. What do you notice?

¢ Explain your observations in part b).

d) What can you conclude about first
differences and average rate of change for
consecutive intervals?

Identify whether each situation represents
average rate of change or instantaneous rate of
change. Explain your choice.

a) When the radius of a circular ripple on the
surface of a pond is 4 cm, the circumference
of the ripple is increasing at 21.5 cm/s.

b) Niko travels 550 km in S h.
¢ At 1P.M. a train is travelling at 120 km/h.
d) A stock price drops 20% in one week.

e) The water level in a lake rises 1.5 m from
the beginning of March to the end of May.

The graph shows the

Temperature of Water Being Heated

temperature of water C
being heated in an 100
electric kettle. s
075
a) What was the g
initial temperature g0
of the water? i
=25
What happened
in?
after 3 min: ol Teo T30 180
b) What does the Time (s)

graph tell you

about the rate of change of the temperature
of the water? Support your answer with
some calculations.



10. Chapter Problem Alicia found data showing ¢ UseTechnology Graph the data in the

Canada’s population in each year from 1975 table with a graphing calculator. What does
to 2005. the graph tell you about the instantaneous
rate of change of Canada’s population?
Year Canadian Population
1975 23143192 d) Make some predictions about Canada’s
1976 23449 791 population based on your observations in
1977 23725921 parts a), b), and c).
1978 23963370 e) Pose and answer a question that is related
1979 24201 801 to the average rate of change of Canada’s
1980 24516 071 population. Pose and answer another
1981 24820393 related to instantaneous rate of change.
1982 25117 442
1983 25366 969 / Achievement Check
1984 25607 651
122: ;Z ?Sf ﬁ? 11. a) Describe a graph for which the average rate
1987 26 443 855 of change is equal to the instantaneous rate of
1988 26 795 383 change for the entire domain. Describe a real-
1989 27281 795 life situation that this graph could represent.
1990 27 697 530 b) Describe a graph for which the average rate
1991 28031394 of change between two points is equal to the
1992 28366 737 instantaneous rate of change at
1993 28 681676 . .
1994 58 999 006 i) one of the two points
1995 29302 091 i) the midpoint between the two points
1996 29610757 o Describe a real-life situation that could be
1997 29907172 represented by each of the graphs in part b).
1998 30 157 082
1999 30403 878 12. When electricity flows through a certain kind
5000 30689 035 of light bulb, the voltage applied to the bulb,
2001 31021251 in volts, and the current flowing through it,
2002 31372587 in amperes, are as shown in the graph. The
2003 31676077 instantaneous rate of change of voltage with
2004 31989 454 respect to current is known as the resistance of
2005 32299 496 the light bulb.
Source: Statistics Canada, Estimated Population of a) Does the ResiVstancc of a Lightbulb
Canada, 1975 to Present (table). Statistics Canada resistance
Calosc o I 870 Ml iy nasscor |
decrease as
a) Determine the average rate of change in the voltage S 90
Canada’s population for each interval. is increased? %
i) 1975 to 2005 ii) 1980 to 1990 Justify your § 60
answer.

iii) consecutive 10-year intervals beginning
with 1975 b) Use the graph 30

b) Compare the values found in part a). to determine the

What do you notice? Explain. Estimate the r.esistance of the
instantaneous rate of change of population light bulb at a 0 O'éurroe'jt i Al)'z C
growth for 1983, 1993, and 2003. voltage of 60 V.

1.1 Rates of Change and the Slope of a Curve « MHR 11



13.

14.

12 MHR - Calculus and Vectors -

An offshore oil platform develops a leak. As
the oil spreads over the surface of the ocean,
it forms a circular pattern with a radius that
increases by 1 m every 30 s.

a) Construct a table of values that shows the
area of the oil spill at 2-min intervals for
30 min, and graph the data.

b) Determine the average rate of change of the
area during each interval.

i) the first 4 min
ii) the next 10 min
i) the entire 30 min

¢ What is the difference between the
instantaneous rate of change of the area of
the spill at § min and at 25 min?

d) Why might this information be useful?

The blades of a particular windmill sweep in

a circle 10 m in diameter. Under the current
wind conditions, the blades make one rotation
every 20 s. A ladybug lands on the tip of one
of the blades when it is at the bottom of its
rotation, at which point the ladybug is 2 m off
the ground. It remains on the blade for exactly
two revolutions, and then flies away.

a) Draw a graph representing the height of the
ladybug during her time on the windmill
blade.

b) If the blades of the windmill are turning at
a constant rate, is the rate of change of the
ladybug’s height constant or not? Justify
your answer.

Chapter 1

15.

16.

17.

18.

(&) Extend and Challenge

) Is the rate of change of the ladybug’s height
affected by where the blade is in its rotation
when the ladybug lands on it?

a) How would the graph of the height of the
ladybug in question 14 change if the wind
speed increased? How would this graph
change if the wind speed decreased? What
effect would these changes have on the rate
of change of the height of the ladybug?
Support your answer.

b) How would the graph of this function
change if the ladybug landed on a spot
1 m from the tip of the blade? What effect
would this have on the rate of change of the
height? Support your answer.

The table shows the height, H, of water being
poured into a cone shaped cup at time, .

a) Compare the following in t(s) H(cm)
regard to the height of water 0 0
in the cup. 1 248
i) Average rate of change in 2 | 313
the first 3 seconds and last 3] 358
3 seconds. 4 | 354
. 5 424
i) Instantaneous rate of 6 | 451
change at 3 s and 9 s. 7 | 475
b) Explain your results in parta). | 8 | 4.96
.. 9 5.16
¢ Graph the original data and
10 5.35

graphically illustrate the results
you found in part a). What would these
graphs look like if the cup was a cylinder?

d) The height of the cup is equal to its largest
diameter. Determine the volume for each
height given in the table. What does the
volume tell you about the rate at which the
water is being poured?

Math Contest If x and y are real numbers

such that x +y=8 and xy = 12, determine the
1 1

value of — + —.
Xy

Math Contest If 5 = 3V%, find the value of

logo g.



Rates of Change Using Equations

The function h(t) = —4.9¢2 + 24t + 2 models the
position of a starburst fireworks rocket fired

from 2 m above the ground during a July 1st
celebration. This particular rocket bursts 10 s
after it is launched. The pyrotechnics engineer
needs to be able to establish the rocket’s speed and
position at the time of detonation so that it can be
choreographed to music, as well as coordinated
with other fireworks in the display.

In Section 1.1, you explored strategies for
determining average rate of change from a table
of values or a graph. You also learned how these
strategies could be used to estimate instantaneous
rate of change. However, the accuracy of this
estimate was limited by the precision of the data
or the sketch of the tangent. In this section, you
will explore how an equation can be used to
calculate an increasingly accurate estimate of
instantaneous rate of change.

(NSEI-I How can you determine instantaneous rate of change from an equation?

An outdoor hot tub holds 2700 L of water. When a valve at the bottom of the

tub is opened, it takes 3 h for the water to completely drain. The volume of

-1

water in the tub is modelled by the function V(¢) 12(180 —1)2, where Vis

the volume of water in the hot tub, in litres, and ¢ is the time, in minutes, that
the valve is open. Determine the instantaneous rate of change of the volume of
water at 60 min.

A: Find the Instantaneous Rate of Change at a Particular Point in a Domain
Method 1: Work Numerically
1. a) What is the shape of the graph of this function?

b) Express the domain of this function in interval notation. Explain why
you have selected this domain.

o Calculate V(60). What are the units of your result? Explain why
calculating the volume at # = 60 does not tell you anything about the
rate of change. What is missing?

1.2 Rates of Change Using Equations « MHR 13



2. Complete the following table. The first few entries are done for you.

Time
Tangent Increment Second
Point P (min) Point Q Slope of Secant PQ
(60, 1200) 3 (63, 1140.8) 114081200 . -19.7
63— 60
(60, 1200) 1 (61,1180.1)
(60, 1200) 0.1 (60.1,1198)
(60, 1200) 0.01
(60, 1200) 0.001
(60, 1200) 0.0001

3. a) Why is the slope of PQ negative?

b) How does the slope of PQ change as the time increment decreases?
Explain why this makes sense.

4. a) Predict the slope of the tangent at P(60, 1200).

b) Reflect How could you find a more accurate estimate of the slope of
the tangent at P(60, 1200)?

Method 2: Use a Graphing Calculator

Tools 1. a) You want to find the slope of the tangent at the point where x = 60, so
- graphing calculator first determine the coordinates of the tangent point P(60, V(60)).

b) Also, determine a second point on the function, Q(x, V(x)), that

corresponds to any point in time, x.
CONNECTIONS

. i i he sl f th PQ.

Tosee how The Geometers 2. Write an expression for the slope of the secant PQ

Sketchpad® can be used to 3. For what value of x is the expression in step 2 not valid? Explain.
determine an instantaneous rate 4. Simplify the expression, if possible.

of change from an equation, go ) )

to www.mcgrawhillca/links/ 5. On a graphing calculator, press and enter the expression for slope
calculus12 and follow the links to from step 2 into Y1.

Section 1.2. 6. a) Press to access TABLE SETUP.

b) Scroll down to Indpnt. Select Ask and press (ENTER).

~

(TRELE SETUP
Thlstart=1
aThl=l
Indrnt: Auto
Derpend: = |
. J
¢ Press to access TABLE.
(B e )
I
&= J
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7. a) Input values of x that are greater than but very close to 60, such as
x=61,x=60.1, x=60.01, and x = 60.001.

b) Input values of x that are smaller than but very close to 60, such as
x=359,x=159.9,x=159.99, and x = 59.999.

¢) What do the output values for Y1 represent? Explain.

d) How can the accuracy of this value be improved? Justify your answer.

B: Find the Rate at Any Point

1. Choose a time within the domain, and complete the following table.
Let x = a represent the time for which you would like to calculate the

instantaneous rate of change in the volume of water remaining in the hot

tub. Let b represent a time increment that separates points P and Q.

Tangent Time Slope of Secant
Point Increment Second Point V(a+h)—V(a)

P(a, V(a)) (min) Q((a + h), V(a + h)) (a+h)—a

3

1

0.1

0.01

0.001

0.0001

2. a) Predict the slope of the tangent at P(a, V(a)).
b) Verify your prediction using a graphing calculator.

3. Reflect Compare the method of using an equation for estimating
instantaneous rate of change to the methods used in Section 1.1. Write a
brief summary to describe any similarities, differences, advantages, and
disadvantages that you notice.

4. Reflect Based on your results from this Investigation, explain how
the formula for slope in the table can be used to estimate the slope of a
tangent to a point on a curve.

When the equation of function y = f(x) is known, the average rate of change
over an interval a=x=0b is determined b/
by calculating the slope of the secant:

Ay _fb)—f(a)
Ax b—a

1.2 Rates of Change Using Equations «

MHR
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If / represents the interval between two points on the x-axis, then the two
points can be expressed in terms of a: @ and (a + b). The two endpoints of the

secant are (a, f(a)) and ((a+h), f(a+h)).

y

Q(a+h), fla+h))

The Difference Quotient

The slope of the secant between P(a, f(a)) and Q(a + b, f(a+h)) is
Ay _ fla+h)—fl(a)

Ax (a+h)—a

fla+h)—f(a)
h 3

h#0

This expression is called the difference quotient .

Instantaneous rate of change refers to the rate of change at a single (or
specific) instance, and is represented by the slope of the tangent at that
point on the curve. As b becomes smaller, the slope of the secant becomes an
increasingly closer estimate of the slope of the tangent line. The closer 4 is to
zero, the more accurate the estimate becomes.

= N2 @)y gQa+ ), fia+b)
4 at+h x 2 Ia+h X
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Example 1 E:stlm:.:\te. the Slope of a.Tangent I:?y First
Simplifying an Algebraic Expression
Ahmed is cleaning the outside of the patio windows at his aunt’s apartment,

which is located 90 m above the ground. Ahmed accidentally kicks a
flowerpot, sending it over the edge of the balcony.

1. a) Determine an algebraic expression, in terms of @ and b, that represents
the average rate of change of the height above ground of the falling
flowerpot. Simplify your expression.

b) Determine the average rate of change of the flowerpot’s height above
the ground in the interval between 1 s and 3 s after it fell from the edge
of the balcony.

¢) Estimate the instantaneous rate of change of the flowerpot’s height at
1sand 3s.

2. a) Determine the equation of the tangent at ¢ = 1. Sketch a graph of the
curve and the tangent at t=1.

b) Use Technology Verify your results in part a) using a graphing
calculator.

Solution

The height of a falling object can be modelled by the function s(¢) = d — 4.9¢2,
where d is the object’s original height above the ground, in metres, and

t is time, in seconds. The height of the flowerpot above the ground at any
instant after it begins to fall is s(¢) = 90 — 4.9¢2.

1. a) A secant represents the average rate of change over an interval.
The expression for estimating the slope of the secant can be

Ay _flath)—f)

obtained by writing the difference quotient == =1""_ "2 for

Ax b

s(£) =90 — 4.9¢2.
Ay _[90 —4.9(a + h)*]— (90 — 4.942)
Ax b

90— 4.9(a2 + 2ah + h?) — 90 + 4.9a2

B b

90— 4.9a%2 — 9.8ah — 4.9h* — 90 + 4.942

a b

_ —9.8ah — 4.9

- b

——9.84—4.9h

1.2 Rates of Change Using Equations « MHR 17



b) To calculate the rate of change of the flowerpot’s Flowerpot’s Height Above
height above the ground over the interval Sg‘)e Ground
between 1 sand 3 s,usea=1and h =2 (i.e., the
2-s interval after 1 s).

80
AY _ 9.8(3)— 4.90)
Ax
=-19.6

— 60
Between 1 s and 3 s, the flowerpot’s average rate £
of change of height above the ground was &
—19.6 m/s. The negative result in this problem T 40
indicates that the flowerpot is moving
downward.

¢) As the interval becomes smaller, the slope of the 20
secant approaches the tangent at a. This value
represents the instantaneous rate of change at
that point.

of 1 23 4¢

a h Slope of Secant = —9.8a — 4.9h Time (s)

1 0.01 —9.8(1) —4.9(0.01) = —9.75

1 0.001 —9.8(1) —4.9(0.001) = —9.795

3 0.01 —9.8(3) —4.9(0.01) = —29.35

3 0.001 —9.8(3) —4.9(0.01) = —29.395
From the available information, it appears that the slope of the secant
is approaching —9.8 m/s at 1 s, and —29.4 m/s at 3 s.

2. a) To determine the equation of the tangent at Flowerpot’s Height Above
t =1, first find the tangent point by substituting S(t?{ Ground
into the original function.
s(1)=90 — 4.9(12

=85.1 80
The tangent point is (1, 85.1).
From question 1, the estimated slope at this 60
point is —9.8. Substitute the slope and the £
tangent point into the equation of a line formula: )
3’_}’1:’”(96—961)- :40
s—85.1=-98(t—1)

s=-9.8t+94.9

The equation of the tangent at (1, 85.1) is 20
s=—-9.8t+94.9.

b) Verify the results in part a) using the Tangent
operation on a graphing calculator. Change the 0] 123 41

Time (s)

window settings as shown before taking the
steps below.
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THOOL
Amin=g
Amax=24
#ascl=
Ymin=@a
Ymax=1806
Yecl=5
Hres=1

Enter the equation Y1 =90 — 4.9x2. Press (GRAPH].

Press (PRGM].
e Choose 5:Tangent(.

e Enter the tangent point, 1.

The graph and equation of the tangent verify the results.

=

by Window variables:
=-0.B}+04.8 x [0, 20], y € [0, 100], Yscl=35

KEY CONCEPTS

© The expression

© For a given function y = f(x), the instantaneous rate of change at x =a

is estimated by calculating the slope of a secant over a very small
interval, a=x=a+ b, where b is a very small number.

w, h # 0 is called the difference quotient.
It is used to calculate the slope of the secant between (a, f(a)) and
((a+h), f(a+h)). It generates an increasingly accurate estimate of the
slope of the tangent at a as the value of » comes closer to 0.

© A graphing calculator can be used to draw a tangent to a curve when

the equation for the function is known.

Communicate Your Understanding

a

Q

G

Which method is better for estimating instantaneous rate of change: an

equation or a table of values? Justify your response.

How does changing the value of / in the difference quotient bring the

slope of the secant closer to the slope of the tangent? Do you think there

is a limit to how small / can be? Explain.

Explain why b cannot equal zero in the difference quotient.

Technology Tip

The standard window settings
are [—10, 10] for both the
x-axis and y-axis. These window
variables can be changed. To
access the window settings, press
(WINDOW). If non-standard
window settings are used for a
graph in this text, the window
variables will be shown beside
the screen capture.
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9 racse

1. Determine the average rate of change from
x =1 to x =4 for each function.

2

a) y=x b) y=x g y=x3 d)y=7

2. Determine the instantaneous rate of change at
x =2 for each function in question 1.

3. Write a difference quotient that can be used
to estimate the slope of the tangent to the
function y = f(x) at x = 4.

4, Write a difference quotient that can be used to
estimate the instantaneous rate of change of
y=x>atx=—3.

5. Write a difference quotient that can be used to
obtain an algebraic expression for estimating

the slope of the tangent to the function
flx)=x3atx=35.

6. Write a difference quotient that can be used to
estimate the slope of the tangent to f(x) =x3 at
x=-—1.

7. Which statements are true for the difference

41+hyP—4 .
T? Justify your answer.

quotient
Suggest a correction for the false statements.
a) The equation of the function is y = 4x3.

b) The tangent point occurs at x = 4.

o The equation of the function is y = 4x3 — 4.

d) The expression is valid for /# 0.

3 Connect and Apply

8. Refer to your answer to question 4. Estimate
the instantaneous rate of change at x = —3 as
follows:

a) Substitute »=0.1, 0.01, and 0.001 into the
expression and evaluate.

b) Simplify the expression, and then substitute
h=0.1,0.01, and 0.001 and evaluate.

¢ Compare your answers from parts a) and b).

What do you notice? Why does this make
sense?

9. Refer to your answer to question 3. Suppose
f(x) = x*. Estimate the slope of the tangent at
x =4 by first simplifying the expression and
then substituting # =0.1, 0.01, and 0.001 and
evaluating.

10. Determine the average rate of change from
x=—3 to x =2 for each function.

b) y=2x—-1

d) y=x—2x3

a) y=x>+3x

0 y=7x>—x*

11. Determine the instantaneous rate of change at
x =2 for each function in question 10.

20 MHR - Calculus and Vectors - Chapter 1

12. a) Expand and simplify each difference
quotient, and then evaluate for a= —3 and
h=0.01.

b) What does each answer represent? Explain.

13. Compare each of the following expressions

to the difference quotient W’
identifying
i) the equation of y=f(x)
i) the value of a
iii) the value of »

iv) the tangent point (a, f(a))

a) (4.01>—-16 ) (6.0001)>— 216
0.01 0.0001
—0.9)% — —
0 3(-0.9)* -3 d) 2(8.1) + 16
0.1 0.1



14.

15.

Reasoning-and Proving

Use Technology

A soccer ball is kicked

into the air such that

its height, in metres,

after time ¢, in seconds,

can be modelled by the function

s(t)=—4.9L2+15t+ 1.

a) Write an expression that represents the
average rate of change over the interval
l=t=1+h.

Representing Selecting Tools
Problem Solving

Connecting Reflecting

Communicating

b

~—~

For what value of 4 is the expression not
valid? Explain.

¢ Substitute the following h-values into the
expression and simplify.

i) 0.1 i) 0.01
i) 0.001 iv) 0.0001

d) Use your results in part ¢) to predict the
instantaneous rate of change of the height
of the soccer ball after 1 s. Explain your
reasoning.

e) Interpret the instantaneous rate of change
for this situation.

f) Use a graphing calculator to sketch the
curve and the tangent.

An oil tank is being drained. The volume V,
in litres, of oil remaining in the tank after

time ¢, in minutes, is represented by the
function V(t) = 60(25 —t)?, 0=t=25.

a) Determine the average rate of change of
volume during the first 10 min, and then
during the last 10 min. Compare these
values, giving reasons for any similarities
and differences.

b) Determine the instantaneous rate of change
of volume at each of the following times.

i)t=95 ii) =10
i) z=15 iv) =20

Compare these values, giving reasons for
any similarities and differences.

o) Sketch a graph to represent the volume,
including one secant from part a) and two
tangents from part b).

17.

As a snowball melts, its surface area and
volume decrease. The surface area, in square
centimetres, is modelled by the equation

S = 4mnr?, where r is the radius, in centimetres.
The volume, in cubic centimetres, is modelled

by the equation V = %mﬁ, where 7 is the

radius, in centimetres.

a) Determine the average rate of change of the
surface area and of the volume as the radius
decreases from 25 cm to 20 cm.

b) Determine the instantaneous rate of change
of the surface area and the volume when the
radius is 10 cm.

¢) Interpret the meaning of your answers in
parts a) and b).

A dead branch breaks off a tree located at
the top of an 80-m-high cliff. After time #, in
seconds, it has fallen a distance d, in metres,
where d(1) =80 — 512, 0=t=4.

a) Determine the average rate of change of the
distance the branch falls over the interval
[0, 3]. Explain what this value represents.

b) Use a simplified algebraic expression
in terms of g and b to estimate the
instantaneous rate of change of the distance
fallen at each of the following times.
Evaluate with » =0.001.
i) t=0.5 i) t=1 i) t=1.5
iv) t=2 v) t=2.5 vi) 1=3
¢ What do the values found in part b)
represent? Explain.
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18.

a) Complete the chart for f(x) =3x —x?and a
tangent at the point where x = 4.

Tangent
Point
(a, f(a))

Second Slope of
Point Secant
(a+h, f(a+h)—f(a)

f(a+ h)) h

Side Length
Increment, h

1

0.1

0.01

0.001

0.0001

19.

20.

21.

22 MHR - Calculus and Vectors -

b) What do the values in the last column
indicate about the slope of the tangent?
Explain.

The price of one share in a technology
company at any time #, in years, is given by the
function P(t) = —t2+ 16t + 3, 0=t=16.

a) Determine the average rate of change of the
price of the shares between years 4 and 12.

b) Use a simplified algebraic expression, in terms
of a and h, where h=0.1, 0.01, and 0.001,
to estimate the instantaneous rate of change
of the price for each of the following years.

i)t=2 i) t=95 i) =10
iv) t=13 v) t=15

¢) Graph the function.

Use Technology Two points, P(1, 1) and

Q(x, 2x — x2), lie on the curve y =2x — x2.

a) Write a simplified expression for the slope
of the secant PQ.

b) Calculate the slope of the secants when
x=1.1,1.01, 1.001, 0.9, 0.99, 0.99, and
0.999.

¢) From your calculations in part b), guess the
slope of the tangent at P.

d) Use a graphing calculator to determine the
equation of the tangent at P.

e) Graph the curve and the tangent.

Use Technology a) For the function y = v/x,
determine the instantaneous rate of change of
y with respect to x at x = 6 by calculating the
slopes of the secant lines when x = 5.9, 5.99,
and 5.999, and when x =6.1, 6.01, and 6.001.

Chapter 1

22

b) Use a graphing calculator to graph the curve
and the tangent at x = 6.

Chapter Problem Alicia did some research
on weather phenomena. She discovered that
in parts of Western Canada and the United
States, chinook winds often cause sudden and
dramatic increases in winter temperatures.
A world record was set in Spearfish, South
Dakota, on January 22, 1943, when the
temperature rose from —20°C (or —4°F) at
7:30 A.M. to 7°C (45°F) at 7:32 A.M., and
to 12°C (54°F) by 9:00 A.M. However, by
9:27 A.M. the temperature had returned

to —20°C.

a) Draw a graph to represent this situation.

b) What does the graph tell you about the
average rate of change in temperature on
that day?

¢ Determine the average rate of change of
temperature over this entire time period.

d) Determine an equation that best fits the data.

e) Use the equation found in part d) to write
an expression, in terms of @ and b, that can
be used to estimate the instantaneous rate of
change of the temperature.

f) Use the expression in part e) to estimate the
instantaneous rate of change of temperature
at each time.

i) 7:32 A.M.

i) 8:45 A.M.

g) Compare the values found in part ¢) and
part f). Which value do you think best

represents the impact of the chinook wind?
Justify your answer.

i) 8§ A.M.
iv) 9:15 A M.



23.

24,

25.

26.

As water drains out of a 2250-L hot

tub, the amount of water remaining in

the tub is represented by the function
V(t)=0.1(150 — t)2, where V is the volume of
water, in litres, remaining in the tub, and ¢ is
time, in minutes, 0 =7=150.

Use Technology For each of the following
functions,

i) Determine the average rate of change of
y with respect to x over the interval from
x=9tox=16.

ii) Estimate the instantaneous rate of change of
y with respect to x at x =9.

iii) Sketch a graph of the function with the
secant and the tangent.

a) y=—x b) y = 4/x
0 y=\/;+7 d y=x-3§

Use Technology For each of the following
functions,

i) Determine the average rate of change of
y with respect to x over the interval from
x=S5tox=8.

ii) Estimate the instantaneous rate of change of
y with respect to x at x =7.

iii) Sketch a graph of the function with the
secant and the tangent.

2 1
a) y=— b) y=—=
X X
1 5
) y=——4 d) y=——o
) vy . ) ¥ 11

Use Technology For each of the following
functions,

i) Determine the average rate of change of
y with respect to 6 over the interval from

0=Et09=£.

6 3
i) Estimate the instantaneous rate of change of
y with respect to 6 at 9 = %

(«88 Extend and Challenge

27.

28.

29.

30.

31.

a) Determine the average rate of change of the
volume of water during the first 60 min,
and then during the last 30 min.

b) Use two different methods to determine the
instantaneous rate of change in the volume
of water after 75 min.

¢) Sketch a graph of the function and the
tangent at =75 min.

iii) Sketch a graph of the function with the
secant and the tangent.
a) y=sin6

b) y=cos® ¢ y=tan@

a) Predict the average rate of change for
the function f(x) = ¢, where c is any real
number, for any interval a=x=b.

b) Support your prediction with an example.

o Justify your prediction using a difference
quotient.

d) Predict the instantaneous rate of change of
flx)=catx=a.

e) Justify your prediction.

a) Predict the average rate of change of a

linear function y =mx + b for any interval
a=x=b.

b) Support your prediction with an example.

¢ Justify your prediction using a difference
quotient.

d) Predict the instantaneous rate of change of
y=mx+batx=a.

e) Justify your prediction.

Determine the equation of the line that is
perpendicular to the tangent to y = x> at

x = —2, and which passes through the tangent
point.

Math Contest Solve for all real values of x
given that 4 —|x|= x>+ 4.

Math Contest If 2 — b =+/135 and
logs; a +logs b= 3, determine the value of

log 5 (a + b).
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1.3

Limits

The Greek mathematician Archimedes (c. 287-212 B.C.) developed a proof of
the formula for the area of a circle, A = 2. His method, known as the “method
of exhaustion,” involved calculating the area of regular polygons (meaning

their sides are equal) that were inscribed in the circle. This means that they

were drawn inside the circle such that their vertices touched the circumference,

as shown in the diagram. The area of the polygon provided an estimate of the
area of the circle. As Archimedes increased the number of sides of the polygon,
its shape came closer to the shape of a circle. For example, as shown here, an
octagon provides a much better estimate of the area of a circle than a square
does. The area of a hexadecagon, a polygon with 16 sides, would provide an even
better estimate, and so on. What about a myriagon, a polygon with 10 000 sides?
What happens to the estimate as the number of sides approaches infinity?

Archimedes’ method of finding the area of a circle is based on the concept of a
limit . The circle is the limiting shape of the polygon. As the number of sides gets
larger, the area of the polygon approaches its limit, the shape of a circle, without

ever becoming an actual circle. In Section 1.2, you used a similar strategy to estimate the instantaneous

rate of change of a function at a single point. Your estimate became increasingly accurate as the interval

between two points was made smaller. Using limits, the interval can be made infinitely small, approaching

zero. As this happens, the slope of the secant approaches its limiting value—the slope of the tangent. In

this section, you will explore limits and methods for calculating them.

NZHIEIN How can you determine the limit of a sequence?

Tools . e 1 1 1 1
, 1. Examine the terms of the infinite sequence 1, —, —, ——, ——— ---.
« graphing calculator 10 100" 1000 10 000
. . 1
Optional The general term of this sequence is ¢, = Tow What happens to the value
- Fathom™ of each term as 7 increases and the denominator becomes larger?
CONNECTIONS
2. What is the value of lim #, (read “the limit of t,, as # approaches
An infinite sequence sometimes e n—00 o .
hasa limiting value, L. This means infinity.”)? Why can you then say that its limit exists?
that as n gets larger, the terms ) 1 .
of the sequence, ,, et dloser to 3. Plot ordered pairs, |7, Tor) that correspond to the sequence. Describe
L.Anorherlt/yax Oisslry e how the graph confirms your answer in step 2.
gets larger”is, “as n approaches
infinity." This can be written 4. Reflect Explain why lim t, expresses a value that is approached, but not
n—> oo, The symbol e does not reached n—00
represent a particular number, but
itmay be helpful to think of o= as 5. Reflect Examine the terms of the infinite sequence 1, 4, 9, 16, 25,

a very large positive number.

36, ..., 1%, .... Explain why lim t, does not exist for this sequence.
n—oo
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In the development of the formula A =nr?,
Archimedes not only approached the area of the
circle from the inside, but from the outside as well.
He calculated the area of a regular polygon that
circumscribed the circle, meaning that it surrounded
the circle, with each of its sides touching the circle’s
circumference. As the number of sides to the polygon
was increased, its shape and area became closer to
that of a circle.

Archimedes’ approach can also be applied to

determining the limit of a function. A limit can be

approached from the left side and from the right

side, called left-hand limits and right-hand limits .

To evaluate a left-hand limit, we use values that are

smaller than, or on the left side of the value being

approached. To evaluate a right-hand limit we use values that are larger than,
or on the right side of the value being approached. In either case, the value is
very close to the approached value.

MEHIGETR: M How can you determine the limit of a function from its equation?

1. a) Copy and complete the table for the function y=x2—2

X 2 25 | 29 | 299|299 | 3 3.001 | 3.01 | 3.1 | 35 4

y=x>—2

b) Examine the values in the table that are to the left of 3, beginning with
x =2. What value is y approaching as x gets closer to, or approaches,
3 from the left?

¢ Beginning at x =4, what value is y approaching as x approaches 3
from the right?

d) Reflect Compare the values you determined for y in parts b) and c).
What do you notice?

2. a) Graphy=x?—-2.

b) Press the key and trace along the curve toward x = 3 from the
left. What value does y approach as x approaches 3?

¢ Use to trace along the curve toward x = 3 from the right. What
value does y approach as x approaches 3?

d) Reflect How does the graph support your results in question 1?

3. Reflect The value that y approaches as x approaches 3 is “the limit of
the function y =x2 — 2 as x approaches 3,” written as lim (x> — 2). Does it
x—3

make sense to say, “the limit of y = x? — 2 exists at x = 3?2

Tools

« graphing calculator

Optional

- fathom™
« computer with The Geometer’s
Sketchpad®

CONNECTIONS

To see an animation of step 2
of this Investigate, go to
www.mcgrawhill ca/links/
calculus 12, and follow the links
to Section 1.3.
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It was stated earlier that the limit exists if the sequence approaches a single
value. More accurately, the limit of a function exists at a point if both the
right-hand and left-hand limits exist and they both approach the same value.

lim f(x) exists if the following three criteria are met:
xX—a

1. lim f(x) exists
xXx—a-

2. lim f(x) exists

3. lim f(x)= lim+ f(x)

N7SIEIIel How can you determine the limit of a function from a given graph?

CONNECTIONS 1. a) Place your fingertip on the y
To see an animated example of graph at x = _6. and trace the 8
two-sided limits, go to www. graph approaching x =5 from )
megrawhill.ca/links/calculus12, Fhe l?ft- State the D"Vahl? that
and follow the links to is being approached. This is 4
Section 13. the left-hand limit.

2

b) Place your fingertip on the
graph corresponding to
x =9, and trace the graph
approaching x =5 from the
right. State the y-value that is —4
being approached. This is the
right-hand limit.

¢) Reflect What does the value -8
f(5) represent for this curve?

2. Reflect Trace the entire curve
with your finger. Why would it make sense to refer to a curve like this as
continuous? Explain why all polynomial functions would be continuous.

3. Reflect Explain the definition of continuous provided in the box below.

A function f(x) is continuous at a number x = g if the following three
conditions are satisfied:

1. f(a) is defined

2. lim f(x) exists
x—a

3. limf(x)=f(a)

x—a
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A continuous function is a function that is continuous at x, for all values of
x € R. Informally, a function is continuous if you can draw its graph without
lifting your pencil. If the curve has holes or gaps, it is discontinuous , or has
a discontinuity , at the point at which the gap occurs. You cannot draw this
function without lifting your pencil. You will explore discontinuous functions
in Section 1.4.

Example 1 Apply Limits to Analyse the End Behaviour of a
Sequence

For each of the following sequences,
i) state the limit, if it exists. If it does not exist, explain why. Use a graph to
support your answer.

i) write a limit expression to represent the end behaviour of the sequence.

a) %, 1,3,9,27,...,3"2, ...

80 *

Solution
60

2

. 1 .
a) i) Examine the terms of the sequence e 1,3,9,27,...,3"2%, ... Since the

terms are increasing and not converging to a value, the sequence does
not have a limit. This fact is verified by the graph obtained by plotting

the points (1,2,) : (1, %) (2,1), (3, 3), (4, 9), (5, 27), (6, 81), ... . .

20

40

i) The end behaviour of the sequence is represented by the limit

expression lim 3”72 = oo. The infinity symbol indicates that the terms .
n—0o0

of the sequence are becoming larger positive values, or increasing -
without bound, and so the limit does not exist.

. . 1
b) i) Examine the terms of the sequence —, =, =, =, =, ...,

Convert each term to a decimal, the sequence becomes
0.5,0.67,0.75, 0.8, 0.83, ... . The next three terms of the 0.8 o

sequence are g, g, and g, or 0.857, 0.875, and 0.889. Though os .

the terms are increasing, they are not increasing without bound— s
they appear to be approaching 1 as # becomes larger. ’

0.2

This can be verified by determining ¢, = j— 1 for large values
n

of n. t1g0 = 100 _ 0.99 and #1990 = 1000 _ 0.999. The value 0 21416181107
101 1001
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of this function will never become larger than 1 because the value of
the numerator for this function is always one less than the value of the
denominator.

ii) The end behaviour of the terms of the sequence is represented by the
=1.

limit expression lim
n—socom +1

Example 2 AnaIy:se a Graph to Evaluate the Limit of a
Function

Determine the following for the graph below.
a) lim f(x)
x—4~

b) lim f(x)

x—4"

o lim f(x)

x—4

d) £(4)

Solution
a) li‘?, f(x) refers to the limit as x approaches 4 from the left. Tracing
X—

along the graph from the left, you will see that the y-value that is being
approached at x =4 is —2.

b) lin} f(x) refers to the limit as x approaches 4 from the right. Tracing
x—4*

along the graph from the right, you will see that the y-value that is being
approached at x =4 is —2.

¢ Both the left-hand and right-hand limits equal -2, thus, lin} flx)=—-2.

Also, the conditions for continuity are satisfied, so f(x) is continuous at
x=-=2.

d) f(4)=-2.
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KEY CONCEPTS

A sequence is a function, f () = t,, whose domain is the set of natural
numbers N.

lim f(x) exists if the following three criteria are met:
x—a

1. lim f(x) exists
x—a

2. lim f(x) exists

3. lim f(x)= lim+ f(x)

lim f(x) = L, which is read as “the limit of f(x), as x approaches a, is
xX—a

equal to L.”

If lim f(x) # lim f(x), then lim f(x) does not exist.

x—a- x—a

A function f(x) is continuous at a value x = g if the following three
conditions are satisfied:

1. f(a) is defined, that is, @ is in the domain of f(x)

2. lim f(x) exists
x—a

3. lim f(x) = f(a)

Xx—a

Communicate Your Understanding

a

Q

G

4

Describe circumstances when the limit of a sequence exists, and when it

does not exist.

What information do the left-hand limit and right-hand limit provide
about the graph of a function?

How can you tell if a function is continuous or discontinuous from its

graph?

How do limits help determine if a function is continuous?

Q) Practise

1. State the limit of each sequence, if it exists. If it
does not exist, explain why.

a1, -1,1,-1,1,-1,1, -1, ...

b) 5.9,5.99,5.999, 5.999 9, 5.999 99,
5.999 999, ... —2.99909, ...

4] _Za Oa - 1: Os _ls 09
2

1

R ,__aoa_
4 8

d) 3.1, 3.01, 3.001, 3.000 1, 3.000 01, ...

e) —3,—-2.9,—-3,-2.99, -3, —2.999, -3,

1.3 Limits -
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2. State the limit of the sequence represented 3. Given that lim f(x)=4and lim f(x)=—4,
x—1"

L . ) 1
by each graph, if it exists. If it does not exist } = )
Y sraph, ’ what is true about lim f(x)?

explain why. x—1
a) [ 7, 4. Given that lim f(x)=1, lim f(x)=1, and
x—=3" x——=3"
5 f(—3)=1, what is true about lim3 f(x)?
x——
4 PO I T B B
o 5. Given that lim f(x)=0, lim f(x)=0, and
31 e x—2" x—27"
f(2) =3, what is true about lim f(x)?
2 x—2
1 6. Consider a function y = f(x) such that

lin;l_ flx)=2, lir131+ flx)=2,and f(3)=—1.

Explain whether each statement is true or

false.
b) 1t6 | a) y={(x) is continuous at x = 3.
8 ¢ b) The limit of f(x) as x approaches 3 does not
i ? exist.
2|t ¢) The value of the left-hand limit is 2.
Vg 1 % 345678297 d) The value of the right-hand limit is —1.
:2 . e) When x = 3, the y-value of the function is 2.
__1?) 1 . 7. a) What is true about the graph of y = h(x),
given that xgr_nr h(x) = xgr_nﬁ h(x)=1, and
o h(—1)=1?
4 T b) What is true if xgr_nr h(x)=1, xl_i)r_nﬁ =-1,
) and h(—1)=1?

3 Connect and Apply

8. The general term of a particular infinite 10. What special number is represented by the
limit of the sequence 3, 3.1, 3.14, 3.141,

sequence is i
3n 3.141 5, 3.141 59, 3.141 5§92, ... ?

a) Write the first six terms of the sequence. 11. What fraction is equivalent to the limit of
b) Explain why the limit of the sequence is 0. the sequence 0.3, 0.33, 0.333, 0.333 3,
?
9. The general term of a particular infinite 033333, ...c
sequence is 7% — 2. 12. For each of the following sequences,
a) Write the first six terms of the sequence. i) State the limit, if it exists. If it does not

exist, explain why. Use a graph to support
your answer.

b) Explain why the limit of the sequence does
not exist.
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13.

14.

i) Write a limit expression to represent the
behaviour of the sequence.

1111 1

a) 1=, ==y =
2374’57
b) 2,1 )191919 "2277‘9
274’8
q 4, 51 42 51,41,51,...,5+(_1)
3745776 n

Examine the given graph.

y
4 y=-x3+4x

a) State the domain of the function.

b) Evaluate the following

i) liririi(—x3+ 4x) ii) llrg (—x3+ 4x)
i) lirl_lz(—x3+4x) iv) f(—

o Is the graph continuous at x = —2? Justify
your answer.

The period of a pendulum is approximately
represented by the function T(l) = 241 , where
T is time, in seconds, and [ is the length of the
pendulum, in metres.

a) Evaluate lim 2+1.
[-—-0"

b) Interpret the meaning of your result in
part a).

¢ Graph the function. How does the graph
support your result in part a)?

CONNECTIONS

The ratios of consecutive terms of the Fibonacci sequence approach

the golden ratio, ] ,also called the golden mean or golden

number. How is this number related to your results in question 157
Research this “heavenly number”to find out more about it, and
where it appears in nature, art, and design.

. A recursive sequence

Reasoning-and Proving

Representing Selecting Tools

is a sequence where the
nth term, t,, is defined
in terms of preceding
terms, t,_1, ¢,—2, €tc.

Problem Solving

Connecting Reflecting

Communicating

One of the most famous

recursive sequences is

the Fibonacci sequence,

created by Leonardo Pisano

(1170-1250). The terms of

this sequence are defined

as follows: f1=1, L, =1,

fn :fnfl +fn72; where

n=3.

a) Copy and complete the table. In the fourth
column evaluate each ratio to six decimal
places.

fn
n i f,_, Decimal
1
2 i :
1
2
3 2 7
4 3
5
6
7
8
9
10

b) What value do the ratios approach? Predict
the value of the limit of the ratios.

¢) Calculate three more ratios.

d) Graph the ordered pairs (1, 1), (2, 2), ...,
(n, 1,), where n represents the ratio number
and 7, is the ratio value, to six decimal
places. How does your graph confirm the
value in part b)?

e) Write an expression, using a limit, to
represent the value of the ratios of
consecutive terms of the Fibonacci
sequence.
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16. a) Construct a table of values to determine each
limit in parts i) and ii), and then use your
results to determine the limit in part iii).

i) im 4 —x

x—4"
i) Iim 4 —x
x—4*
i) lim /4 —x
x—4
b) Use Technology Graph the function from

part a) using a graphing calculator. How does
the graph support your results in part a)?

17. a) Construct a table of values to determine each
limit in parts i) and ii), and then use your
results to determine the limit in part iii).

i) lim Jx+2

x—>—=2"

ii) lim+./x +2

x—>—2

i) lim x +2
x——2
b) Use Technology Graph the function from
part a) using a graphing calculator. How does
the graph support your results in part a)?

(«88 Extend and Challenge

18. a) Suppose $1 is deposited for 1 year into an
account that pays an interest rate of 100%.
What is the value of the account at the end

of 1 year for each compounding period?

i) annual ii) semi-annual
iii) monthly iv) daily
V) every minute vi) every second

b) How is the above situation related to the
following sequence?

1 2 3 4
<1+1),(1+1), <1+1>,(1+1>,
1 2 3 4
(1+1)
n

¢ Do some research to find out how the limit
of the above sequence relates to Euler’s
number, e.

19. A continued fraction is an expression of the
form

by

X=ﬂ1+

a2+
a3+

32 MHR - Calculus and Vectors « Chapter 1

where gy is an integer, and all the other
numbers a, and b, are positive integers.
Determine the limit of the following continued
fraction. What special number does the limit
represent?

1
1
1
1
1
1

1+

1+
1+
1+
1+

20. Determine the limit of the following sequence.
(Hint: Express each term as a power of 3.)

B3B3 3335 3 W35 .

21. Math Contest The sequence cat, nut, not,
act, art, bat, ... is a strange arithmetic sequence
in which each letter represents a unique digit.
Determine the next “word” in the sequence.

22. Math Contest Determine the value(s) of k if
(3, k) is a point on the curve x*y — y>x = 30.



1.4

Limits and Continuity

A driver parks her car in a pay parking lot. The parking fee in the lot is $3
for the first 20 min or less, and an additional $2 for each 20 min or part
thereof after that. How much will she owe the lot attendant after 1 h?

The function that models this situation is

3 if0<t=20
Cit)=15 if20<t=40
7 if40<t=60

where C(#) is the cost of parking, in dollars, and ¢ is time, in minutes.
This is called a piecewise function —a function made up of pieces of
two or more functions, each corresponding to a specified interval
within the entire domain. You can see from the graph of this function
that the driver owes a fee of $7 at 1h.

Notice the breaks in the graph of this function. This particular function is called a Parking Fee
“step function” because the horizontal line segments on its graph resemble a set of c o—e
steps. The function is discontinuous at the point where it breaks. Discontinuous 2
functions model many real life situations. This section will take a closer look at a £ 4
. . =}
variety of these types of functions. £ ) ——e
0 20 40 601
Time (min)
INSIGEICY. W When is a function discontinuous?
1. Use Technology Graph each function on a graphing calculator. Then, Tools
sketch each graph in your notebook. - graphing calculator
(Hint: Press and select 4: ZDecimal to reset the window variables.) Ootional
ptiona
1 x?—3x+2
a) b) — — — - fathom™
x—1 x—1

- computer with The Geometer’s
2. Compare the graphs of the two functions in step 1. Sketchpad®

a) Which function corresponds to a graph with a vertical asymptote ?
An asymptote is a line that a curve approaches without ever actually
reaching.

b) Which function corresponds to a graph with a hole in it?

¢ Reflect Explain, in your own words, what it means for a function to
be continuous or discontinuous.
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ESIGELCR: I What is the relationship between limits, continuity, and discontinuity?

1. a) Examine Graph A. Is it continuous or Graph A
discontinuous? Explain. y
b) Determine each of the following for g y=fx)
Graph A.
6
i) lim f(x) i) lim f(x)
x—27 x—2% 4
It W £
iii) lim f(x) iv) £(2) 5
¢ Compare the values you found in
part b). What do you notice? 22416 [

d) Reflect How do the values you found
in part b) support your answer in part a)?

2. a) Examine Graph B. Is it continuous or Graph B
discontinuous? Explain. y
b) Determine each of the following for g| V8w

Graph B. ¢
i) xlij?— g(x) ii) xli%rgl+ g(x) ) /
iii) 91335 g(x) iv) g(2) 5 /

¢ Compare the values you found in
part b). What do you notice?

2N/ 2 4 6 «x

d) Reflect How do the values you found
in part b) support your answer in part a)?

3. a) Examine Graph C. Is it continuous or Graph C
discontinuous? Explain. y
b) Determine each of the following for g|  Y=h)

Graph C. .

i) lim A(x) i) lim A(x) /
x—2" x—2" 4

iii) lim h(x) iv) h(2) /
x—2 2

¢ Compare the values you found in
part b). What do you notice?

2N 2 4 6 «x

d) Reflect How do the values you found
in part b) support your answer to part a)?

4. Reflect Use your results from steps 1 to 3.

a) Describe similarities and differences between Graphs A, B, and C.

b) Explain how limits can be used to determine whether a function is
continuous or discontinuous.
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For most examples to this point you have used a graph to determine the limit.
While the graph of a function is often very useful for determining a limit,

it is also possible to determine the limit algebraically. The limit properties
presented in the table below can be used to calculate the limit, without
reference to a graph. For the properties that follow, assume that lim f(x) and

. . . -
lim g(x) exist and c is any constant. e
x—a
Limit Properties
Property Description
1. limc=c The limit of a constant is equal to the
x—a constant.
2. limx=a The limit of x as x approaches a is
x—a equal to a.
3. lim[f(x)+ g(x)]= lim f(x)+ lim g(x) The limit of a sum is the sum of the
Xx—a x—a Xx—a limits.
4. lim[f(x)— g(x)]= lim f(x)— lim g(x) The limit of a difference is the
x—a x—a x—a difference of the limits.
5. lim[cf(x)]=c lim f(x) The limit of a constant times a function
x—a x—a is the constant times the limit of the
function.
6. lim[f(x)g(x)1= lim f(x) lim g(x) The limit of a product is the product of
x—a x>a  x—a the limits.
£ lim f(x) The limit of a quotient is the quotient
7. lim—="2=220___ provided lim g(x)#0 | of the limits, provided that the
x=ag(x) X"LTL g(x) X2 denominator does not equal 0.

) ) n ) The limit of a power is the power of the
8. lim[f(x)]" = ("m f(x)) »wherenisa limit, provided that the exponent is a

x—a x—a .
) rational number.
rational number

. - . The limit of a root is the root of the
1ff(x) = nf
% )l(lg}, o= lm ), LA ES I limit provided that the root exists.

right side exists

Apply Limit Properties to Evaluate the Limit of a

Example 1 Function Algebraically

Evaluate each limit, if it exists, and indicate the limit properties used.

a) lim15 b) lin; (3x*— 5x) 4] 1im31/2x +35
X—>— x— x——

d lim x4 e) lim (x — 3)(5x2+2) f) lim
xo>—1x2+3 x—0 xo2x — 2

1.4 Limits and Continuity « MHR
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Solution

Often more than one of the properties is needed to evaluate a limit.

a) Use property 1.
lim §=35

x——1
b) Use properties 1, 2, 4, 5, and 8.
lim(3x* — 5x)

x—2

4

= 3(limx> —5limx
x—2 x—2

=3(2)*=5(2)

=38

¢) Use properties 1, 2, 3, 5, and 9.

lim 2x+ 35

x——3

= 2lim x4+ lim §
x——3 x—>—3

=J2(=3)+ S

- J1
Since V=1 is not a real number, 1irn3\/2x + 5 does not exist.
x——

d) Use properties 1, 2, 3,4, 7, and 8.
x2—4
im
x—>-1x243

( lim x)z— lim 4

a1 x——1

) < lim x)z-f— lim 3

x——1 x——1
_ (124
3
4

e) Use properties 1, 2, 3,4, 5, and 8.
lim (x — 3)(5x2 +2)
x—0
= [lim x — lim 3] [5<lim x)z + lim 2]
x—0 x—0 x—0 x—0
=(0—3)(5(0)2+2)
=—6
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f) Use properties 1, 2,4, 5, and 7.
Sx

lim
xo2x — 2
5lim x
— x—2
limx — lim2
x—2 x—2

52
-2

-

[\

o|3

Division by zero is undefined, so lim
x—2 X —

does not exist.

Example 2 | Limits and Discontinuities

Examine the graph.

y

6 0.5x2 ifx<1

4 f@=1 -2 ifx=1
—x4+3ifx>1

2. Evaluate each of the following.

a) limf(x) b) linllf(x)

x—1*

Solution

numbers, or x € R.

1. State the domain of the function.

9 limf(x) d) (1)

3. Is the function continuous or discontinuous at x = 12 Justify your answer.

1. The function is defined for all values of x, so the domain for x is all real

2. a) The graph of the function to the right of 1 is represented by a straight

line that approaches y = 2. So, from the graph, 1in11 flx)=2.
x—1"

This result can be verified using the equation that corresponds to
x-values to the right of 1. Substituting 1, lir? (—x+3)=—-1+3=2.
x—1*

1.4 Limits and Continuity « MHR
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b) If you trace along the graph from the left you approach 0.5, so
lim f(x)=0.5.
x—=1"
You could also use the equation that corresponds to x-values to the left
of 1. Substituting 1, xll_)rg[ 0.5x2=0.51)2=0.5.

o Since the left-hand limit and the right-hand limit are not equal, lirri f(x)
xX—>
does not exist.

d) From the graph, the solid dot at (1, —2) indicates that /(1) = —2.

3. At x =1, the one-sided limits exist, but are not equal. The function
has a break, or is discontinuous, at x = 1. The y-values of the graph
jump from 0.5 to 2 at x = 1. This type of discontinuity is called a

jump discontinuity .

Example 3 | Limits Involving Asymptotes

Examine the given graph and answer the questions.

y

8

f(x)=x_+1 ¢
x—4 4

2

;
I
I
I
I
I
1
I
I
I
I
I

-10 -8 -6 -4 -2 0 2 4 6 § 10 12 X
I
1
I
I
I
I
I
I
I
1

1. State the domain of the function.

2. Evaluate each of the following.

x+1 .oox+1 .ox+1
| o lim
x—4t x — x—4" x — x—4 x —

d) /(4)

3. Is the function continuous or discontinuous at x =4? Justify your answer.

Solution
x+1

1. The function y = is not defined when the denominator is 0, which

x—4
occurs when x =4. The domain is {x € R|x #4}.
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2. a) Tracing along the curve from the right toward x = 4, the y-values
increase without bound. There is a vertical asymptote at x = 4. The
right-hand limit does not exist. We use the symbol +oco to express the

. .ox+1
behaviour of the curve. So, lim
x—4" x —

= +o0.

b) As the curve is traced from the left toward x =4, the y-values decrease
without bound. The left-hand limit does not exist. The symbol —o0
is used to express the behaviour of the curve.

¢ Using the results of parts a) and b), lim x 1
x—4 x —

does not exist.

d) Since the function is undefined when x =4, f(4) does not exist.

3. This function is undefined at x = 4. Since y-values either increase or
decrease without bound as x approaches 4, this function is said to have
an infinite discontinuity at x = 4.

Example 4 | Continuous or Not?

Examine the given graph and answer the questions below.

Yy
2
1.5
o 2x?
f(x_x2+1
0\5
-6 -4 -2 0 2 4 6X

1. State the domain of the function.

2. Evaluate each of the following.
2x? 2x? 2x?
lim —— lim —— d
x>0 x2+1 xg{)l* x2+1 J xlg(l) x2+1 ) £(0)

3. Is the function continuous or discontinuous at x = 0? Justify your answer.

Solution

is defined for all values of x, so the domain

1. The function y =
x2+1

i1s xe R.

2. a) Tracing the graph of this function from the left of 0, you can see that
2
lim 25 =0
=0 x2+1

1.4 Limits and Continuity -
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You can also determine the limit from the equation by substituting 0.
2x2 202 0 _

a0 2211 (0F+1 1

2x2

b) Tracing the graph from the right of 0, lim ———=0
x=0" x=+1
¢ From parts a) and b), the left-hand and right-hand limits at x =0
2
equal 0, so the limit exists and lim =0.

x—0 xl +1
d) The point (0, 0) is on the graph, therefore f(0) = 0.

3. The function is continuous for all values of x, since there are no breaks in
the graph.

Example 5 | Limits Involving an Indeterminate Form

Evaluate each limit, if it exists.

2 Jé+x -2 2 —
a) lim* 0% *3 T e 9 lim LFx)° =4
x=>1x2—3x+2 x—0 X x——3 x+3
Solution

a) If you substitute x = 1 into the equation, you obtain the indeterminate
form —. The function is not defined at this point. However, it is not

necessary for a function to be defined at x = a for the limit to exist. The
indeterminate form only means that the limit cannot be determined by
substitution. You must determine an equivalent function representing f (x)
for all values other than x =a4.

One way of addressing this situation is by factoring to create an
alternative form of the expression. In doing so, you remove the
indeterminate form so that the limit can be evaluated through
substitution. This function is said to have a removable discontinuity .

. x*—6x+5

hm —_———

x>1x2—3x+2

— lim (x=5)(x—1)
x=l(x = 2)(x — 1)

= (x = 3) Dividing by (x — 1) is permitted here because x # 1.
21 (x — 2)

10>
1-2
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b) Substituting x = 0 into the equation results in the indeterminate

0
form —. However, you cannot factor in this case, so you have to use a

0

different method of finding the limit. Rationalizing the numerator will
simplify the expression and allow the indeterminate form to be

Rationalize the numerator by multiplying by

removed.
. 44+x—-2
limY——Fm—
x—0 X
4o — 4o+ 4+ x+2
=lim‘/4 x 2>< 4+x+2 \
x50 x JA+x+2

av) -2

= lim

x=0 x(\J4+x +2)

1
:1. —
o0 (At x +2)

1

(J4+0+2)

1

4

Ji+x+2

Think (@ — b)(a + b) = a> — b~.

Divide by x since x = 0.

¢ Substituting x = —3 results in the indeterminate form 9 Expand the

numerator and simplify using factoring to remove the indeterminate

form.

2 _
(P-4

x——-3 x+3
. 1+ 2x+x2—4
= lim ———
x——3 x+3
_ x2+2x—3
x——3 x+3
= lim w Factor the numerator.
-3 (x+3)
= lim (x — 1) X # =3
x——3
=—4
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Example 6 | Apply Limits to Analyse a Business Problem

The manager of the Coffee Bean Café determines that the demand for a new
flavour of coffee is modelled by the function D(p), where p represents the
price of one cup, in dollars, and D is the number of cups of coffee sold at
that price.

16
D(p) =1 p*
0 if p>4

ifo<p=4

a) Determine the value of each limit, if it exists.
i) lim D(p) i) lim D(p) iii) lim D(p)
P4 p—4* p—4
b) Interpret the meaning of these limits.

¢ UseTechnology Graph the function using a graphing calculator. How
does the graph support the results in part a)?

Solution

a) i) To determine the left-hand limit, use the function definition for p <4,
Dip) = 16
or D(p) = p_z
Using limit properties 1, 2, 6, and 7,

i) To determine the right-hand limit, use the function definition for p >4

Using limit property 1,

lim D(p)= lim 0O

p—4* p—4*
=0
i) Since lim D(p) # lim D(p), lim D(p) does not exist.
p—4 p—4* p—4

b) 1in41 D(p) = 1 means that as the price of the coffee approaches $4 the
p—4"
number of coffees sold approaches 1.
lim D(p) = 0 means that when the price of the coffee is greater than $4,
p—o4*

no coffees are sold.

MHR - Calculus and Vectors - Chapter 1



(4]

Graph the piecewise function using a graphing calculator.
Flatl Flakz Flaks
SMABCTEAHE DTS HD
]
sMEBCED O
:ﬁﬁ: Window variables:
“Ne= x €0, 10], y€[0, 16],
=YE= Yscl=2

The graph shows that the number of coffees sold decreases as the price
approaches $4, and when the price is greater than $4, no coffees are sold.

KEY CONCEPTS

) The limit of a function at x = g may exist even though the function is
discontinuous at x = a.

) The graph of a discontinuous function cannot be drawn without
lifting your pencil. Functions may have three different types of
discontinuities: jump, infinite, or removable.

) When direct substitution of x = a results in a limit of an indeterminate
0 . . .
form, > determine an equivalent function that represents f(x) for
all values other than x = a. The discontinuity may be removed by

applying one of the following methods: factoring, rationalizing the
numerator or denominator, or expanding and simplifying.

Communicate Your Understanding

a
Q

G
«“

G

How can a function have a limit, L, as x approaches a, while f(a) # L?

Give an example of a function whose limit exists at x = a, but which is
not defined at x =a.

How are the limit properties useful when evaluating limits algebraically?

Describe the types of discontinuities that a graph might have. Why do
the names of these discontinuities make sense?

a) What is an indeterminate form?

b) Describe methods for evaluating limits that have an indeterminate
form.

1.4 Limits and Continuity « MHR

Technology Tip

When using a graphing
calculator, to enter a domain that
includes multiple conditions,
such as 0 < x < 4, enter each
condition separately. In this case,
enter (0<x)(x<4).

To access the relational symbols,
such as < and >, press (2ND) and
then (MATH J.
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1. A function has a hole at x = 3. What can be said about the graph of the function?

2. A function has a vertical asymptote at x = 6. What can be said about the graph of the function?

3. Each of the following tables of values corresponds to a function y = f(x). Determine where each

function is discontinuous.

a) i &1 D

: 3 Connect and Apply

4. Identify where each of the following graphs
is discontinuous, using limits to support your
answer. State whether the discontinuity is a
jump, infinite, or removable discontinuity.

a) y
4

2

b : T
| I
I I
I
i 20
| |
! |
-8 46 ~4 -2 0 2 4 X
I |
: 2\
I I
I I
I —4 I
1 1
C) y
4
2

"6 -4 -2 0] 2 4 6 %
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5. Examine the given graph.

T2

! 2
X

I 4

T4 f(x) =

1

I6

|

I

a) State the domain of the function.

b) Evaluate the limit for the graph.

2
i) lim
x—>—1" x +1
2
i) lim
x-»>-1"x+1
2
iii) lim
x-»>-1x+1
iv) f(—1)

o Is the graph continuous or discontinuous?
Justify your answer.



6. Examine the given graph.

y4
i

a) State the domain of the function.

b) Evaluate the limit for the graph.

Lo xt+4x -2
i) im —=
x—0" x2
. X2+ 4x -2
i) lim —
x—0~ X
o . X2+ 4x—2
iii) l1m—2
x—0 X
iv) £(0)

o Is the graph continuous or discontinuous?
Justify your answer.

7. Each of the following tables of values
corresponds to the graph of a function y = f(x).

a) (=# 7y )

FARIRIILI

~

b)

-] :;\q:
WA omtd
i

e | P TSPl ol e e

@s
Il
m
A
)
]
el

Y

i) What does the ERROR tell you about
the graph of y = f(x) at that point?
i) Write expressions for the left-hand and

right-hand limits that support your
results in part i).

iii) Sketch the part of the graph near each
x-value stated in part i).

8. Use the graph of y = g(x) to determine each
of the following.

A y=8)
2
4 20 4 x
-2
a) xgrgi g(x) b) x1_1>fg+ g(x)
0 gggm d) g(=2)
e) linl{ g(x) f) linll+g(x)
9) chi_)rr%g(x) h) g(1)

the following.

%
y = h(x)
3
-3 0 3 6 X
S
-3
a) lil,r} h(x) b) lirfb h(x)
9] lin_llh(x) d) h(—1)
e) lin317 h(x) f) 1in31+ h(x)
9) lirréb(x) h) h(3)

10. Evaluate each limit, if it exists, and indicate

which limit properties you used. If the limit
does not exist, explain why.

x2
a) lim8 b) lim
x—6 x—>-3x+35
g lim &2 d) lim 38— x
x>-5 x+35 x—0

1.4 Limits and Continuity « MHR

Use the graph of y=h(x) to determine each of
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11.

12.

13.

14.

46 MHR - Calculus and Vectors -

Evaluate each limit, if it exists. 15.
2
a) lim 2+ x)*—16
x—2 x—2
a2
by lim %"=
x—6 x—6
_ 2
9 lim 49 — (5 + x)
x—2 x—2
11
d) lim 3%
x=>3x—3
4_
e) lim 16
=2 x+2
f) lim— % 1 16

xolxd—x2—3x+3

Evaluate each limit, if it exists.

9+x—3 —
a) im¥X~ X2 b) lim > Jx
x—0 X x—=25x — 25
= J—x-1
g lim X4 d) lim¥X— X"~
x—=4Jx — 2 x—0 3x
o lim‘B_ —Jx+3
x—0 X
Evaluate each limit, if it exists.
ox2- . 3x2—x
1 - =
2) xll>r£12 x+ 2 b) xlg})x-i-sz 17.
2_ _
9 lim > d) lim —2*
x->-3x+3 x—0 x2 — 4x
2 _ 2.
e lim x*+4x—95 f) lim 2x*—5x—3
xs—5 25— x2 =3 x2—x—6
2 _
g lim 3x*+11x— 4 18
x>—4 x2+3x—4
Graph the piecewise function
fog |2 =
x—1 ifx>-1

Determine the value of each limit, if it exists.

a) lirg+ f(x) b) lirgi f(x)
4] lirr_llf(x) d) lirr(l)f(x)

Chapter 1

An airport limousine Reasoning-and-Proving

service charges $3.50
for any distance up
to the first kilometre,
and $0.75 for each
additional kilometre or part thereof. A
passenger is picked up at the airport and
driven 7.5 km.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) Sketch a graph to represent this situation.
b) What type of function is represented by the
graph? Explain.

¢ Where is the graph discontinuous?
What type of discontinuity does the graph
have?

. The cost of sending a package via a certain

express courier varies with the weight of the
package as follows:

e $2.50 for 100 g or less
e $3.75 over 100 g up to and including 200 g
® $6.50 over 200 g up to and including 500 g
* $10.75 over 500 g

a) Sketch a graph to represent this situation.

b) What type of function is represented by
the graph? Explain.
) Where is the graph discontinuous? What
type of discontinuity does it have?
Sketch the graph of a function y = f(x) that
satisfies each set of conditions.

a) li1151+ flx)=—3, liI’I51 fix)=1,and f(5)=0

b) lim f(x)=2, lirinli flx)=3,and f(-1)=35

x—>—1"

0 lim+ flx)=-1, linzl, flx)=—4,and f(2)=—4

x—2

. Sketch each of the following functions.

Determine if each is continuous or
discontinuous. State the value(s) of x where
there is a discontinuity. Justify your answers.

x if x<=—4
a) fx)=1 5 if-4<x=3
x2—4 if x>3
3x+1 ifx=-1
b =
) flx) 2—x2 ifx>-1




19.

20.

21.

22,

23.

(&) Extend and Challenge

Given liné f(x)=—1, use the limit properties
i

to determine each limit.

a) lim[4f(x)—1] b) lim[f(x)]?

x—0
[fx)]
) lim ———
¢ B )
fa-x* ifx=-1
Letﬂx)_{x—b ifx>-1

a) Determine the values of a and b that make
the function discontinuous.

b) Graph the function.

¢) Determine the value of each of the
following, if it exists.

i) li1311+ f(x) ii) liIPr f(x)
i) lim £(x) iv) £(—1)

Repeat question 20 with values of g and b that
make the function continuous.

a) Create a function f(x) that has a jump
discontinuity at x =2 and linzl, flx)=f(2).
X—

b) Create a function f(x) that has a
jump discontinuity at x =2 such that

xlinzl- f(x)# f(2) and lirg+ fx)# f(2)-

a) Graph the function y = /16 — x2.

b) Evaluate lim (/16 — x2.

x—4
¢) Use your graph from part a) to explain why

lim /16 — x2 does not exist.
x—4"

d) What conclusion can you make about

lim /16 — x2 ?

x—4

24.

25.

26.

27.

28.

Evaluate each limit, if it exists.

2-3x

a) lim
x—>8 8§ — x
5_
b) lim * 52
x—2 x— 2
. 6x3—13x2+x+2
¢ lim

x—2
a) Sketch the graph of a function y = f(x) that
satisfies all of the following conditions:

x—2

o lirr51+ f(x)=—o0 and lir?i f(x)=+oo

* lim f(x)=2and lim f(x)=2

o f(4)=3andf(6)=1

b) Write a possible equation for this function.
Explain your choice.

Math Contest Solve for all real values of x
given that 6% — 6% = 3¥+4 — 3,

Math Contest Determine all values of x, such

that

(6x%2—3x)2x2—13x —=7)3x + )
=2x2—15x+7)(6x>+13x + 5).

Math Contest Determine the acute

angle x that satisfies the equation
log(2cosx} 6+ log(zcosx) sinx = 2.
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Throughout this chapter, you have examined methods
for calculating instantaneous rate of change. The
concepts you have explored to this point have laid the
foundation for you to develop a sophisticated
operation called differentiation —one of the most
fundamental and powerful operations of calculus. It is
a concept that was developed over two hundred years
ago by two men: Sir Isaac Newton (1642-1727) and
Gottfried Leibniz (1646-1716). The output of this
operation is called the derivative . The derivative can

Introduction to Derivatives

be used to calculate the slope of the tangent to any

point in the function’s domain.

NZSIGEICI How can you create a derivative function on a graphing calculator?

Tools 1.

« graphing calculator 2

CONNECTIONS

To see how to create a derivative
function using a slider in The
Geometer’s Sketchpad®, go

to www.megrawhill ca/links/
calculus12, and follow the links
to Section 1.5.

Graph y = x? using a graphing calculator.

. Use the Tangent operation to graph the tangent at each x-value in the

table, recording the corresponding tangent slope from the equation that
appears on the screen.

X Slope (m) of the Tangent

2
3
4

Press to access the EDIT menu, and then select 1:Edit to edit a list of
values. Enter the values from the table into the lists L1 and L2. Create a
scatter plot. What do the y-values of this new graph represent with respect
to the original graph?

Reflect What type of function does the scatter plot represent? What type
of regression should you select from the CALC menu for this data?

Perform the selected regression and record the equation.

48 MHR - Calculus and Vectors « Chapter 1




6. Reflect The regression equation represents the derivative function.
Compare the original equation and the derivative equation. What
relationship do you notice?

7. Repeat steps 1 to 6 for the equations y=x and y = x3.

8. Reflect Based on your results in steps 1 to 7, what connection can be
made between the graph of y = f(x) and the derivative graph, y=f"(x),
when f(x) is

a) linear? b) quadratic? ¢) cubic?

9. Predict what the derivative of a constant function will be. Support your
prediction with an example.

10. Reflect Refer to the tangent slopes recorded in the table for each of the
original functions in steps 1 and 7. What is the connection between

a) the sign of the slopes and the behaviour of the graph of the function for
the corresponding x-values?

b) the behaviour of the function for x-values where the slope is 0?

CONNECTIONS

f(x), read”f prime of x,"is
one of a few different notations
for the derivative. This form
was developed by the French
mathematician Joseph Louis
Lagrange (1736—1813).
Another way of indicating the
derivative is Simply to write
You will see different notation
for the derivative later in this
section.

The derivative of a function can also be found using the first principles
definition of the derivative . To understand this definition, recall the
equation formula for the slope of a tangent at a specific point a:
: +h)—
e — fim 2 = fla
h—0 b

variable x, you arrive at the first principles definition of the derivative.

. If you replace the variable a with the independent

First Principles Definition of the Derivative

The derivative of a function f(x) is a new function f(x) defined by

f’(x)=limf(x+l2_f(x)

, if the limit exists.
h—0

When this limit is simplified by letting h—0, the resulting expression is
expressed in terms of x. You can use this expression to determine the
derivative of the function at any x-value that is in the function’s domain.

Determine a Derivative Using the First Principles
Example 1 .
Definition

a) State the domain of the function f(x) = x2.

b) Use the first principles definition to determine the derivative of f(x) = x?.

What is the derivative’s domain?

¢ What do you notice about the nature of the derivative? Describe the
relationship between the function and its derivative.

1.5 Introduction to Derivatives « MHR 49



Solution

a) The quadratic function f(x) = x? is defined for all real numbers x, so its
domain is x € R.

b) To find the derivative, substitute f(x + ») = (x + b)? and f(x) = x? into the
first principles definition, and then simplify.

f’(x) = lim f(x + h) _ f(X)

h—0 b

h—0 b

= lim—— Divide by h since h # 0.

The derivative of f(x) = x? is f’(x) = 2x. Its domain is x e R.

¢ Notice that the derivative is also a function. The original function,
f(x) =x2, is quadratic. Its derivative, f’(x) = 2x, is linear. The derivative
represents the slope of the tangent, or instantaneous rate of change on the
curve. So, you can substitute any value, x, into the derivative to find the
instantaneous rate of change at the corresponding point on the graph of
the original function.

Exambple 2 Apply the First Principles Definition to Determine
P the Equation of a Tangent

a) Use first principles to differentiate f(x) = x3. State the domain of the
function and of its derivative.

b) Graph the original function and the derivative function.

¢) Determine the following and interpret the results.
i) 1'(=2) ii) 7°(0) iii) /(1)

d) Determine the equations of the tangent lines that correspond to the values
you found in part c).

e) Use a graphing calculator to draw the function f(x) = x>. Use the Tangent
operation to confirm the equation line for one of the derivatives you
calculated in part ¢).
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Solution

a) The cubic function f(x) = x3 is defined for all real numbers x, so the
domain is x eR.

Find the derivative by substituting f(x + ») = (x + )3 and f(x) = x> in the
first principles definition.

yon o fx+h) —f(x)
flo) =i == ——
= lim w
h—0 h
— lim (o3 + 2x%h + xb* +x2b + 2xh* + b3) — x3
h—0 b
— lim 3x2h + 3xh*+ b3
h—0 b
~ lim B (3x%+ 3xh + h?)
h—0 %

= lim 3x2 + 3xb + h?
h—0
= 3x?

The derivative of f(x) =x3 is f(x) = 3x2. The limit exists for any value of
x, so the domain of f'(x) =3x? is xe R.

b) On a graphing calculator, enter the equations Y1 = x> and Y2 = 3x2. Select
a thick line to graph the derivative. Press (GRAPH].

L / J Window variables:
xe[—4,4],ye[—6, 6]

¢ Substitute into the derivative equation to calculate the slope values.
i) £/(~2)=3(=22=12
The slope of the tangent to f(x) =x3 at x = —2 is equal to 12.
ii) £(0)=3(0)* =0
The slope of the tangent to f(x) = x> at x =0 is equal to 0.
iii) £7(1) = 3(1)2=3

The slope of the tangent to f(x) =x> at x =1 is equal to 3.

d) You know the slope for each specified x-value. Determine the tangent
point by calculating the corresponding y-value.
i) When x = —2, y= —8. The tangent point is (=2, —8).
Substitute into the intercept equation of a line, y — y; = m(x — x1).

Technology Tip

You can select different line styles

for your graph by moving to the
first column in the Y = screen
and pressing (ENTER). Pressing
ENTER J repeated|y cycles
through the possible styles.

1.5 Introduction to Derivatives « MHR
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y—(=8)=12(x—(-2))
y=12x+24 -8
=12x+16

The equation of the tangent is y = 12x + 16.
i) When x=0,y=0
Substitute (x, y) = (0, 0) and 72 = 0.
The equation of the tangent is y = 0. This line is the x-axis.
iii) Whenx=1,y=1
Substitute (x, y) = (1, 1) and m = 3.
y—1=3(x—1)
y=3x—-2
The equation of the tangent is y = x — 2.
e) Verify the tangent equation for x = — 2.
Graph the function Y1 =x3.
Access the Tangent operation and enter —2. Press (ENTER].

. Window variables:

P xe[—35, 5], ye[—12, 10].

The equation of the tangent at x = —2 appears in the bottom left corner
of the calculator screen.

Leibniz Notation expresses the derivative of the function y = f(x) as

d

L read as “dee y by dee x.” Leibniz’s form can also be written Ef (x).

dx

. d L . :

The expression & in Leibniz notation means “determine the value
x

X=a

of the derivative when x =a.”

Both Leibniz notation and Lagrange notation can be used to express the
derivative. At times, it is easier to denote the derivative using a simple form,
such as f”(x). But in many cases Leibniz notation is preferable because it
clearly indicates the relationship that is being considered. To understand this,
keep in mind that & does not denote a fraction. It symbolizes the change in

dx
one variable, y, with respect to another variable, x. The variables used depend
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on the relationship being considered. For example, if you were considering
a function that modelled the relationship between the volume of a gas, V,

and temperature, ¢, your notation would be Z—V, or volume with respect to
t

temperature.

Example 3 Apply the Derivative to Solve a Rate of Change
Problem

The height of a javelin tossed into the air is modelled by the function
H(t) = —4.9t> + 10t + 1, where H is height, in metres, and ¢ is time, in
seconds.

a) Determine the rate of change of the height of the javelin at time ¢. Express
the derivative using Leibniz notation.

b) Determine the rate of change of the height of the javelin after 3 s.

Solution

a) First find the derivative of the function using the first principles definition.
To do this, substitute the original function into the first principles
definition of the derivative and then simplify.

dH .. H(t+h)— H(t)
dt  h=0 b
 lim [4.9(t + hY>+10(t + b) + 1] — (—4.9:2+ 10t + 1)
h—0 h
— lim [4.9(t2 + 2th + h2) + 10t + 10h + 1] — (—4.9:2 + 10t + 1)
h—0 b
~ lim —4.9t2—-9.8th—4.9h*+ 10t +10h + 1+ 4.9t2— 10t — 1
h—0 b
. —4.9h2—9.8th+10h
= lim
h—0 h
. h(=4.9h— 9.8t +10)
= |lim
h—0 h
= lim —4.9h — 9.8¢ + 10
h—0
A _ 98 +10
dt

b) Once you have determined the derivative function, you can substitute any l CONNECTIONS

value of ¢ within the function’s domain. For ¢ = 3,

—_— =-9.8(3)+10
. 3)
=-19.4

The instantaneous rate of change of the height of the javelin at 3 s is
—19.4 m/s.

1.5 Introduction to Derivatives -

Partb) is an example of a case
dH where it might have been
simpler to use the notation H'(3)
to denote the derivative.

MHR 53



Example 4 | Differentiate a Simple Rational Function

a) Differentiate the function y = —. Express the derivative using Leibniz
x

notation.

b) Use a graphing calculator to graph the function and its derivative.

¢) State the domain of the function and the domain of the derivative. How is
the domain reflected in the graphs?

Solution

a) Using the first principles definition, substitute f(x + /) = 1 ;
x

and f(x) = 1 into the first principles definition.
x

L) fi)

dx h—0
1 —
_lim Xt h x
h—0
. 1 1 1 - . .
= llalg(l)(x 5 ;) X n To divide, mulltlply by the reciprocal
of the denominator.

= lim [( ! xX) - (l x X * h)] X 1 Multiply by 1 to create a
x x common denominator
h

x—x—h

h—0 (x + h)xh
iy ~

h—0 (x + h)xh

1m
h—0 (x + h)x

__r
2

dy 1
dx  x*
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b) On a graphing calculator, enter the equations Y1 = 1 and Y2 = —
x

Select a thick line to graph the derivative. Press (GRAPH],

\

W r_ Window variables:
XE[—Z, 2]3 )’E[_5, 5]

¢) The function y = l and the derivative function ﬂ = —i are both
x x x

undefined when the denominator is 0, so the domain of the function and
its derivative is {x e R|x # 0}. Zero is not in the domain because both
graphs have a vertical asymptote at x = 0.

1
x2

A derivative may not exist at every point on a curve. For example,
discontinuous functions are non-differentiable at the point(s) where they are
discontinuous. The function in Example 4 is not differentiable at x = 0.

There are also continuous functions that may not be differentiable at some
points. Consider the graph of the two continuous functions below. On
Curve A, the slope of the secant approaches the slope of the tangent to P,
as Q comes closer to P from both sides. This function is differentiable at P.
However, this is not the case for Curve B. The limit of the slopes of the
secants as Q approaches P from the left is different from the limit of the
slopes of the secants as Q approaches P from the right. This function is
non-differentiable at P even though the function is continuous.

QQ

Curve B

CONNECTIONS

To see a second method for
graphing this function and its
derivative using The Geometer$
Sketchpad®, go to www.
magrawhillca/links/calculus12 and
follow the links to Section 1.5.

CONNECTIONS

To see an animated example of
the derivative as the left-hand

and right-hand limits approach
the point at which the function is
non-differentiable, go to www:.
magrawhillca/links/calculus12 and
follow the links to Section 1.5.
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Exambple 5 Recognize and Verify Where a Function Is
P Non-Differentiable

56 MHR - Calculus and Vectors -

A piecewise function f is defined by y
y=—-x+5forx=2and y=0.5x+2
for x> 2. The graph of f consists

of two line segments that form a 6
vertex, or corner, at (2, 3). 4
a) From the graph, what is the slope 5

as x approaches 2 from the left?
What is the slope as x approaches 2
from the right? What does this tell
you about the derivative at x =2?

-4 -2 0 2 4 6 8 x

b) Use the first principles definition to prove that the derivative f*(2) does

not exist.

¢ Graph the slope of the tangent for each x on the function. How does this

graph support your results in parts a) and b)?

Solution

a) From the graph you can see that for x <2, the slope of the graph is —1.

The slope for x>2 is 0.5. The slopes are not approaching the same value
as you approach x =2, so you can make the conjecture that the derivative
does not exist at that point.

b) Using the first principles definition,

f) = i [P~ Q)

h—0 h
f(2 + b) has different expressions depending on whether » <0 or b >0,
so you will need to compute the left-hand and right-hand limits.
For the left-hand limit, when /<0,
FR+h) =[-(2+h) +5]=—h+3.
fR+h)—f2)_ - ~h+3-3

lim li
h—0~ h h—0~ b
= lim -1
h—0~
=-1

For the right-hand limit, when » >0,

f2+h)=[0.52+h)+2]=0.5h+ 3.
lim fR+h)—f2)_ lim 0.5h+3-3
h—0" b h—0" b

= lim 0.5
h—0"

=0.5

Since the left-hand and right-hand limits are not equal, the derivative does
not exist at f (2).

Chapter 1



o Graphing the slope of the tangent at each point on f gives

y
2
o—
-4 -2 0 g 4x
-2

When x <2, the slope of the tangent to fis —1. When x> 2, the slope

of the tangent to fis 0.5. So, the graph of the derivative consists of two
horizontal lines. There is a break in the derivative graph at x =2, where
the slope of the original function f abruptly changes from —1 to 0.5. The
function f is non-differentiable at this point. The open circles on the graph
indicate this.

KEY CONCEPTS

© The derivative of y = f(x) is a new function y = f"(x), which represents
the slope of the tangent, or instantaneous rate of change, at any point
on the curve of y =f(x).

© The derivative function is defined by the first principles definition for

flx+h)—flx)
h

the derivative, f’(x) = lim , if the limit exists.

h—0
-l ,ﬂ

© Different notations for the derivative of y = f(x) are f’(x), v/, y
X

and di;f(x).

b

© If the derivative does not exist at a point on the curve, the function is
non-differentiable at that x-value. This can occur at points where the
function is discontinuous or in cases where the function has an abrupt
change, which is represented by a cusp or corner on a graph.

Communicate Your Understanding

(1 Discuss the differences and similarities between the formula

fla+h)—f(a)

Mg = }Jirré b and the first principles definition for the
.
derivative.

2 What does the derivative represent? What does it mean when we say
that the derivative describes a new function? Support your answer with
an example.

@3 What is the relationship between the domain of the original function
and the domain of the corresponding derivative function? Provide an
example to support your answer.

1.5 Introduction to Derivatives « MHR
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(4 TIs the following statement true: “A function can be both differentiable
and non-differentiable”? Justify your answer.

(5 Which of the following do not represent the derivative of y with respect
to x for the function y = f(x)? Justify your answer.

a) '(x) b) y

T

1. Match graphs a, b, and ¢ of y = f(x) with their

corresponding derivatives, graphs A, B, and C.

Give reasons for your choice.

a) y A y
2 2

-2 0 2 x -2 0 2 | x
1 -2
b) y B y
2 2

-7 0 2 x 20 2 x
12 12
9] y C y
2

20 2 x —20 2 x
] 12

2. a) State the derivative of f(x) =x7.

b) Evaluate each derivative.

) f(~6)

o)

¢) Determine the equation of the tangent at
each x-value indicated in part b).

ii) £/(—0.5)
iv) £7(2)

3. Explain, using examples, what is meant by the
statement “The derivative does not exist.”

58 MHR - Calculus and Vectors - Chapter 1

g 9 d) lim &Y o @
dy Ax—0 Ax dx
4. a) State the derivative of f(x) = x.
b) Evaluate each derivative.
i) f'(—6) i) £/(—0.5)
i f@) W) £(2)

5. Each derivative represents the first principles
definition for some function f(x). State the
function.

v 1. 3+ h)—3x
) 1= i
yon e (x b —x?
b) /() = lim =———

3443
0 flx)= 1imw

h—0 b
yov e (x b —x?
d f'(x)=-6 llg(l) p
S 3
g xth x
e) f'(x)= }]13(1) ;
f ) = lim VP
—0 h
6. a) State the derivative of f(x)= 1 .
x
b) Evaluate each derivative.
i) f(—6) i) £/(=0.5)
iii) f (%) iv) £(2)

¢ Determine the equation of the tangent at
each x-value indicated in part b).



7. State the domain on which each function is
differentiable. Explain your reasoning.

a) b)

A
L Ly

Window variables: Window variables:
xe[—8,6],ye[—2, 8] xe[—3,6],ye[—10, 10]

9] d)

.
SR

Window variables: Window variables:
xe[—1,10],ye[—2,4] «xe[—4.7,4.7],
ye[-3.1, 3.1]

8. Each graph represents the derivative of a
function y = f(x). State whether the original
function is constant, linear, quadratic, or cubic.
How do you know?

a) y b) y
-2 0 2 X -2,0 2 X

-2 -2

q) y d) y
2 2\
-2 0 2 X -2 0 2 X

-2 -2

: 3 Connect and Apply

9. a) Use the first principles definition to

differentiate y = x2.

b) State the domain of the original function
and of the derivative function.

¢) What is the relationship between the
original function and its derivative?

10. a) Use the first principles definition to find j—y
x

for each function.

i) y=—3x? i) y=4x?

b) Compare these derivatives with the
derivative of y = x? in question 9. What
pattern do you observe?

¢ Use the pattern you observed in part b) to
predict the derivative of each function.

2

i) y=—2x i) y=5x?

d) Verify your predictions using the first
principles definition.

11. a) Use the first principles definition to
determine the derivative of the constant
function y = —4.

b) Will your result in part a) be true for any
constant function? Explain.

o) Use the first principles definition to
determine the derivative of any constant
function y=c.

12. a) Expand (x +h)3.

b) Use the first principles definition and your
result from part a) to differentiate each
function.

i) y=2x3 i) y=—x3

13. a) Compare the derivatives in question 12

part b) with the derivative of y = x? found in
Example 2. What pattern do you observe?

b) Use the pattern to predict the derivative of
each function.

o 1 3
i) y==x

) v 2
¢) Verify your predictions using the first

principles definition.

) y=—4x3
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14.

15.

16.

17.

60 MHR - Calculus and Vectors -«

Use the first principles definition to determine 18.

j—y for each function.

X
a) y=8x b) y=3x>—2x
qQ y=7—x2 d) y=x(4x+5)
&) y=(2x—1)

a) Expand (x + h)*.

b) Use the first principles definition and your
result from part a) to differentiate each
function.

i) y=x* i) y=2x* iii) y = 3x*
¢ What pattern do you observe in the
derivatives?

d) Use the pattern you observed in part ¢) to
predict the derivative of each function.

1 19.
i) y=—x* i) y=—x*
y ) y=75
e) Verify your predictions using the first
principles definition.
The height of a soccer Reasoningand Proving
ball after it is leked Representing Selecting Tools
into the air is given by Problem Solving 20
H(t) = —4_9t2 +3.5t+ 1’ Connecting Reflecting
where H is the height, in Communicating
metres, and ¢ is time, in
seconds.
a) Determine the rate of change of the height
of the soccer ball at time ¢.
b) Determine the rate of change of the height
of the soccer ball at 0.5 s.
¢) When does the ball momentarily stop? 21

What is the height of the ball at this time?

a) Use the first principles definition to

d
determine ﬁ for y=x?—2x.
b) Sketch the function in part a) and its
derivative.

¢) Determine the equation of the tangent to
the function at x = —3.

d) Sketch the tangent on the graph of the
function.

Chapter 1

a) Use the first principles definition to
differentiate each function.

. 2
i)y==—
x
1
i)y=—
x
iii) y:i
x
iv) -
Y 3x

b) What pattern do you observe in the
derivatives?

¢ State the domain of each of the original
functions and of each of their derivative
functions.

a) Use the pattern you observed in question 18
to predict the derivative of each function.

i) _3 i) =—i
Y X Y Sx

b) Verify your predictions using the first
principles definition.

. A function is defined for x e R, but is not

differentiable at x = 2.

a) Write a possible equation for this function,
and draw a graph of it.

b) Sketch a graph of the derivative of the
function to verify that it is not differentiable
atx=2.

o Use the first principles definition to confirm
your result in part b) algebraically.

. Chapter Problem Alicia found some

interesting information regarding trends in
Canada’s baby boom that resulted when
returning soldiers started families after World
War II. The following table displays the
number of births per year from January 1950
to December 1967.

a) Enter the data into a graphing calculator to
draw a scatter plot for the data. Let 1950
represent year 0.



Year Number of Births d) Determine the instantaneous rate of change

1950 372009 of births for each of the following years.
1951 381092 i) 1953 ii) 1957 iii) 1960
1952 403 559

1953 417 884 iv) 1963 v) 1966

1954 436 198 e) Interpret the meaning of the values found in
1955 442937 part d).

1956 450739

f) Use a graphing calculator to graph the

1957 469 093 .. . . .

original equation and the derivative
1958 470118 R d 1 di dd
1959 479275 equation you developed in parts ¢) and d).
1960 478551 g) Reflect Why would it be useful to know the
1961 475 700 equation of the tangent at any given year?
1962 469 693
1963 465 767 v/ Achievement Check
1964 452915
1965 418 595 22. a) Use the first principles definition to
1966 387710 differentiate y = 2x> — 3x2.
1967 370894

b) Sketch the original function and its
Source: Statistics Canada. “Table B1-14: Live derivative
births, crude birth rate, age-specific fertility rates, )
gross reproduction rate and percentage of births ¢) Determine the instantaneous rate of change
in hospital, Canada, 1921 to 1974.” Section B: of y when x = —4, —1, 0, and 3.

Vital Statistics and Health by R. D. Fraser, Queen’s

University. Statistics Canada Catalogue no. 11- d) Interpret the meaning of the values you
516-XIE. Available at www.statca‘n.ca/english/ found in part c).
freepub/11-516-XI1E/sectionb/sectionb.htm. p
b) Use the appropriate regression to determine 23. a) Predict d_y for each polynomial.
. x
the equation that best represents the data. R
Round the values to whole numbers. i)y=x+3x
. . L )0 = e — D43
o) Use the first principles definition to i) y=x—2x
differentiate the equation. i) y=2x*—x+35

b) Verify your predictions using the first

principles definition.
(&) Extend and Challenge

24. a) Use the first principles definition to 25. Use Technology a) Use a graphing calculator
differentiate each function. to graph the function y=3|x — 2|+ 1. Where
is it non-differentiable?

1 1 1
i) y=— i) y=— i) y=— . . .
)y x? )y x3 M b) Use the first principles method to confirm
b) State the domain of the original function your answer to part a).
and of the derivative function. Technology Tip
¢ What pattern do you observe in the To enter an absolute value, press (MATH] and then » to select
derivatives in part a)? Why does this pattern NUM. Select 1:abs( and press (ENTER).

make sense?
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26. a) Use the results of the investigations and 28. Use the first principles definition to determine

examples you have explored in this section the derivative of each function.
to find the derivative of each function. ) v o1
x X —
. — o — oo — 42 = b =
)y=1 i) y=x i) y=x a) f(x) po— ) f(x) o
iv) y=x3 v) y=x*

29. Differentiate each function. State the domain

b) Describe the pattern for the derivatives in of the original function and of the derivative

part a). function.
¢) Predict the derivative of each function.
a) f(x)=x+1 b) f(x)=2x—1
i) y=x° i) y=x°
d) Use the first principles definition to verify 30. a) Use Technology Use a graphing calculator
2

whether your predictions were correct. ) 2 .
to graph the function y = x3. Where is the

e) Write a general rule to find the derivative of function non-differentiable? Explain

y =x", where 7 is a positive integer. . o o _
b) Use the first principles definition to confirm

f) Apply the rul ted i te)t
) Apply the rule you created in part e) to your answer to part a).

some polynomial functions of your choice.

Verify your results using the first principles 31. Math Contest If the terms 29, 3, 4¢ form
definition. an arithmetic sequence, determine all possible
ordered triples (a, b, c), where a, b, and c are

27. a) A second form of the first principles
positive integers.

definition for finding the derivative at x = a

is (a) = lim M. Use this form of 32. Math Contest A triangle has side lengths of
xoao x—a 1 cm, 2 cm, and +/3 cm. A second triangle has

tl;e deflrzlltIOE toddetermme ctlhe cl;erwan;lze the same area as the first and has side lengths
of y =x". What do you need to 10 to the x, x, and x. Determine the value of x.
numerator to reduce the expression and

determine the limit? 33. Math Contest Determine the value of the
T . 12 11 10
b) Use the. deflnltlon in part a). to determine expression % +3x' "+ 2x
the derivative of each function. x11 4+ 210

when x =2008.

i) y=x3 i) y=ox* i) y=2x°

¢ What are the advantages of using this
second form of the first principles
definition? Explain.

CAREER CONNECTION

Tanica completed a 4-year bachelor of science in chemical engineering

at Queen’s University. She works for a company that designs and
manufactures environmentally friendly cleaning products. In her job,
Tanica and her team are involved in the development, safety testing,

and environmental assessment of new cleaning products. During each of
these phases, she monitors the rates of change of many types of chemical
reactions. Tanica then analyses the results of these data in order to produce
a final product.
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’ Extension Use a Computer Algebra System to Determine Derivatives

1. A computer algebra system (CAS) can be used to determine derivatives. Tools
To see how this can be done, consider the function y = x3. - calculator with computer algebra
e Turn on the CAS. If necessary, press the key to display the home system
screen.

¢ Clear the CAS variables by pressing @), then (F1), to access the F6
Clean Up menu. Select 2:NewProb and press (ENTER). It is wise to follow
this procedure every time you use the CAS.

e From the F4 menu, select 1:Define.
* Type f(x)=x"3, and press (ENTER].

e From the F3 menu, select
1:d( differentiate.

e Type f(x), x). Press (510). Type g(x). Press
()

The CAS will determine the derivative of f(x) and store it in g(x). You can
see the result by typing g(x) and pressing (ENTER).

" Define f(x) =x=

s (500)» ato

DEGAUTO FUNC 3730

2. You can evaluate the function and its derivative at any x-value.

* Type f(2), and press (ENTER).

e Type g(2), and press (ENTER]. Technology Tip
3. You can use the CAS to determine the equation of the tangent to f(x) Wheq you use the SOLVE
o function on a CAS, you must
atx=2. P
specify which variable you
e Use the values from step 2 to fill in want the CAS to solve for.
y=mx+b. Since a CAS can manipulate

algebraic symbols, it can also
" £(2) solve equations that consist of
" a(2) 1z symbols. For example, to solve

"2=122+b B=b+24 _ .
" colue(Bob +24.b) b= -16 y=mx-+b for b using the CAS,

This is a simple example, so the value of b
can be determined by inspection. However,
use the CAS to solve for b.

e From the F2 menu, select 1:solve(.

DEGAUTD ___ FUNC 7730) - From the F2 menu, select
e Type 8 =24+ b, b). Press (ENTER). 1: solve(.
The equation of the tangent at x =2 is y = 12x — 16. < Typey=mxx+b,b).
Press (ENTER).
Problems (BrER)
Note that the CAS has
1. a) Use a CAS to determine the equation of the tangent to y =x* at x = —1. algebraically manipulated the

. . . tion to solve for .
b) Check your answer to part a) algebraically, using paper and pencil. SUEHLI I

¢) Graph the function and the tangent in part a) on the same graph.

2. a) Use a CAS to determine the equation of the tangent to y = x> + x at
x=1.

b) Graph the function and the tangent in part a) on the same graph.
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Chapter 1

1.1 Rates of Change and the Slope of a Curve

1. The graph shows the amount of water
remaining in a pool after it has been draining

for 4 h.

Volume of Water Remaining in Pool

Vv
2000

—~1600

1200

Volume (L

0 30 60 90 120 150 180 210 240 ¢
Time (min)

a) What does the graph tell you about the rate
at which the water is draining? Explain.

b) Determine the average rate of change of
the volume of water remaining in the pool

during the following intervals.
i) the first hour i) the last hour

¢ Determine the instantaneous rate of change
of the volume of water remaining in the
pool at each time.

i) 30 min ii) 1.5h i) 3 h

d) How would this graph change under the
following conditions? Justify your answer.

i) The water was draining more quickly.

ii) There was more water in the pool at the
beginning.

e) Sketch a graph of the instantaneous rate of
change of the volume of water remaining in
the pool versus time for the graph shown.

2. Describe a real-life situation that models each
rate of change. Give reasons for your answer.

a) a negative average rate of change
b) a positive average rate of change
¢ a positive instantaneous rate of change

d) a negative instantaneous rate of change
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REVIEW

1.2 Rates of Change Using Equations

3. A starburst fireworks rocket is launched

from a 10-m-high platform. The height of

the rocket, b, in metres, above the ground at
time ¢, in seconds, is modelled by the function
h(t)=—4.9t2+ 35t + 10.

a) Determine the average rate of change of the

rocket’s height between 2 s and 4 s.

b) Estimate the instantaneous rate of change of
the height of the rocket at 5 s. Interpret the
meaning of this value.

¢ How could you determine a better estimate
of the instantaneous rate of change?

. a) For the function y=3x%+ 2x, use a

simplified algebraic expression in terms of
a and b to estimate the slope of the tangent
at each of the following x-values, when

bh=0.1,0.01, and 0.001.
i) a=2 i) a=—-3

b) Determine the equation of the tangent at the
above x-values.

o Graph the curve and tangents.

1.3 Limits

5. The general term of a sequence is given by

5 —n?
3n
a) Write the first five terms of this sequence.

t, = ,neN

b) Does this sequence have a limit as 7—oc?
Justify your response.

. A bouncy ball is dropped from a height of 5 m.

It bounces 3 of the distance after each fall.

a) Find the first five terms of the infinite
sequence representing the vertical height

travelled by the ball.

b) What is the limit of the heights as the
number of bounces approaches infinity?

¢ How many bounces are necessary for the
bounce to be less than 1 m?



7. a) Determine whether the function

x . . .
glx)= - is continuous at x = 3. Justify
x

your answer using a table of values.

b) Is the function in part a) discontinuous for

any number x? Justify your answer.

1.4 Limits and Continuity

8. Examine the following graph.

a) State the domain and range of this function.

y4
1
1
16,12 -8 —4 0 & —8—12 16 x|

-4,
1

1 -2x2+8x—4

x =4 1 1

8! f(x) g

1
—1 :
1
Y

b) Evaluate each of the following limits for this

function.
W —2x2+8x—4
i) lim —_—
x—>+00 X
. —2x2+8x—4
i) lim ———
X—>—00 xz
. —2x2+8x—4
i) lim ————
x—0" x2
. . —2x%2+8x—4
iv) lim —_—
x—0" X

o) State whether the graph is continuous. If

CHAPTER

it is not, state where it has a discontinuity.
Justify your answer.

PROBLEM WRAP-UP

Throughout this chapter, you encountered
problems that a climatologist or a
demographer might explore.

a) Do some research to find data for a topic
that a climatologist or a demographer
might study. For example, a climatologist
may wish to research monthly average
temperatures or precipitation for a
particular city, while a demographer

10.

Evaluate each limit, if it exists.

_ 2_ .2
a) lim 1+x)7—4 b) thSx
x——1 x+1 x—>3 2x+1
Jx+16 + 2 -
g lim x+16 +4 4 lim 3x2 +5x—2
x—0 X x—5-2 x*—2x—8
2_
&) lim>— %
x>7 x—7

What is true about the graph of y = h(x) if
lim h(x)= lilz}S+ h(x) = 3, but h(—6) # 3?2

x—>—6"

1.5 Introduction to Derivatives

1.

12.

Use the first principles definition to
differentiate each function.

a) y=4x-—1

b) h(x)=11x%+2x

Q s(t)= %ﬁ — 5t2
d) flx)=(x+3)(x—1)

a) Use the first principles definition to

determine 2. for y=3x?—4x.

dx

b) Sketch both the function in part a) and its
derivative.

¢) Determine the equation of the tangent to
the function at x = —2.

may be interested in studying Canadian
population trends according to age groups,
or populations in different countries.

b) Demonstrate how average and
instantaneous rates of change could be used
to analyse the data in part a) by creating
questions that involve limits, slopes, and
derivatives. Be sure to include a solution to
each of your questions.
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Chapter1 PRACTICE TEST

For questions 1, 2, and 3, choose the best answer. 4. Which of the following is not a true statement

o :
1. Which of the following functions is defined at about limits? Justify your answer.

x =2, but is not differentiable at x = 2? Give A A limit can be used to determine the end
reasons for your choice. behaviour of a graph.
A — ~ B A limit can be used to determine the

behaviour of a graph on either side of a
vertical asymptote.

C A limit can be used to determine the average
! ) rate of change between two points on a
graph.

D A limit can be used to determine if a graph

|
3

\.

' N\

/\ is discontinuous.

5. a) Use the first principles definition to

\. J

~ N

.

P

determine 2 for y=x3 — 4x2.
dx

C
b) Use Technology Using a graphing
calculator, sketch both the function in part
a) and its derivative.
J ¢) Determine the equation of the tangent to
D N the function at x = —1.
d) Sketch the tangent on the graph of the
function.
6. Determine the following limits for the graph
- < below.
2. Which of the following does not provide the y
exact value of the instantaneous rate of change 4
S '
at x = a? Explain. | v f
A f'(a) B hmw
h—0 b ) yap) \/ YRES
¢ fath—fl@ . fx)-fla) \/l
b x=a Xx—a
—4
3. Evaluate each limit, if it exists.
lim(4x —1 b) lim 2x*—3x2+6
a) lim(4x—1) ) Jim (2x7 = 3x7+ 6) a) lim f(x) b) lim f(x)
x——2 x—0"
)i x?—3x—10 o i 9x . .
R e o Jim fx) @) lim fix)
2_ _ . .
o lim X — % f) lim ——— e lim f(x) f) lim f(x)
=7 x—7 x—o00 2 + x2 x——4 X—00
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7. Examine the given graph and answer the
following questions.

y
12

1
1
1
1
|
sl
1
1
1
1
1

—12

-8 o) =——

a) State the domain and range of the function.

b) Evaluate each limit for the graph.

) lim % i) lim >~

x—>+too X — 4 xX——00 X —

i) lim 3x iv) lim 3x
x—4" x — 4 x—4- x — 4

v) lim vi) lim —>%
x—=6x —4 x—=-2x—4

¢) State whether the graph is continuous. If
it is not, state where it has a discontinuity.
Justify your answer.

8. A carpenter is constructing a large cubical
storage shed. The volume of the shed is given
2
by V(x) = x2<164 ad ), where x is the side
x
length, in metres.

a) Simplify the expression for the volume of
the shed.

b) Determine the average rate of change of the
volume of the shed when the side lengths
are between 1.5 m and 3 m.

¢ Determine the instantaneous rate of change
of the volume of the shed when the side
length is 3 m.

9.

10.

a)

b)

4]

d)

A stone is tossed into a pond, creating a
circular ripple on the surface. The radius of
the ripple increases at the rate of 0.2 m/s.

a) Determine the length of the radius at the
following times.

i)1ls i) 3s i) 5's
b) Determine an expression for the
instantaneous rate of change in the area

outlined by the circular ripple with
respect to the radius.

¢ Determine the instantaneous rate of
change of the area corresponding to each
radius in part a).

Match functions a, b, ¢, and d with their
corresponding derivative functions A, B, C,
and D.

y A y

2 2
-2 0 2\ x -2.0 2 X

-2 -2

y B y

2 2
-20 X -2 [0 2 X

2 2

y C y

2 2
ﬁV\jz X -2 0 2 X

2 -2
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Derivatives

In Chapter 1, you learned that instantaneous

rate of change is represented by the slope of the

tangent at a point on a curve. You also learned
that you can determine this value by taking
the derivative of the function using the first

principles definition of the derivative. However,

mathematicians have derived a set of rules for
calculating derivatives that make this process
more efficient. You will learn to use these rules
to quickly determine instantaneous rate of
change.

[ By the end of this chapter you will

© verify the power rule for functions of the form
f(x) =x", where nis a natural number

© verify the constant, constant multiple, sum, and
difference rules graphically and numerically,
and read and interpret proofs involving
lim f(x+h)—f(x)
h—0 h
power, and product rules

of the constant, constant,

© determine algebraically the derivatives of
polynomial functions, and use these derivatives to
determine the instantaneous rate of change at a
point and to determine point(s) at which a given
rate of change occurs

© verify that the power rule applies to functions of
the form f(x) = x", where n is a rational number,
and verify algebraically the chain rule using
monomial functions and the product rule using
polynomial functions

Chapter 2 I

solve problems, using the product and chain rules,
involving the derivatives of polynomial functions,
rational functions, radical functions, and other
simple combinations of functions

make connections between the concept of
motion and the concept of the derivative in a
variety of ways

make connections between the graphical or
algebraic representations of derivatives and real-
world applications

solve problems, using the derivative, that involve
instantaneous rate of change, including problems
arising from real-world applications, given the
equation of a function
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Pr,erequisite Skills

Identifying Types of Functions

1.

Identify the type of function (polynomial,
rational, logarithmic, etc.) represented by each
of the following. Justify your response.

a) f(x)=5x>+2x—4

b) y=sinx
Q0 glx)=—-2x2+7x+1
d) flx)=x
e) h(x)=15*
o oxr+1
B alx)=3"—
g) y=logsx

h) y=(4x+5)(x*—2)

Determining Slopes of Perpendicular Lines

2. For each function, state the slope of a line that

is perpendicular to it.
a) y=2x+9 b) y=—5x—-3
Q %x—y+3=9 d) y=26

e) y=x f) x=-3

Using the Exponent Laws

3. Express each radical as a power.

70 MHR - Calculus and Vectors -

d) Vx2

avx w9 (¥x)

Express each term as a power with a negative
exponent.

1

) b) —i !
a x x4

1
q) ﬁ d)

Express each quotient as a product by using
negative exponents.
3 4
a) =X 1 b) 3x
Sx+2 JSx +6
_ 42)\3 + 2
9 (9 —x7) d) (x +3)
(2x +1)* J1—7x2

Chapter 2

@

Simplify Expressions with Negative Exponents

6.

Simplify. Express answers using positive
exponents.

2x3— x2+ 3x

a) (x?)73 b) 3
X
s 1
9 % A x 2(x—1)
6 3
e) — f) (x2+3) 2(436—3)2
C

Analysing Polynomial Graphs

7.

Maximum and minimum points and
x-intercepts are indicated on each graph.
Determine the intervals, or values of x, over

which
i) the function is increasing and decreasing
i) the function is positive and negative

i) the curve has zero slope, positive slope, and
negative slope

a) y
(=1,7)

=

(3.5, -3)
b) y
(1.5, 5)
R 0 495 X
(4.5, —0.5)

(=2.5, =7)



Solving Equations 11. Factor first and then simplify.

8. Solve. a) 8(x3—1)5(2x +7)% + 15x%(x® — 1)*2x + 7)*
a) X2—8x+12=0  b) 42— 16x—84=0 b) 6(x+4)7! = 3x2(6x = 5)(x° +4)2
7
O 5x2—14x+8=0  d) 6x>—5x—6=0 Q 2x* —2x2
e) x> +5x—4=0 f) 2x2+13x—6=0 d) 1+2x 1 +x2
g 4x?=9x—3 h) —x2+7x=1 12. Determine the value of y when x = 4.

a) y=61u2—1, u=/x
Factoring Polynomials 5
b) y=-=, u=9—-2x
9. Solve using the factor theorem. u

Q) ¥ +3x2—6x—8=0 O y=-u?+3u+1,u=5x—18

b) 2x* —x?~5x~2=0 Creating Composite Functions

¢ 3x3+4x2—-35x—12=0 1

@) 5x3+11x2— 13x—3=0 13. Given f(x)=x3+1, g(x)= Y and

@) 33+ 2x2—Tx+2=0 h(x) = /1 — x?, determine

f) x*— 203 — 1322+ 14x +24 =0 a) fog(x) b) goh(x)

9 hlf(x)] d) glf(x)]

Simplify Expressions 14. Express each function h(x) as a composition of
10. Expand and simplify. two simpler functions f(x) and g(x).

a) (x2+4)(5) + 2x(5x — 7) a) h(x)=(2x—3) b) h(x) = 2 + 4x

b) (9 — 5x)(14x) + (—20x%)(7x2 +2) 9 hix)= — &) hix) = —

O (3" — 6x)(6x2 + ) + (122 — 6)(2x3 + 5x) 3x2=7x (= 4)2

PROBLEM

Five friends in Ottawa have decided to start a fresh
juice company with a Canadian flavour. They

call their new enterprise Mooses, Gooses, and

CHAPTER

Juices. The company specializes in making and
selling a variety of fresh fruit drinks, smoothies,
frozen fruit yogurt, and other fruit snacks. The
increased demand for these healthy products has

had a positive influence on sales, and business is
expanding. How can the young entrepreneurs use derivatives to analyse their costs,
revenues, profits, and employee productivity, thereby increasing their chance for

success?
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2.1 Derivative of a Polynomial
Function

There are countless real-world situations that can
be modelled by polynomial functions. Consider the
following;:

¢ A recording studio determines that the cost, in
dollars, of producing x music CDs is modelled by
the function C(x) =85 000+ 25x + 0.015x2.

e The amount of fuel required to travel a distance
of x kilometres by a vehicle that consumes
8.5 L/100 km is represented by the function
f(x) = 0.085x.

e The price of a stock, p, in dollars, ¢ years after it
began trading on the stock exchange is modelled by
the function p(t) = 0.5¢3 — 5.7t + 12t.

Whether you are trying to determine the costs and price points that will maximize profits, calculating
optimum fuel efficiency, or deciding the best time to buy or sell stocks, calculating instantaneous rates of
change heighten the chances of making good decisions.

Instantaneous rate of change in each of the above situations can be found by differentiating the polynomial
function. In this section, you will examine five rules for finding the derivative of functions: the constant
rule, the power rule, the constant multiple rule, and the sum and difference rules.

NZESIGEICEE What derivative rules apply to polynomial functions?

Tools As you work through this Investigate, you will explore five rules for finding
- graphing calculator derivatives. Create a table similar to the one below, and record the findings
from your work.

Original Function Derivative Function
Constant Rule y=c
Power Rule y=x"
Sum Rule y=1fx)+gx)
Difference Rule y=f(x)—gx)
Constant Multiple Rule y=cf(x)
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A:The Constant Rule
1. a) Graph the following functions on a graphing calculator. What is the
slope of each function at any point on its graph?
i) y=2 i) y=—3 iii) y=0.5
b) Reflect Would the slope of the function y = ¢ be different for any
value of ¢ e R? Explain.
¢ Reflect Write a rule for the derivative of a constant function y = ¢ for

any c € R.

B: The Power Rule

1. a) Use the nDeriv function to graph the derivative of y = x as follows: Technology Tip
e Enter Y1=x. :}-:-':E:I.HH-:-':E FTots The nDeriv (numerical
A . derivative) on a graphing
Move the cursor to Y2. I':'.JEEHDEW“ Luthi - 5 calculator can be used to
e Press (MATH). ::3 3= graph the derivative of a given
. ML,J;; function.
Select 8:nDeriv(. i

* Press to display the Y-VARS menu.
Select 1: Function, and then select 1:Y1.

e Press () (X1, 6.0 ()16 ().

e Select a thick line for Y2. Press (GRAPH).

b) Write the equation that corresponds to the graph of the derivative.
¢) Press on your calculator to display a table of values for the

function and its derivative. How does the table of values confirm the
equation in part b)?

2. Repeat step 1 for each function.
a) Y1=x2 b) Y1=x3 O Yl=x*

3. Complete the following chart based on your findings in steps 1 and 2.

f(x) f'(x)

4. a) Reflect Is there a pattern in the graphs and the derivatives in step 3
that could be used to formulate a rule for determining the derivative of
a power, f(x) = x"?

b) Apply your rule to predict the derivative of f(x) =x>. Verify the
accuracy of your rule by repeating step 1 for Y1 = x°.

2.1 Derivative of a Polynomial Function « MHR
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C:The Constant Multiple Rule

1. a) Graph the following functions on the same set of axes.
Yi=x Y2=2x Y3 =3x Y4 =4x
b) How are the graphs of Y2, Y3, and Y4 related to the graph of Y1?

¢ State the slope and the equation of the derivative of each function in
part a). How are the derivatives related?

d) Reflect Predict a rule for the derivative of y = cx, for any constant
¢ € R. Verify your prediction for other values of c.

2. a) Graph the following functions on the same set of axes.
Yi=x> Y2=2x? Y3=3x> Y4=4x>
b) How are the graphs of Y2, Y3, and Y4 related to the graph of Y1?

¢ Use what you learned about the power rule to predict the derivative
of each function in part a). Confirm your prediction using the nDeriv
function.

d) Reflect Predict a rule for the derivative of y = cx? for any constant
c € R. Verify your prediction for other values of c.

3. Reflect Predict a general rule for the derivative of f(x) = cx”, where c is
any real number. Verify your prediction using a graphing calculator.
D: The Sum and Difference Rules
1. a) Given f(x) =4x and g(x) = 7x, determine
i) f'(x), &(x), and f'(x) + &'(x)
i) h(x)=f(x)+g(x) and /'(x)

b) Reflect Compare your results in part a), i) and ii). Use these results to
predict the derivative of h(x) = x + x2.

o Verify the accuracy of your prediction using a graphing calculator.
e Enter the two functions as shown in Screen 1 below.
e Press and select 4:ZDecimal to view Screen 2.
e Press to see the table of values in Screen 3.

Screen 1 Screen 2 Screen 3
T ™ ] r ) " Y Mz )
;'-r'1EnDe-r*iu':H=K= | 1 o
1 1 :
MeBrDeriviiEE, ¥, E q g
2 i i B
£ i in
& i iz
_ J =H J

Window variables:
xe[—4.7,4.7],ye[-3.1, 3.1]
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e Enter Y1+ Y2 as shown in Screen 4. Select a thick line to
graph Y3.

View the graph and the table of values, shown in Screens 5 and 6. You
will have to scroll to the right to see the Y3 column.

Screen 4 Screen 5 Screen 6
FIeEl FIREE FTOEE 1 N ((H i
;¥1EHDEP1U{H=H=H ¢ 0 0 i
i : E
Nz BnDeriu(HE . K, £ - Z
i ] ]
NFRRAE : |k |k
sNe= L y zBY1+4: )

Window variables:
xel[—-4.7,4.7],ye[—3.1, 3.1]
d) Reflect What do the table values in Screen 6 represent?
e) What is the relationship between Y1, Y2, and Y3?

. Determine the derivative of the sum of the two functions by entering the
function shown in Screen 7. View the graph and the table of values shown
in Screens 8 and 9.

a) Reflect Compare Screens 6 and 9. What do the table values suggest to
you?

b) Compare Screens 5 and 8. Describe how the graphs are related.

¢) How do your results in parts a) and b) compare to the prediction you
made in step 1 part b)?

Screen 7 Screen 8 Screen 9

FIetl Fletz FIoEs = Ny )
~Y1EnDeriviE+HE, | 1
EP i z
== % ?
N i L
:3;; & 1=
s g= =0 J

Window variables:
xel-4.7,4.7],ye[—-3.1,3.1]

. Reflect Predict a general rule about the derivative of the sum of two
functions.

. Do you think there is a similar rule for the derivative of the difference of
two functions? Describe how you could confirm your prediction.

2.1 Derivative of a Polynomial Function -
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Derivative Rules

Rule

Constant Rule
If f(x) =c, wherecisa
constant, then

Power Rule
If f(x) =x", where nisa
positive integer, then

Constant Multiple Rule
If f(x) = cg(x), for any
constant ¢, then

Sum Rule

If functions f(x) and g(x)
are differentiable, and
h(x) = f(x) + g(x), then

Difference Rule

If functions f(x) and g(x)
are differentiable, and
h(x) = f(x) — g(x), then

Lagrange Notation

f(x)=0

f(x) =nx"""

h’(x) =f(x)+g'(x)

Leibniz Notation

The five differentiation rules you have explored can be proved using the first

principles definition for the derivative. These proofs confirm that the patterns

that you observed will apply to all functions. The following proofs of the

constant rule and the power rule show how these proofs work. The constant

multiple rule, sum, and difference rules can be similarly proved.

The Constant Rule

If f(x) = ¢, where c is a constant, then f’(x) = 0.

Proof:

MHR .« Calculus and Vectors - Chapter 2
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To reflect on how the preceding proof works, consider the following:

e Why are f(x + b) and f(x) equal? To support your answer, substitute a
particular value for ¢ and work through the steps of the proof again.

e What would happen if you let » —0 before simplifying the expression?

e Describe how this proof can be verified graphically.

The Power Rule

If f(x) = x", where 7 is a natural number, then f'(x) = nx""1.

Proof:
yov s flx+h) = f(x)
fx) = Jim )
~lim (x + byt — x"
h—0

Factor the numerator. Use a” — b" with a = (x + b) and b = x.

N (G o e | (C 55 by 1+ (x + by 2x + ...+ (x + h)x" 2 + x" 1]
h—0 h

. ) (C55 by '+ (x + by 2x+ ..+ (x + h)x" 2+ x" 71
h—0 h

= Il]ing)[(x +h) N+ (e + B2+ .+ (x + h)xE+ x1

=x" 4 x" 2y + .+ xx"2+ xn7]

=x" 14 x4 x4 xl Simplify using laws of exponents.

= nx"1 There are n terms.

This proves the power rule for any exponent ne N. A generalized version
of the power rule is also valid. If 7 is any real number, then

da
dx

(x) = nx""1, This proof is explored in later calculus courses.

Reflect on the steps in the preceding proof by considering these questions:
¢ How does factoring help to prove the power rule?
e How are the laws of exponents applied in the proof?

e Why is it important to first simplify and reduce the expression before
letting b —0?

e Why is it important to state that there are 7 terms?

2.1 Derivative of a Polynomial Function « MHR
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Tools

« graphing calculator

Examble 1 Justify the Power Rule for Rational Exponents
P Graphically and Numerically

1
a) Use the power rule with 7 = 3 to show that the derivative of
1
= is f'(x) = —=.
f(x) \/; is f 2\/;
b) Verify this derivative graphically and numerically.

Solution

a) flx)=+x

f(x)=—x2 Apply the power rule.

b) Sketch the graph of the function f(x) = +/x . The graph’s domain is
restricted because x = 0. At x =0, the tangent is undefined. For values close
to zero, the slope of the tangent is very large. As the x-values increase, the
slope of the tangent becomes smaller, approaching zero.

You can verify these results using a graphing y

calculator. Enter the equations as shown 6

and graph the functions. The graph of the 4 flx)=nx
derivative confirms that its value is very

large when x is close to zero, and gets 2 %
smaller, approaching zero, as the x-value

increases. Also, the fact that the two % 141618 1x

functions have identical graphs proves that
the functions are equal. This is also confirmed
by the table of values.

FIoELl FIGEE FIots N (= 'E Yz
R = [Tl AL R 0 EEROFR | ERROF
20 i £ [
WeBls 02 E 2Racs | Zgaca
:$3f g o |
H._r.;; Fammm| S505E | ShiE
N E= L ) E=6 y

Window variables:
xel[-1,4.7],ye[—1, 3.1]
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Example 2 | Rational Exponents and the Power Rule

. d : . iy
Determine d_y for each function. Express your answers using positive
x

exponents.

1 1
a) y=3x b) y =~ 9 y=——=
X X

Solution

First express the function in the form y=x", and then differentiate.

1
a y=3x b oy=- 9 y=-——
) x x
= xg = x71 = (—l)x_5
dy 1 -2 ﬂ=—x 2 dy=5x*6
—=5x3 dx dx
dx 3
1 S
1 = =
== 2 6
3x3

Example 3 Apply. Strategies to Differentiate Polynomial
Functions

Differentiate each function, naming the derivative rule(s) that are being used.

a) y=5x0—4x3+6 b) f(x)=—3x5+8+x —9.3

Q6 2
0 gx)=(2x—3)(x+1) d) hix)= X+ 8x7

4x°
Solution
a) y=15x°—4x3
y' = 5(6x%) — 4(3x?) Use the difference, constant multiple, and power rules.
=30x5 — 12x2

b) f(x)=—3x5+8/x —9.3
1
=—3x°+8x2—-9.3 Express the root as a rational exponent.

1 1
f'(x)=—3(5x%) + 8<Ex 2 ) Use the sum, constant multiple, power, and constant rules.

1
=-3(5x*)+38 (—) Express as a positive exponent.

24x
4

=—15x*+ —=

N

2.1 Derivative of a Polynomial Function « MHR
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0 gx)=2x—3)(x+1)
=2x2+2x—3x—3
=2x2—x-3
gx)=4x—1 Use the difference, constant multiple, power, and constant rules.

—8x6 + 8x2
43
Q.6 2
_ 8x . 8x
4x°5 4x3
2
=-2x+—
3
=—2x+2x73

d bhix)=

W(x)=-2—6x"* Use the difference, constant multiple, and power rules.
6
=22
x4

Apply Derivative Rules to Determine the
Example 4 .
Equation of a Tangent

Determine the equation of the tangent to the curve f(x) =4x3+3x%>— 5 at
x=-1.

Solution
Method 1: Use Paper and Pencil

The derivative represents the slope of the tangent at any value x.

flx)=4x3+3x>—5§
f'(x) =12x%+ 6x — 0 Usethe sum and difference, constant multiple, power, and constant rules.

=12x%+ 6x
Substitute x = —1 into the derivative function.
f(=1)=12(-1)*+6(—1)

=6

When x = —1, the derivative, or slope of the tangent, is 6.

To find the point on the curve corresponding to x = —1, substitute x = —1
into the original function.
f(—1)=4(—-1)3+3(—-1)2-5
=—4+3-5

The tangent point is (—1, —6).
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To find the equation of the tangent line, use the point-slope form for the

equation of a line, y — y; = m(x — x1), substituting 7 =6, x; = —1, and
y1 = —6.
y—(=6)=6(x—(-1))

y=6x+6—6

y=6x

The equation of the tangent line is y = 6x.
Method 2: Use Technology

Use the Tangent operation on a graphing calculator to graph the tangent to
the function Y1 =4x3+3x>— 5 atx=—1.

=
7

ShEH+D

Window variables:
xe[—5,5],ye[—50, 50], Yscl=35

Exambple 5 Apply Derivative Rules to Solve an Instantaneous
P Rate of Change Problem

A skydiver jumps out of a plane from a height

of 2200 m. The skydiver’s height above the
ground, in metres, after ¢ seconds is represented
by the function h(t) = 2200 — 4.9¢> (assuming air
resistance is not a factor). How fast is the skydiver
falling after 4 s?

Solution

The instantaneous rate of change of the height of
the skydiver at any point in time is represented by
the derivative of the height function.
h(t)=2200 — 4.9t
b'(t) =0—4.9(21)

=-9.8t¢
Substitute # =4 into the derivative function to find the instantaneous rate of
change at 4 s.
h'(4)=—9.8(4)

=-39.2
After 4 s, the skydiver is falling at a rate of 39.2 m/s.

2.1 Derivative of a Polynomial Function -

Tools

« graphing calculator

Technology Tip

To get the result shown in this
example, set the number of
decimal places to 1, using the
MODE menu on your graphing
calculator.

CONNECTIONS

Farth’s atmosphere is not empty
space. Itis filled with a mixture
of gases, especially oxygen, that
is commonly referred to simply
as air. Falling objects are slowed
by friction with air molecules.
This resisting force is “air
resistance."The height function
used in this text ignores the
effects of air resistance. Taking
its effects into account would
make these types of problems
considerably more difficult.
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Example 6 Apply a Strategy to Determine Tangent Points for
a Given Slope

Determine the point(s) on the graph of y = x*(x + 3) where the slope of the
tangent is 24.

Solution

Expand the function to put it in the form of a polynomial, and then
differentiate.

y=x*x+3)

=x3+ 3x2

y =3x%+6x
Since the derivative is the slope of the tangent, substitute y" =24 and solve.
24 =3x>+6x

0=3x2+ 6x — 24

0=3(x2+2x—8)

0=3(x—2)(x +4)

The equation is true when x =2 or x = —4.

Determine y by substituting the x-values into the original function.

Forx=2 For x = —4,

y=23+3(2)? y=(—4)3+3(—4)?
=8+12 = —64+48
=20 =—16

The two tangent points at which the slope is 24 are (2, 20) and (—4, —16).

Use the Tangent function on a graphing calculator to confirm these points.
Enter the two x-values, noting the slope in the equation of the tangent at the
bottom of the screens.

A A

L* H=-y
EFAH | SENHERD
Window variables: Window variables:
xe[—35,5],ye[—30,20], Yscl=4 xe[—35, 5], ye[—40, 30], Yscl=S5
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KEY CONCEPTS

© Derivative rules simplify the process of differentiating polynomial
functions.

© To differentiate a radical, first express it as a power with a rational
1

exponent (e.g., Ix =x3 ).
© To differentiate a power of x that is in the denominator, first express it

=x"2).

as a power with a negative exponent (e.g., —
x

Communicate Your Understanding

(1 How can you use slopes to prove that the derivative of a constant is
zero?

@ How can the sum and difference rules help differentiate polynomial
functions?

(3 Why can you extend the sum and difference rules to three or more
functions that are added and subtracted? Describe an example to
support your answer.

(4 What is the difference between proving a derivative rule and showing
that it works for certain functions?

T

1. Which of the following functions have a

derivative of zero?

3. Determine the slope of the tangent to the graph

of each function at the indicated value.

a) y=9.8 b) y=11 a) y=6,x=12
) y=—4+x d)y:ix b) f(x)=2x5,x=\/§
9
3

e y=17 f) y=x ) gla)=—mx=4
9 y=> h) y=—2.8n d) h(t)=—4.922,1=3.5

4 ) A(r)=m r=2

dy 4
2. For each function, determine —= . 1
x fly=—,x=-2
1 3x
a y=x b) y= sz . Determine the derivative of each function.
9 y=x° d) y = —3x4 State the derivative rules used.
a) f(x)=2x>+x3 b) y:ix5_3x

e) y =1.5x3 f) y=x3 S

5 4 Q h(t)=—-1.1*+78 d) V(r)zima
9 y=— h) y=— 3

x Jx I .

o) pla)="-—2Va f) k(s)= —— + 7s*
15 $2
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5. a) Determine the point at which the slope of

10.

84 MHR - Calculus and Vectors -

the tangent to each parabola is zero.
i) y=6x*—3x + 4

i) y=—x>+5x—1

iii) y=%x2+2x+3x2+2x+3

b) Use Technology Graph each parabola in
part a). What does the point found in part a)
correspond to on each of these graphs?

Simplify, and then differentiate.

10x* — 6x3
a) f(x)= 5
b) g(x)=(3x+4)(2x—1)
x8 — 4x6 + 23

4x3

d) f(x)=(5x+2)?
a) Describe the steps you would follow to

determine the equation of a tangent to a
curve at a given x-value.

q plx)=

b) How is the derivative used to determine the
tangent point when the slope of the tangent
is known?

. Consider the function f(x) = (2x — 1)*(x + 3).

a) Explain why the derivative rules from this
section cannot be used to differentiate the

function in the form in which it appears here.

b) Describe what needs to be done to f(x)
before it can be differentiated.

«) Apply the method you described in part b),
and then differentiate f(x).

Use Technology Verify algebraically,
numerically, and graphically that the derivative

1.dy 1
of y= LS 2
The amount of water flowing into two barrels
is represented by the functions f(¢) and g(z).
Explain what £'(z), g’(¢), '(t) + g’(t), and
(f + g)'(t) represent. Explain how you can use
this context to verify the sum rule.

Chapter 2

: 3 Connect and Apply

1.

12

13.

A skydiver jumps out of a plane that is flying
2500 m above the ground. The skydiver’s
height above the ground, in metres, after

t seconds is h(t) = 2500 — 4.9¢2.

a) Determine the rate of change of the height
of the skydiver after 5 s.

b) The skydiver’s parachute opens at 1000 m
above the ground. After how many seconds
does this happen?

¢ What is the rate of change of the height of
the skydiver at the time found in part b)?

The following chart lists the acceleration due
to gravity on several planets.

Planet Acceleration Due to Gravity (m/s?)
Earth 9.8
Venus 8.9
Mars 37
Saturn 10.5
Neptune 11.2

The height of a free-falling object on any planet
is represented by the function h(t) = —0.5gt> + k,
where b is the height, in metres, # is time, in
seconds, t=0, g is the planet’s acceleration

due to gravity, in metres per second squared,
and k is the height, in metres, from which the
object is dropped. Suppose a rock is dropped
from a height of 250 m on each planet listed

in the table. Use derivatives to determine the
instantaneous rate of change of the height of the
rock on each planet after 4 s.

a) Determine the slope of the tangent to the
graph of y=—6x*+2x3+ 5 at the point
(=1, =3).

b) Determine the equation of the tangent at
this point.

¢ UseTechnology Confirm your equation
using a graphing calculator.



14. a) Determine the slope of the tangent to the

15.

16.

17.

18.

graph of y = —1.5x3 4+ 3x — 2 at the point
(2, —8).

b) Determine the equation of the tangent at
this point.

¢ UseTechnology Confirm your equation
using a graphing calculator.

A flamlng Arrow 1s Reasoning.and Proving

shot into the air to
mark the beginning
of a festival. Its
height, in metres,
after # seconds is modelled by

the function h(t) = —4.9¢> + 24.5¢t + 2.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) Determine the height of the arrow at 2 s.

b) Determine the rate of change of the height
of the arrow at 1, 2, 4, and 5 s.

¢ What happens at 5 s?

d) How long does it take the arrow to return
to the ground?

e) How fast is the arrow travelling when it hits
the ground? Explain how you arrived at
your answer.

f) Graph the function. Use the graph to
confirm your answers in parts a) to e).

a) Determine the coordinates of the point(s) on
the graph of f(x) = x> — 7x where the slope
of the tangent is 3.

b) Determine the equation(s) of the tangent(s)
to the graph of f(x) at the point(s) found in
part a).

¢ UseTechnology Confirm your equation(s)
using a graphing calculator.

a) Find the values of x at which the tangents to
the graphs of f(x) = 2x? and g(x) = x> have
the same slope.

b) Determine the equations of the tangent lines
to each curve at the points found in part a).

¢ UseTechnology Confirm your equations
using a graphing calculator.

Use the first principles definition of the
derivative and the properties of limits to prove
the sum rule: »’(x) =f"(x) + g’(x).

19.

20.

21.

Chapter Problem The cost, in dollars, of
producing x frozen fruit yogurt bars can be
modelled by the function
C(x)=3450+1.5x— 0.0001x2, 0 = x = 5000.
The revenue from selling x yogurt bars is
R(x)=3.25x.

a) Determine the cost of producing 1000
frozen fruit yogurt bars. What is the revenue
generated from selling this many bars?

b) Compare the values for C’(1000) and
C’(3000) . What information do these
values provide?

¢ When is C’(x) = 0? Explain why this is
impossible.

d) Determine R’(x). What does this value
represent?

e) The profit function, P(x), is the difference of
the revenue and cost functions. Determine
the equation for P(x).

f) When is the profit function positive? When
is it negative? What important information
does this provide the owners?

a) Determine the slope of the tangent to the
curve f(x)= —2x3+ 5x> —x+ 3 at x = 2.

b) Determine the equation of the normal to
f(x) at x =2.

CONNECTIONS

The normal to a curve at a point (x, y) is the line perpendicular to,
and intersecting, the curve’s tangent at that point.

y

Normal

P(x, )

+* Tangent

a) Determine the slope of the tangent to the
curve f(x)=—4x3+i+f—2atx=1.
x

b) Determine the equation of the normal to
flx)atx=1.
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22,

23.

24.

25.

27.

28.

29.

30.

31.
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a) Determine the equation of the tangent to
2
the graph of f(x)= (2 - \/;) atx=9.

b) Use Technology Confirm your equation
using a graphing calculator.

a) Determine the equation of the tangent to the
graph of g(x)= (13 + 1)(x —3)atx=—1.
x

b) Use Technology Confirm your equation
using a graphing calculator.

a) Determine the equations of the tangents to
the points on the curve y = —x*+ 8x2 such
that the tangent lines are perpendicular to
the line x = 1.

b) Use Technology Verify your solution
using a graphing calculator.

a) Show that there are no tangents to the curve
y = 6x3 + 2x? that have a slope of —5.

b) Use Technology Verify your solution
using a graphing calculator.

Determine the values of @ and b for the

function f(x) = ax3 + bx* + 3x — 2 given that

£(2)=10 and f/(—1) = 14.

Determine the equations of two lines that pass

through the point (1, —5) and are tangent to

the graph of y=x?—2.

a) Determine the equations of the tangents to
the cubic function y=2x>—3x*—11x + 8
at the points where y=2.

b) Use Technology Verify your solution
using a graphing calculator.

Show that there is no polynomial function that
has a derivative of x~ 1.

Math Contest Consider the polynomials
p(x)=a,x"+a,, 1x" '+ ...+ ayx+agand
q(x)=b,x"+b,_1x" '+ ...+ b x + by, where
a,,#07#b, and m, n=1. If the equation

p(x) — q(x) = 0 has m + n real roots, which of
the following must be true?

Chapter 2

v/ Achievement Check

26.

(& Extend and Challenge

32

The population of a bacteria colony is
modelled by the function p(t) =200 + 20t — £2,
where ¢ is time, in hours, =0, and p is the
number of bacteria, in thousands.

a) Determine the growth rate of the bacteria
population at each of the following times.
i) 3h i) 8h iii) 13 h iv) 18 h

b) What are the implications of the growth
rates in part a)?

¢) Determine the equation of the tangent to
p(t) at the point corresponding to 7= 8.

d) When does the bacteria population stop
growing? What is the population at this time?

e) Graph the growth function and its derivative.
Describe how each graph reflects the rate of
change of the bacteria population.

f) Determine the time interval over which the
bacteria population

i) increases ii) decreases

i) p(x) and g(x) have no common factors.

i) The equation p’(x) — g’(x) = 0 has exactly
m+n—1 real roots.

iii) The equation p(x) — g(x) = 0 has infinitely
many real roots.
A i) only B ii) only

C i) and ii) only D iii) only
E i) and iii) only

Math Contest If p and g are two

polynomials such that p’(x) = g’(x) for all real

x with p(0) =1 and g(0) = 2, then which of the

following best describes the intersection of the

graphs of y=p(x) and y = g(x) ?

A They intersect at exactly one point.

B They intersect at at least one point.

C They intersect at at most one point.

D They intersect at more than one point.

E They do not intersect.



Extension Problem Solving with a Computer Algebra System

You can use a Computer Algebra System (CAS) to solve exercise 16 from
Section 2.1.

16. a) Determine the coordinates of the point(s) on the graph of f(x) =x3—7x
where the slope of the tangent is 5.

b) Determine the equation(s) of the tangent(s) to the graph of f(x) at the
point(s) found in part a).
Solution:

a) Turn on the CAS. If necessary press to display the HOME screen.
Ensure that the following parameters are correctly set.

* Clear the CAS variables by pressing to access the F6 menu. Select e
Z:NeWPrOb, P]_‘ess ENTER). Tools|[13¢bra|Calc|Othsr|Fr3mibjClsan UF

e Press (MoDE). Scroll down to Exact/Approx, and ensure that AUTO
is selected. Enter the function and store it as f(x).
e From the F4 menu, select 1:Define. Enter the function f(x) = x> — 7x and

press (ENTERJ.

Determine the derivative of the function, and the value(s) of x when the
derivative is 3.

= HewProb Oone
Bhefine fl=) =S -7 x

e From the F3 menu, select 1:d( differentiate. Enter f(x), x).

® Press (510), and enter g(x). Press (ENTER). Th 72| msene o|dae|noher |pramn]cidan e
=L i) + gt Done

® From the F2 menu, select 1:solve(. Enter g(x) =5, x), and press (ENTER]. 2

meoluslai=l =5, x)

®= T2 ok x=3
B -E) &
= {7 £

The slope of the tangent is equal to 5 when x = —2 and x = 2.
Determine f(—2) and f(2).
e Enter f(—2), and press (ENTER). Similarly, enter £(2), and press (ENTER).

The slope of the tangent is equal to 5 at the tangent points (—2, 6) T
T4 o 15[ A1A¢kFa|Cats|Okh:H |FPAMIOICTEan UF

HIN DEGALTO FUMC EH3IJ)

and (2, —6). = £C -2 E
b) The equation of a straight line is y = mux + b. Substitute m =5, x = =2, :ZE‘ZILE(E_ o Ry h
and y = 6, and solve for b. When this is entered, b = 16. The equation of b= 16
the tangent to the curve at (=2, 6) is y=5x + 16. Rttt
In a similar manner, substitute 72 =35, x =2, and y = —6, and solve for b. R T 5

When this is entered, b = —16. The equation of the tangent to the curve
at (2, —6)is y=5x—16.

Fi- Fir [FE:e| Fu= FE Fé=
To view the form of the derivative, enter g(x), and press (ENTER). 35 o o b e
T-wl_7F
DEGAUTO FUMC 1-’30/
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2.2

The manager of a miniature golf course is planning
to raise the ticket price per game. At the current price
of $6.50, an average of 81 rounds is played each day.
The manager’s research suggests that for every $0.50
increase in price, an average of four fewer games

will be played each day. Based on this information,
the revenue from sales is represented by the function
R(n) = (81 —4n)(6.50 + 0.507), where 7 represents
the number of $0.50 increases in the price.

The manager can use derivatives to determine the
price that will provide maximum revenue. To do
50, he could use the differentiation rules explored in

The Product Rule

Section 2.1, but only after expanding and simplifying

the expression. In this section, you will explore the product rule, which is a more efficient method for

differentiating a function like the one described above. Not only is this method more efficient in these

cases, but it can also be used to differentiate functions that cannot be expanded and simplified.

NSIGEICI Does the derivative of a product of two functions equal the product of
their derivatives?

Complete each step for the functions f(x) = x> and g(x) = x*.

1.

Determine the following:

a) f(x) and g'(x)

b) f'(x) X g'(x), in simplified form
Determine the following;:

a) f(x) X g(x), in simplified form

b) di[f(x) X g(x)], in simplified form
x

Reflect Does the above result verify that f(x) X g’(x) does not equal

d
d—[f(x)g(x)]-

x
Reflect You know that the derivative of x” is 7x°. Can you combine f(x),
f'(x), g(x), and g’(x) in an expression that will give the result 7x°? Do you
think this will always work?

88 MHR . Calculus and Vectors «
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The Product Rule

= f(x)g(x), where f(x) and g(x) are differentiable functions, then
f/(x)g (x) + f(x)g’(x)

In Leibniz notation,

HH)

Proof:

Use the first principles definition for P(x) = f(x)g(x).

P(x + b) — P(x)

Plx) = lim h
:Egﬂx+Mﬂx;M—fWBW) Px + h) = flx + h)glx + h.

Reorganize this expression as two fractions, one involving f’(x) and one
involving g’(x), by adding and subtracting f(x + h)g(x) in the numerator.

flx+h)glx+h)— flx+b)glx)+ flx + h)glx) — f(x)g(x)

= lim
h—0 b
_ i £+ P)glx +b) = flx 4 Blgl)] | [Fx+ bg(x) = fx)g()]
h—0 h h—0 b
= lim flx +h)lg(x +h) — g(x)] 4 lim gx)[f(x+h)— f(x)]
h—0 h h—0 b
glx +h) — g(x)

—llmfx+h11m +11mg( )hmw

h—0 h—0 h—0 h—0

CONNECTIONS

A simple way to remember the
product rule is to express the
product, P, in terms of £ (first
term) and s (second term):
P=F.

The product rule then becomes
P'=fs+£"

In words: “the derivative of the
first times the second, plus the
first times the derivative of the
second.”

Separate the limit into two fractions.
Common factor each numerator.

Apply limit rules.

= f(x)g’(x) + g(x)f"(x) Recognize the expressions for g’(x) and

ZWMMM+ﬂM§M

Notice that }l}im g(x) = g(x), since g(x) is a constant with respect to b,
—0

and that }’in(l)f(x + h) = f(x), since f(x) is continuous.
-

Reflect on the steps in the preceding proof by considering these questions:

e What special form of zero is added to the numerator in the proof?
e Why is it necessary to add this form of zero?
e How is factoring used in the proof?

e Why is it important to separate the expression into individual limits?

f’(x) and rearrange.
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Example 1 | Apply the Product Rule

Use the product rule to differentiate each function.

a) p(x)=(3x=S5)(x*+1)

Check your result algebraically.
b) y=(2x+ 3)(1 —x)

Check your result graphically and numerically using technology.

Solution
a) p(x)=3x—35)(x*+1)
Let f(x)=3x—5 and g(x) =x>+ 1.
Then f’(x) =3 and g’(x) = 2x.
Apply the product rule, p’(x) = f/(x)g(x) + f(x)g ().

px)=3(x>+ 1)+ (3x— 5)(2x)
=3x2+3+6x2—10x
=9x?—10x+3
Checking the solution algebraically,
plx) = (3x = S)(x*+1)
=3x34+3x—5x>—-35
=3x3—5x*+3x—-5
p'x) =9x*>—10x + 3
b) y=(2x+ 3)(1—x)
Let f(x)=2x+3 and g(x)=1—x.
Then f’(x) =2 and g’(x) = —1.
Apply the product rule, y'= f"(x)g(x) + f(x)g(x)
y'=2(1-x)+2x+3)(—1)
=2—-2x—2x—3
=—4x—1
To check the solution using a graphing calculator, enter the functions as
shown and press (GRAPH). The straight line represents both Y2 and Y3,

confirming that —4x — 1 is equal to the derivative. The table of values
confirms this result numerically.

FIoEL FIelz FIokz
SR = Dbl S W i [
Q?EEHDEPiUﬂ¥1:H

W
L AN

|-
-

......
=11

[=d—i—l—t—1—1—]
[=d—1—tl—1—1—1—]

1 Sooo oo

T
i
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Example 2 ;I:I: Equations of Tangents Using the Product

Determine the equation of the tangent to the curve y = (x> — 1)(x*> —2x + 1)
at x = 2. Use technology to confirm your solution.

Solution

Apply the product rule.

ﬂ= [i(xz— 1)}(362— 2x+1)+(x2—1) [di(xz— 2x +1)}

dx |dx X
ﬂ =(2x)(x2—2x+ 1)+ (x2— 1)(2x — 2)
dx

There is no need to simplify the expression to calculate the slope. It is
quicker to simply substitute x =2 and then simplify the expression.

=3
d'x x=2
=2(2)[22-22)+ 1]+ (22—-1)[2(2) - 2]
=10

Determine the y-coordinate of the tangent point by substituting the x-value
into the original function.
y=1(2)
=(22-1)(22-2(2)+1)
=3
The tangent point is (2, 3).

The equation of the line through (2, 3) with
slope 10 is

e mira
/

i
This answer can be confirmed using the Tangent E
o+ -17

Hr

function on a graphing calculator.

Example 3 Apply Mathemfatlcal Modelling to Develop a
Revenue Function

The student council is organizing its annual trip to an out-of-town concert.
For the past three years, the cost of the trip was $140 per person. At this
price, all 200 seats on the train were filled. This year, the student council
plans to increase the price of the trip. Based on a student survey, the council
estimates that for every $10 increase in price, 5 fewer students will attend

the concert.
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a) Write an equation to represent revenue, R, as a function of the number of
$10 increases, 7.

: S dR . .
b) Determine an expression, in simplified form, for In and interpret its
n

meaning for this situation.

¢ What is the rate of change in revenue when the price of the trip is $200?
How many students will attend the concert at this price?

Solution

a) Revenue, R, is the product of the price per student and the number of
students attending. So, R = price X number of students. The following
table illustrates how each $10 increase will affect the price, the number of
students attending, and the revenue.

Number of $10 = Cost/Student Number of Revenue
Increases, n ($) Students ($)
0 140 200 140 X 200
1 140 +10(1) 200 —5(1) (140 +10(1))(200 — 5(1))
2 140 +10(2) 200 —5(2) (140 +10(2))(200 — 5(2))
3 140 +10(3) 200 —5(3) (140 +10(3))(200 — 5(3))
n 140+ 10n 200 —5n (140 + 10n)(200 — 5n)

The revenue function is R(n) = (140 + 10#)(200 — 57).
b) Apply the product rule.

dR _ i(140 + 10n)](200 — 5n)+ (140 + 10n) i(200 - 5n)]
dn |dn dn
=(10) (200 — 51) + (140 + 101)(~5)
=2000— 507 — 700 — 50n
=1300—100#n
Z—R =1300 — 1007 represents the rate of change in revenue for each $10
n
increase.

o The price of the trip is $200 when there are 6 increases of $10. Evaluate
the derivative for n=6.

R’(6) = 1300 — 100(6)
=700

When the price of the trip is $200, the rate of increase in revenue is
$700 per price increase. The number of students attending when 7 =6
is 200 — 5(6) = 170. Thus, 170 students will attend the concert when the
price is $200.

92 MHR - Calculus and Vectors - Chapter 2



KEY CONCEPTS

© The Product Rule

If h(x) = f(x)g(x), where f(x) and g(x) are differentiable functions, then
h'(x) = f'(x)g(x) + f(x)g'(x)

In Leibniz notation,

Communicate Your Understanding

(1 Why is the following statement false? “The product of the derivatives
of two functions is equal to the derivative of the product of the two
functions.” Support your answer with an example.

2 What response would you give to a classmate who makes the statement,
“I don’t need to learn the product rule because I can always expand each
product and then differentiate”?

@3 Why is it unnecessary to simplify the derivative before substituting the
value of x to calculate the slope of a tangent?

(4 How can the product rule be used to differentiate (2x — 5)3?

T

1. Differentiate each function using the two 3. Differentiate.
different methods presented below. Compare a) M(u) = (1 —4u2)(u+2)
your answers in each case.
. o o b) g(x)=(—x+3)(x —10)
i) Expand and simplify each binomial product
and then differentiate. O pln)=(5n+1)(=
i) Apply the product rule and then simplify. d) Afr)=(1+2r)(2r* = 6)
a) f(x) = (x +4)(2x — 1) e) b(k)=(—0.2k+4)(2—k)
b) h(x)=(5x—3)(1—2x) 4, The derivative of the function h(x) =
o) h(x) — ( x + 1)(3x + 8) is given in the form ]C’,(X) = ,(X)g(X)
d) g(x)=(2x—1)(4— 3x)
8l = : a) h'(x)=(10x)(21 —3x) +
2. Use the product rule to differentiate each of b) b’(x) = (—12x2 + 8)(2x2 — 4x)
the following functions. + (—4x3 + 8x)(4x — 4)
a) flx)=(5x+2)(8x —6) 9 B(x) = (6x2 — 1)(0.5x% +x) + (223 — x)(x + 1)
b) ht)=(—t+4)(2¢+1) . . 2
9 plx)=(—2x+3)(x—9) P = 3 +6( T3
d) gx) = (x*+2)(4x = 5) +<_§ x4+6x> <7_
o) f(x)=(1-x)(x*=5) 4
f) h(t)=(t>+3)(3t2—7)

Determine f(x) and g(x) for each derivative.
(5x2+7)(—3)

~— —

wl-l;
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: 3 Connect and Apply

. Determine f’(—2) for each function.

a) f(x)=(x*—2x)(3x+1)
b) flx)=(1—x%)(—x*+2)
A f(x)=0C3x—1)2x+5)
d) f(x)=(—x*+x)(5x*—1)
e) f(x)=(2x—x2)(7x+4)
f) f(x)=(—5x3+x)(—x+2)

. Determine the equation of the tangent to each
curve at the indicated value.

a) f(x)=(x*>—3)(x*+1),x=—4
b) g(x)=(2x>—1)(—x*>+3),x=2
0 h(x)=(x*+4)2x*—6),x=—1
d) p(x)=(—x>+2)4x>—3),x=3

. Determine the point(s) on each curve that
correspond to the given slope of the tangent.

a) y=(—4x+3)(x+3),m=0
b) y=(5x+7)(2x—9),m=%
) y=Q2x—1)(—4+x%),m=3
d) y=(x2—2)2x+1),m=-2

. Differentiate.

a) y=(5x2—x+1)(x+2)

b) y=(1—2x3+x2)<i3+1)
x

0 y=—x*(4x—1)(x3+2x+3)
@) y=(202 — Vx|

e) y=(—3x*+x+1)?

. Recall the problem Reasoning and Proving
introduced at the start
of this section: The
manager of a miniature
golf course is planning
to raise the ticket price
per game. At the current price of $6.50, an

average of 81 rounds is played each day. The

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

Calculus and Vectors - Chapter 2

10.

manager’s research suggests that for every
$0.50 increase in price, an average of 4 fewer
games will be played each day. The revenue
from sales is represented by the function
R(n)=(81—4n)(6.50 + 0.50%), where n
represents the number of $0.50 increases in the
price. By finding the derivative, the manager
can determine the price that will provide the
maximum revenue.

a) Describe two methods that could be used
to determine R’(n2). Apply your methods
and then compare the answers. Are they the
same?

b) Evaluate R’(4). What information does this
value give the manager?

¢) Determine when R’(z) = 0. What
information does this give the manager?

d) Sketch the graph of R(1n). Determine
the maximum revenue from the graph.
Compare this value to your answer in
part ¢). What do you notice?

e) Describe how the derivative could be used
to find the value in part d).

Some years ago, an orchard owner began
planting ten saplings each year. The saplings
have begun to mature, and the orchard is
expanding at a rate of ten fruit-producing trees
per year. There are currently 120 trees in the
apple orchard, producing an average yield of
280 apples per tree. Also, because of improved
soil conditions, the average annual yield has
been increasing at a rate of 15 apples per tree.

a) Write an equation to represent the annual
yield, Y, as a function of ¢ years from now.

b) Determine Y’(2) and interpret its meaning
for this situation.

¢) Evaluate Y’(6). Explain what this value
represents.



11.

12.

13.

14.

The owner of a local hair salon is planning to
raise the price for a haircut and blow dry. The
current rate is $30 for this service, with the
salon averaging 550 clients a month. A survey
indicates that the salon will lose 5 clients for
every incremental price increase of $2.50.

a) Write an equation that models the salon’s
monthly revenue, R, as a function of x,
where x represents the number of $2.50
increases in the price.

b) Use the product rule to determine R’(x).

¢ Evaluate R’(3) and interpret its meaning for
this situation.

d) Solve R’(x) =0.

e) Explain how the owner can use the result of
part d). Justify your answer graphically.

a) Determine the equation of the tangent to
the graph of f(x) = 2x*(x?>+ 2x)(x — 1) at the
point (—1, 4).

b) Use Technology Use a graphing calculator

to sketch a graph of the function and the
tangent.

a) Determine the points on the graph of
f(x) = (3x — 2x?)*> where the tangent line is
parallel to the x-axis.

b) Use Technology Use a graphing calculator
to sketch a graph of the function and the
tangents.

The gas tank of a parked pickup truck
develops a leak. The amount of gas, in
litres, remaining in the tank after

t hours is represented by the function

2
V(t)=90(1—i>,05ts18,
18
a) How much gas was in the tank when the

leak developed?

b) How fast is the gas leaking from the tank
after 12 h?

¢ How fast is the gas leaking from the tank
when there are 40 L of gas in the tank?

15.

16.

The fish population in a lake can be modelled
by the function p(¢) = 15(¢> + 30)(¢ + 8), where
t is time, in years, from now.

a) What is the current fish population?

b) Determine the rate of change of the fish
population in 3 years.

¢ Determine the rate of change of the fish
population when there are 5000 fish in the
lake.

d) When will the fish population double from
its current level? What is the rate of change
in the fish population at this time?

Chapter Problem The owners of Mooses,
Gooses, and Juices are considering an increase
in the price of their frozen fruit smoothies. At
the current price of $1.75 they sell on average
150 smoothies a day. Their research shows
that every $0.25 increase in the price of a
smoothie will result in a decrease of 10 sales
per day.

a) Write an equation to represent the revenue,
R, as a function of #, the number of $0.25
price increases.

b) Compare the rate of change of revenue
when the price increases by $0.25, $0.75,
$1.00, $1.25, and $1.50.

¢ When is R’(n) = 0? Interpret the meaning of
this value for this situation.

d) If it costs $0.75 to make one smoothie,
what will be the rate of change in profit for
each price increase indicated in part b)?

e) What price will result in a maximum profit?
Justify your answer. How can this be
confirmed using derivatives?

f) Compare your answers in part b) and
part d). Give reasons for any similarities or
differences.
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(&) Extend and Challenge

20.

17. a) Use the product rule to differentiate each
function. Do not simplify your final answer.
i) y=(x*—3x)*
i) y = (2x3 + x)?
i) y = (—x*+ 5x?%)?
What do you notice about the two parts
that make up the derivative?

b) Make a conjecture about di[f (x)]%.
x

¢) Verify whether your conjecture is true by
replacing g(x) with f(x) in the product
rule and then comparing the result to your
conjecture.

d) Use your result in part c) to differentiate
the functions in part a). Compare your
derivatives to those found in part a). What
do you notice?

18. a) Use the product rule to show that
(fehy =F'gh -+ fg'b + fab.
b) Apply the above result to differentiate
f(x) = (x2+4)(3x*—2)(Sx + 1).
¢) Describe another method for finding the

derivative in part b). Apply the method you
have described.

d) Verify that the derivatives in parts b) and ¢)
are the same.

19. a) Make a conjecture about di[f(x)P.

X

b) Use the results of question 18 part a),
replacing both g(x) and h(x) with f(x), to
verify whether your conjecture is true.

o) Use the results of part b) to differentiate
each function.

i) y=(4x% —x)3 i) y=(x3+x)3
iii) y = (—2x*+x2)3
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21.

22.

23.

Determine expressions for each derivative,
given that f(x) and g(x) are differentiable
functions.

a) h(x)=xf(x)

b) p(x) = glx)(x* — 3x?)

0 g(x)=(—3x*—8x>+ Sx + 6)f(x)
d) 7(x)=f(x)(2x> + 5x2)?

a) Use the results of questions 17 and 19 to

make a conjecture about i[f(x)]”.
X

b) Test your conjecture by differentiating
y=(2x3+x%)", for n=4, 5, and 6.

Math Contest Let f be a function such that
L+ )= 2xf () + 3+ 32, Which
x

of the following could f(x) be?
A 6x

B 3x?

C X3

D 12x3

E 3x*

Math Contest Let p be a polynomial function
with p(a) = 0 = p’(a) for some real a. Which of
the following must be true?

A p(x) is divisible by x +a
B p(x) is divisible by x? + a*

(x)

()
p(x) is divisible by x? — a?
p(x) is divisible by x? + 2ax + a*
(x)

m o A

p(x) is divisible by x? — 2ax + a?



2.3 Velocity, Acceleration, and
Second Derivatives

When Sir Isaac Newton was working on his “method of
fluxions,” he recognized how these concepts could be applied
to the study of objects in motion. This section will explore the
use of derivatives to analyse the motion of objects travelling
in a straight line. Three related concepts will be considered in
relation to this type of motion:

¢ Displacement — the distance and direction an object has
moved from an origin over a period of time

e Velocity — the rate of change of displacement of an object
with respect to time

e Acceleration — the rate of change of velocity with respect
to time

NZHICEICRM What is the derivative of a derivative?

Method 1: Use Paper and Pencil

1. a) Determine the derivative of y = x3.

b) Determine the derivative of the derivative you found in part a).

o Reflect How is the result in part b) related to the original function? CONNECTIONS
d) Reflect Why does it make sense to call your result in There are several notations for
part b) a second derivative ? the second derivative, including
2. a) Sketch the graphs of v, 5, and y”. ¥ ), Zj(—{, D*f(x), and
b) Reflect Describe how the graphs show the relationships among the Dif(x).

three functions.
Method 2: Use Technology

1. a) Consider the function y = x3. Use a graphing Tools
calculator to determine the derivative of
the derivative of this function. Enter the
information as shown, and then change
the window variables to x € [—4, 4],

y € [-20, 20], Yscl = 2. Before pressing
(RAPH), draw a sketch to predict the shape of the graphs of

Y1, Y2, and Y3.
b) Press (GRAPH). Are the graphs you predicted accurate?
¢ Reflect What is the relationship between the three graphs?

« graphing calculator
« graphing software

2. a) Determine the equations of the graphs of Y2 and Y3.

b) Reflect Is it possible to differentiate a derivative? Why does it make
sense to call Y3 a second derivative?
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NEHIGELCR: M What is the relationship between displacement, velocity, and
acceleration?

Tools

« graphing calculator

« Calculator-Based Ranger (CBR™)
« calculator-to-CBR™ cable

- ramp atleast 3 m long

+ large ball, such as a basketball

Technology Tip

All settings, except TIME (S), can
be changed by using the cursor
keys to position the (»] beside
the current option and pressing
(ENTER] to cycle through the

choices.

Technology Tip

The CBR™ is most accurate in an
interval from about Tmto 3 m.
Practise rolling the ball such that
it stays within this interval on
the ramp.

In this activity, you will use a motion sensor to gather displacement and
time data for a ball rolling up and down a ramp. You will investigate the
displacement-time, velocity-time, and acceleration-time graphs, and form
connections with derivatives.

1. Set up the ramp as shown.

Ball or
rolling

2. Prepare the CBR™ and calculator to collect data.

e Connect the CBR™ to the calculator using the calculator-to-CBR™
cable. Ensure that both ends of the cable are firmly in place.

e Press (APPS). Select 2:CBL/CBR. Press (ENTER).

e To access the programs available, select

3:RANGER. HAIN HENU FSTART NOY
e When the RANGER menu is displayed, FG?;IH'EI:;E gﬂ
press (ENTER). DIZFLAY: DIST

EEGIN On: [L[ENTER]
HOOTHING: LIGHT

e From the MAIN MENU screen, select
1:SETUP/SAMPLE.

e To change the TIME (S) setting, move the cursor down to TIME (S)
and enter 5. Press (ENTER).

e Move the cursor up to START NOW at the top of the screen, and
press (ENTER].

3. Collect the data.

e Align the CBR™ on the ramp, as shown in step 1.
o Press (ENTER), and roll the ball.
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. The displacement-time graph will be displayed. If necessary, the graph can
be redrawn to display the part that represents the motion in more detail.

Press to display the PLOT MENU screen, and choose

4:PLOT TOOLS. Select 1:SELECT DOMAIN. Move the cursor to the
point where the motion begins and press (ENTER]). Move the cursor to the
point where the motion ends and press (ENTER).

. Use the TRACE feature to investigate displacement and time along the
curve.

a) Determine the time when the ball was closest to the CBR™. Describe
what point this represents on the curve.

b) For what time interval was the displacement increasing? For what time
interval was it decreasing?

¢ Reflect Which direction was the ball rolling during the intervals in
part b)?

. a) Sketch a graph of your prediction for the corresponding velocity-time
graph. Give reasons for your prediction.

b) Return to the PLOT MENU screen. Select 2:VEL-TIME to display the
velocity-time graph. How does your sketch from part a) compare to the
actual graph?

¢) Reflect Explain the significance of the time you found in step 5
part a), in regard to the velocity-time graph.

d) Reflect How are the intervals you found in step 5 part b) reflected on
the velocity-time graph? Explain.

e) Reflect Think about rates of change and derivatives. What is the
relationship between the distance-time graph and the velocity-time
graph? Justify your answer.

. a) Sketch a graph of your prediction for the corresponding acceleration-
time graph. Give reasons for your prediction.

b) Return to the PLOT MENU screen. Select 3:ACCEL-TIME to display
the acceleration-time graph. How does your sketch from part a)
compare to the actual graph?

¢) For what time interval was the acceleration positive? For what interval
was it negative? How do these intervals reflect the motion of the ball?

d) Reflect Think about rates of change and derivatives. What is the
relationship between the velocity-time graph and the acceleration-time
graph? Justify your answer.

. Reflect How can derivatives be used to determine the relationships
between displacement-time, velocity-time, and acceleration-time graphs?
Justify your reasoning.

Technology Tip

Ifyou see any spikes, like those
shown here, or other “artifacts”
on the graph, it means that the
(BR™ is intermittently losing the
signal. Ensure that it is aimed
properly, and that the ball you
are using is big enough to reflect
the sound waves. If necessary,
repeat the data collection step
until you have a graph free of
artifacts.

DiHY F1:

*\_/\‘Imf—

Tizh
=0 ¥=1.25Y

Technology Tip

The data fort, @, v, and a are
stored in L1, L2, L3, and L4
respectively.
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Apply Derivative Rules to Determine the Value of
Example 1 o
a Second Derivative

Determine f”(2) for the function f(x) = %x3 —x2—3x+4.

Solution
f(x)=%x3—x2—3x+4
’ _ 1 2
f(x)= §(3x )—2x—3
=x2-2x-3
f(x)=2x—-2 Differentiate f’(x)
F2)=2(2)-2=2

The following graphs show the relationship between the original function,
f(x), the derivative, f”(x), and the second derivative, f”(x). The point (2, 2)

on the graph of f”(x) corresponds to f”(2) = 2.

zero slope ! positive
atx=-1/1, y=/(x) | slope for
| negative x>3
: 2 slope for
: —1<x<3
1
—4 210l \2 476 8%
positive +2
slope for |
x < —1 _:_4 zero slope
: atx =3
1 1
I I
I I
negative : y : positive
slope for L4l V= fi( slope for
x <1 : | x>1
I I
12 I
I I
I I
-4 -2 'S 2/ 4 6 88X
4 | zero slope
I atx =1
I
I
I
I
4 —
| positive
5 ! values
I
I
-4 20 / 2 4 6 8X
negative |
values 4
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Negative y-values for —1<x<3 on
the derivative graph correspond to the
negative slopes on the original graph.
Positive y-values for x<—1 and x>3
on the derivative graph correspond to
positive slopes on the original graph.
The x-intercepts, x = —1 and 3, of the
derivative graph correspond to points
on f(x) that have zero slope.

Negative y-values for x<1 on the
second derivative graph correspond to
the negative slopes on the derivative
graph. Positive y-values for x>1 on
the second derivative graph correspond
to positive slopes on the derivative
graph. The x-intercept, x = 1, of the
second derivative graph corresponds to
the point on f’(x) that has zero slope.



Displacement, Velocity, and Acceleration

Displacement (s) Velocity (v) Acceleration (a)
Definitionin | Distance an objecthas | The rate of change of The rate of change of
Words moved from the origin | displacement (s) with velocity (v) with respect
over a period of time (f) | respect to time (f) to time (f)
Relationship | s(t) s’(t) = v(D) v'(t) = a(t) and
s”(t)=al(t)
Typical Units | m m/s m/s?

When describing motion, there are two terms that are sometimes misused
in everyday speech: speed and velocity. These are sometimes used
interchangeably, but they are, in fact, different.

Speed is a scalar quantity. It describes the magnitude of motion, but does

not describe direction. Velocity , on the other hand, is a vector quantity. It
has both magnitude and direction. The answer in a velocity problem will be
either a negative or positive value. The sign indicates the direction the object is
travelling. That is, the original position of the object is considered the origin.
One direction from the origin is assigned positive values, and the opposite
direction is assigned negative values, depending on what makes sense for the
question.

Solve a Velocity and Acceleration Problem

Example 2 Involving a Falling Object

A construction worker accidently drops a hammer from a height of 90 m
while working on the roof of a new apartment building. The height of
the hammer, s, in metres, after ¢ seconds is modelled by the function
s(t)=90—-4.9£2, t=0.

a) Determine the average velocity of the hammer between 1 s and 4 s.
b) Explain the significance of the sign of your result in part a).
¢ Determine the velocity of the hammer at 1 s and at 4 s.

d) When will the hammer hit the ground?

e) Determine the impact velocity of the hammer.

f) Determine the acceleration function. What do you notice? Interpret its
meaning for this situation.
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CONNECTIONS

Earlier in the chapter, air
resistance was defined as a
force that counters the effects

of gravity as falling objects
encounter friction with air
molecules. When this force,

also called atmospheric drag,
becomes equal to the force of
gravity, a falling object will
accelerate no further. Its velocity
remains constant after this point.
This maximum velocity is called
terminal velocity.

Solution
a) Average velocity = As
At
_ s(4) —s(1)
4-1
[90 — 4.9(4)?]
4

[90 — 4.9(1)]
1

_ 735
3
=-24.5
The average velocity of the hammer between 1 s and 4 s is —24.5 m/s.

b) In this type of problem, the movement in the upward direction is
commonly assigned positive values. Therefore, the negative answer
indicates that the motion of the hammer is downward. (Note that the
speed of the hammer is 24.5 m/s.)

q u(t)=s(¢)
d

=—(90 — 4.9¢2
dt( )

=-9.8¢
Substitute £=1 and t=4.
v(1)=-9.8(1)

=-9.3
v(4)=-9.8(4)

=-39.2

The velocity of the hammer at 1 sis —9.8 m/s, and at 4 s it is —39.2 m/s.
Once again, the negative answers indicate downward movement.

d) The hammer hits the ground when the displacement is zero.
Solve s(z) = 0.

90 —4.912=0
4.9
=18.37
t =429

Since t=0, t =4.29.
The hammer takes approximately 4.3 s to hit the ground.

e) The impact velocity is the velocity of the hammer when it hits the ground.

v(4.3)=—9.8(4.3)
——42.14

The impact velocity of the hammer is about 42 m/s.
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f) The acceleration function is the derivative of the velocity function.
a(t) =v'(t)
d
=—(—9.8¢
dt< )
=-9.8

The hammer falls at a constant acceleration of —9.8 m/s?. This value is
the acceleration due to gravity for any falling object on Earth (when air
resistance is ignored).

In general, if the acceleration and velocity of an object have the same sign at a
particular time, then the object is being pushed in the direction of the motion,
and the object is speeding up. If the acceleration and velocity have opposite
signs at a particular time, the object is being pushed in the opposite direction
to its motion, and it is slowing down.

An object is speeding up, at time # if v(z) X a(z) > 0.

An object is slowing down, at time # if v(¢) X a(z) <O0.

Example 3 | Relate Velocity and Acceleration

The position of a particle moving along a
straight line is represented by the function s(t)=1>—12t*+ 36t
s(t) =13 — 1242 + 36t, where distance, s, is in
metres, time, £, is in seconds, and = 0.

a) The graph of the position function is
given. Sketch the graph of the velocity and
acceleration functions. 0 >

b) Determine when the particle is speeding up
and slowing down. How does this relate to
the slope of the position function?
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Solution

a)

s s(t)
24 negative
<t<6 positive
12 slope
= t>6
0 % 4 «|'> 8 10 ¢t
-12 | |
I I
I I
—24 I I
I I
I I
1 1
I I
I I
v pobitive V(1) |
24 velocity : positive
0 T <2 : velocity
12 : : t>6
I I
0 2N 4 6 8§ 10 ¢t
—12 .
| negative
I velocity
—24
12<t<6
I
1
I
I
a La(?)
24 !
: positive
12 | acceleration
! t>4
0 2 4 6 8 10 t
_ negative
& acceleration
) 0=t<4

Begin with =2 and = 6 on the graph
of s(#), where the slope of the tangent is
zero. Mark these as the #-intercepts of
the derivative graph, v(t).

The graph of s(¢) has positive slope over
the intervals [0, 2) and (6, 8), so the
graph of v(¢) is positive (lies above the
t-axis) over these intervals. The graph of
s(#) has negative slope over the interval
(2, 6), so the graph of v(z) is negative
(lies below the t-axis) over this interval.

Begin with # =4 on the graph of v(¢),
where the slope of the tangent is zero.
Mark this as the #-intercept of the
derivative graph, a(z).

The graph of v(#) has negative slope over
the interval [0, 4), so the graph of a(z) is
negative over this interval. The graph of
v(t) has positive slope over the interval
(4, 8), so the graph of a(z) is positive over
this interval.

b) The graph of v(#) changes sign at the intercepts =2 and #= 6. The graph
of a(t) changes sign at the intercept ¢ = 4. The signs of v(¢) and a(z) are
easily observed by determining whether the respective graph lies below or
above the t-axis. Consider the following four time intervals: [0, 2), (2, 4),
(4, 6), (6,8). The following chart summarizes this information.
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Interval v(t) a(t) v(t) X a(t)
[0,2) + - -
2,4 - - +
(4,6) - + -

6, 8) + + +

Motion of
Particle

slowing down
and moving
forward

speeding up
and moving in
reverse

slowing down
and moving in
reverse

speeding up
and moving
forward

Description of
slope of s(t)

positive
slope that is
decreasing

negative
slope that is
decreasing

negative
slope that is
increasing

positive
slope that is
increasing

Therefore, the particle is slowing down between 0 s and 2 s and again
between 4 s and 6 s. The particle is speeding up between 2 s and 4 s and
after 6 s.

Example 4 | Analyse and Interpret a Position-Time Graph

The graph shows the position function of a motorcycle. Describe the slope
of the graph, in terms of being positive, negative, increasing, or decreasing,

over the interval between consecutive pairs of points, beginning at the origin.
For each interval, determine the sign of the velocity and acceleration by
considering the slope of the graph.

s(t)
B
A C
D E
F
0 I I Tt
5 10
Solution

The analysis of this situation is organized in the following chart.

Interval Slope of Graph Velocity Acceleration
0to A positive slope that is increasing + +
AtoB positive slope that is decreasing + -
BtoC negative slope that is decreasing - -
CtoD negative slope that is increasing - +
DtoE slope = zero, horizontal segment 0 0
EtoF negative slope that is decreasing - -
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KEY CONCEPTS

© The second derivative of a function is determined by differentiating
the first derivative of the function.

© For a given position function s(z), its velocity function is v(t), or s(#),
and its acceleration function is a(t), v/(t), or s”(z).

© When v(t) = 0, the object is at rest, or stationary. There are many
instances where an object will be momentarily at rest when changing
directions. For example, a ball thrown straight upward will be
momentarily at rest at its highest point, and will then begin to
descend.

© When v(t) >0, the object is moving in the positive direction.
© When v(¢) <0, the object is moving in the negative direction.

© When a(t) >0, the velocity of an object is increasing (i.e., the object is
accelerating).

© Whena(t) <0, the velocity of an object is decreasing (i.e., the object is
decelerating).

© An object is speeding up if v(¢) X a(t) >0 and
slowing down if v(#) X a(t) <O.

Communicate Your Understanding

(1 Under what conditions is an object speeding up? Under what conditions
is it slowing down? Support your answers with examples.

2 Give the graphical interpretation of positive velocity and negative
velocity.

(3 How are speed and velocity similar? How are they different?

(4 What is the relationship between the degrees of s(t), v(¢), and a(z), if s(z)
is a polynomial function?

T

1. Determine the second derivative of each 2. Determine f”(3) for each function.
function. a) f(x) =2x4—3x3+6x2+S
a) y=2x3+21 b) f(x)=4x>—5x+6
b) s(t)=—t*+58—2t2+1¢ 2
1 1 0 flx)=—=x—x3+0.5
Q hx)==x—=x’ 5
? S d) f(x)=(3x2+2)(1—x)
d) f(x)=Zx3—2x2+8 e) f(x)=(6x—35)(x*+4)
e) g(x)=x°+3x*—2x3 f) f(x)=4x° —%x“ —3x2

f) h(t)=—4.9t>+25t+4
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3. Determine the velocity and acceleration

functions for each position function s(z).
Where possible, simplify the functions before
differentiating.
a) s(t)=5+7t— 8
b) s(¢) = (2¢+ 3)(4 — 5¢)
O s(t)=—(t+2)32—t+5)
—2t% — 13+ 812

4t
. Determine the velocity and acceleration at =2
for each position function s(t), where s is in

d) s(¢)=

metres and ¢ is in seconds.

a) s(t)=3—-32+t—1
b) s(t)=—4.9:2+15t+1
Q) s(z)=t3t+5)(1—2¢)
d) s(z) = (£ —2)(t* +2)

. In each graph, identify which curve or line
represents y =s(t), y = v(¢), and y = a(¢). Justify
your choices.

a vy
@
@
0/12345\67t
®
b) vy
@
®
o\ /1 3 st
®

6. Copy and complete the chart for each graph in

question 5.
a)
Motion Description
of of slope
Interval  v(t) a(t) v(t)xa(t) Object of s(t)
b)
Motion Description
of of slope
Interval v(t) a(t) v(t)xa(t) Object of s(t)

7. For each position function y = s(¢) given,

sketch the graphs of y =v(¢) and y=a(t).

a) S
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8. Answer the following for each graph of J s
y = s(¢). Explain your reasoning. y=sit)
i) Is velocity increasing, decreasing, or
constant?
i) Is acceleration positive, negative, or zero?
a) s
0 t
y=s(t)
d) s
y = s(t)
0 t
b) s
0 t
y=s(t)
e) s
0 7 y=s(t)
0 t
: 3 Connect and Apply
9. The following graph shows the position e) Is the bus speeding up or slowing down at
function of a bus during a 15-min trip. A, B, and D?
s f) What happens at J?
C
B D H 1 10. Refer to the graph in question 9. Is the
A E e acceleration positive, zero, or negative during
J the following intervals?
0 5 10 15 1 a) 0to A
o b CtoD
a) What is the initial velocity of the bus?
) )  EtoF
b) What is the bus’s velocity at C and at F?
. . d GtoH
o Is the bus going faster at A or at B? Explain.
e) Fto G

d) What happens to the motion of the bus
between H and I?
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11. The following is the graph of a velocity
function.

v(t) H

a) State whether the acceleration is positive,

negative, or zero for the following intervals

or points.
i)OtoB

i) Bto D

iii) Dto F

iv) Fto G

v) GtoH

vi) at A and at D

b) Describe similarities and differences in the
acceleration for the given intervals. Justify
your response.

) 0toA,DtoE,and Gto H
ii) AtoBand Eto F
iii) BtoCand Cto D

12. A water bottle rolls off a rooftop patio from
a height of 80 m. The distance, s, in metres,
the bottle is above the ground after ¢ seconds
is modelled by the function s(t) = 80 — 4.9¢,
t=0.

13.

14.

(& Extend and Challenge

15. A bald eagle flying horizontally at 48 km/h
drops its prey from a height of 50 m.

a) State the equation representing the
horizontal displacement of the prey while

held by the eagle.

b) Determine the velocity and acceleration
functions for the prey’s horizontal
displacement.

a) Determine the average velocity of the bottle
between 1 s and 3 s.

b) Determine the velocity of the bottle at 3 s.
¢ When will the bottle hit the ground?

d) Determine the impact velocity of the bottle.

Duril’lg a fireworks Reasoning.and.Proving

display, a starburst
rocket is shot upward
with an initial velocity
of 34.5 m/s from a
platform 3.2 m high. The height, in metres, of
the rocket after # seconds is represented by the
function h(t) = —4.9t> + 34.5t + 3.2.

a) Determine the velocity and acceleration of
the rocket at 3 s.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

b) When the rocket reaches its maximum
height, it explodes to create a starburst
display. How long does it take for the
rocket to reach its maximum height?

¢) At what height does the starburst display
occur?

d) Sometimes the rockets malfunction and do
not explode. How long would it take for an
unexploded rocket to return to the ground?

e) At what velocity would it hit the ground?

Consider the motion of a truck that is braking
while moving forward. Justify your answer to
each of the following.

a) Is the velocity positive or negative?
b) Is the velocity increasing or decreasing?

) Is the acceleration positive or negative?

¢) State the equation representing the vertical
displacement of the prey as it falls. (Assume
the acceleration due to gravity is —9.8 m/s%.)

d) Determine the velocity and acceleration
functions for the prey’s vertical
displacement.

e) What is the prey’s vertical velocity when it
hits the ground?
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16.

17.
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f) When is the vertical speed greater than the
horizontal speed?

g) Develop an equation to represent the total
velocity. Determine the velocity.

h) Develop an equation to represent the total
acceleration.

i) Determine the prey’s acceleration 4 s after
being dropped.

The position function of an object moving
along a straight line is represented by the
function s(¢) = 23 — 15> + 36¢ + 10, where ¢ is
in seconds and s in metres.

a) What is the velocity of the object after
1 s and after 4 s? What is the object’s
acceleration at these times?

b) When is the object momentarily at rest?
What is the object’s position when stopped?

¢) When is the object moving in a positive
direction? When is it moving in a negative
direction?

d) Determine the total distance travelled by the
object during the first 7 s.

e) Sketch a diagram to illustrate the motion of
the object.

The height of any object that is shot into

the air is given by the position function
h(t)=0.5gt*> + vyt + sp, where b is in metres
and ¢ is in seconds, sy is the initial height

of the object, vy is the initial velocity of the
object, and g is the acceleration due to gravity
(g=—9.8m/s?).

a) Determine the velocity function and the
acceleration function for h(t).

b) An arrow is shot upward at 17.5 m/s from
a position in a tree 4 m above the ground.
State the position, velocity, and acceleration
functions for this situation.

¢) Suppose a flare is shot upward, and
after 2 s its velocity is 10.4 m/s and its
height is 42.4 m. Determine the position,
velocity, and acceleration functions for this
situation.

Chapter 2

18. The position function s(¢) = 0.5gt> + vyt + s is

19.

20.

also used to represent the motion of an object
moving along a straight line, where s is in
metres and # is in seconds, and where s is the
initial position of the object, vy is the initial
velocity of the object, and g is the acceleration.
The driver of a pickup truck travelling at

86.4 km/h suddenly notices a stop sign and
applies the brakes, resulting in a constant
deceleration of 12 m/s%.

a) Determine the position, velocity, and
acceleration function for this situation.

b) How long does it take for the truck to stop?

Math Contest If p and g are two polynomials

such that p”(x) = q”(x) for x € R, which of the

following must be true?

A p(x)=q(x) forx e R

B p'(x)=¢g(x) for x e R

C p(0)—4(0)=0

D The graph of y=p(x) — gq(x) is a horizontal
line.

E The graph of y=p’(x) — g’(x) is a horizontal
line.

Math Contest

d{d(d d
(n) =2 (= (= =
f"(x) dX(dx (dx <mdx (f(x)...)))) denotes

the nth derivative of the function f(x). If
f'(x) = g(x) and g(x) = —f(x), then f")(x) is
equal to

A %[1 (1)) + %[l (1 glx)

—1\» —_1\n—1
B Sl capir + 5

2

[1+ (=1 g(x)

Sl

[T+ (1)1 (%) +
1

5 [1+ ()" g,

D L+ +
where i = V-1

l'n—l n

Sl ) + ’3[1 +(~1)"]g(),
where i = \/—_1




2.4

The Chain Rule

Andrew and David are both training to run a
marathon, a long-distance running event that
covers a distance of 42.195 km (26.22 mi).
They both go for a run on Sunday mornings

at precisely 7 A.M. Andrew’s house is 22 km
south of David’s house. One Sunday morning,
Andrew leaves his house and runs north at

9 km/h. At the same time, David leaves his
house and runs west at 7 km/h. The distance
between the two runners can be modelled by
the function s(z) = \[130¢% — 396t + 484, where
s is in kilometres and ¢ is in hours. You can use

differentiation to determine the rate at which the distance between the
two runners is changing. This rate of change is given by s’(z).

To this point, you have not learned a differentiation rule that will help you find the derivative of this

type of function. You could use the first principles limit definition, but that would be complicated.
Notice, however, that s(¢) is the composition of a root function and a polynomial function:

s(t) = fog(t) = f(g(t)), where f(¢) = Jt, and g(t) =130¢% — 396t + 484. Both f'(¢) and g’(t) are easily
computed using the derivative rules you already know. This section will develop a general rule that can be
used to find the derivative of composite functions. This rule is called the chain rule .

NZHIEI-M How are composite functions differentiated?

1
1. Consider the function f(x) = (8x3)3.

a) Simplify f(x), using the laws of exponents.

b) Use your result from part a) to determine /*(x).
1

2. a) Let g(x)= x3. Determine g'(x).

b) Let h(x) = 8x3. Replace x with 8x3 in your expression for g’(x) from
part a). This will give an expression for g’[h(x)]. Do not simplify.

¢ Reflect Why is it appropriate to refer to the expression g’[h(x)] as a
composite function?

d) Determine b’(x).

3. a) Use the results of step 2 parts b) and d) to write an expression for the
product g’[h(x)] X h"(x).

b) Simplify your answer from part a).

¢ Compare the derivative result from step 1 part b) with the derivative
result from step 3 part b). What do you notice?
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4. a) Reflect Use the above results to write a rule for differentiating a
composite function f(x) = goh(x). This rule is called the chain rule.
What operation forms the “chain”? Explain.

b) Write the rule from part a) in terms of the “outer function” and the
“inner function.”

o Use your rule to differentiate f(x) = (2x> — 5)2.

d) Verify the accuracy of your rule by differentiating f(x) = (2x3 — 5)?
using the product rule.

The Chain Rule

Given two differentiable functions g(x) and lo( ), the derivative of the
composite function f(x) = ]is f/(x h(x)] X bh'(x).

A composite function f(x) = (goh)(x) = g[h(x)] consists of an outer function,
g(x), and an inner function, h(x). The chain rule is an efficient way of
differentiating a composite function by first differentiating the outer function
with respect to the inner function, and then multiplying by the derivative of
the inner function.

Example 1 | Apply the Chain Rule

Differentiate each function using the chain rule.

a) f(x)=3x—35)*
b) f(x) = 4 — x2
Solution

a) f(x)=(3x—5)*is a composite function, f(x) = g[h(x)], with g(x) =x* and
h(x)=3x—35. Then g’(x) =4x3, g’[h(x)] =4(3x — 5)3, and b’(x) =

f(x)=g’[h(x)]h’(x)  Apply the chain rule.
=4(3x—5)3(3)
=12(3x—35)3
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1
b) f(x)= /4 — x% is a composite function, f(x) = g[h(x)], with g(x) = x2
1 1
and h(x) =4 —x2. Then g’(x) = %x_z, g'[h(x)]==(4—x2) 2, and

bh’(x) = —2x.

1
2

f'(x)=g'[h(x)]h’(x)  Apply the chainrule.

Alternate Form of the Chain Rule

Consider the function in Example 1 part b): f(x) = /4 — x2.

Let y = Vu. Let u=4—x>
1
ﬂ = lu_i @ =-Jx
du 2 dx
The product of these two derivatives, Z—y X %, results in the derivative of y
y u dx

. d
with respect to x, —=.
dx

1
Therefore, ? = 11475(—2x). Replacing u with 4 — x2, the result is
x

1 -
S =) 2(-2x)

Leibniz Form of the Chain Rule

" SeEREE o
If y=f(u) and u = g(x) are differentiable functions, then e du de'

The Leibniz form of the chain rule can be expressed in words as follows: If
y is a function in #, and # is a function in x, then the derivative of y with
respect to x is the product of the derivative of y with respect to # and the
derivative of # with respect to x.

This form of the chain rule is easily remembered if you think of each term as
a fraction. You can then cancel du. Keep in mind, however, that this is only a
memory device, and does not reflect the mathematical reality. These terms are
not really fractions because du has not been defined.

2.4The Chain Rule - MHR
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Example 2 | Represent the Chain Rule in Leibniz Notation

a)

b)

b) If y=u"3 and u =2x — x3, determine dy .
X x=2
Solution

y=—uand u=4x3—3x2+1

y=—u2
ﬂz_lu 2 Z=12x2—6x
du 2 x
dy _dydu
dx dudx
1
=——u 2(12x%— 6x)
1 1
= _5(4X3_ 3x2+1) 2(12x2%2— 6x)
_i2eex
244x3—3x2+1
For y= u’3,ﬂ=—31474-
For uzzx—x3,@=2—3xz.
dx
dx du dx
=—3u*(2 — 3x?)
32— 3x2)
-

a) Ify= —Ju and u=4x3—3x2+ 1, determine ﬂ

dx

Substitute u = 4x> — 3x> + 1 toexpress
theanswerin termsof x.

Notice that it was not necessary to write the expression entirely in terms
of x, because you can determine the value of # when x =2 and then

substitute as shown below.

When x =2, u=2(2)— 23 =—4.

dy| _ =3(2-3(2)*)
dxl, (4
32 -12)
256
15
128
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Example 2 illustrates a special case of the chain rule that occurs when the
outer function is a power function, such as y =u" or [g(x)]". The derivative
consists of using the power rule first.

Power of a Function Rule

If y=u" and u = g(x), then
i n\— n—1 @ i n — n—1 5
I ()= nu o I [g(x)]" = nlg(x)]""" g’(x).

Example 3 | Combine the Chain Rule and the Product Rule

Determine the equation of the tangent to f(x) = 3x(1 —x)? at x = 0.5.

Solution

Differentiate the function.

flx) = 3x(1 — x)?

flx)=01- xz)i(3x) + (3x)i(1 —x)2  Apply the product rule first.
dx dx
=3(1 — x)% + 3x[2(1 — x)(—1)] Apply the power of a function rule.

Determine the slope at x = 0.5 by substituting into the derivative function.

£(0.5)=3(1—-0.5)>+3(0.5)[2(1 = 0.5)(—1)]
=0.75-1.5
=-0.75

The slope of the tangent at x = 0.5 is —0.75.

Calculate the tangent point by substituting the x-value into the original
function.

£(0.5)=3(0.5)(1—0.5)?
=1.5(0.25)
=0.375

The tangent point is (0.5, 0.375).

Substitute 72 = —0.75 and (0.5, 0.375) into y — y; = m(x — x1).

y—0.375=—-0.75(x — 0.5) “\\\
y=—0.75x +0.375 +0.375 .
o

Technology Tip

You can check your answer using the Tangent

y=—0.75x+0.75
E

i
~PEH+TE

To get the screen shown here,

number of decimal places to 2.

function on a graphing calculator.

2.4The Chain Rule -
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Example 4 Apply the Chain Rule to Solve a Rate of Change
Problem

The chain rule can be used to Davids
solve the problem presented at the House
beginning of this section. Andrew 7t
and David both leave their houses

at 7 A.M. for their Sunday run.

Andrew’s house is 22 km south of J13062 = 396t + 484
David’s house. Andrew runs north

at 9 km/h, while David runs west )
at 7 km/h. Determine the rate of
change of the distance between the
two runners after 1 h.

A

|

22-9t

> 9t

Solution

The distance between the two runners, s(t), is

. . J
obtained by using two formulas: d = vt and the
Pythagorean theorem. Andrew’s
House

Andrew runs at 9 km/h, so the distance he runs is 9¢,
with ¢ measured in hours. Since his house is 22 km from David’s, the
distance he is from David’s house as he runs is represented by 22 — 9¢.
David runs at 7 km/h, so the distance he runs is represented by 7t.

s(t) = \/(22 —9t) + (71)? Pythagoreantheorem.

= /13022 — 3961 + 484
1
= (1302 — 396t + 484)2

1

s(t) = %(130:2 — 3961 + 484) 2 %(130;:2 — 3961 + 484) Powerof afunction rule.
= ! (260t — 396)
2,/130£2 — 396t + 484
(1) = 260(1) — 396
2,/130(1)> — 396(1) + 484
_ 136
24218
=46

After 1 h, the distance between Andrew and David is decreasing at 4.6 km/h.
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KEY CONCEPTS

¢ The Chain Rule

The chain rule is used to differentiate composite functions, = geh.
Given two differentiable functions g(x) and h(x), the derivative of the
composite function f(x) = g[h(x)] is f'(x) = g'[h(x)] X b'(x).

¢ The Chain Rule in Leibniz Notation
If y=f(u) and u = g(x) are differentiable functions, then
dy _dydu
dx dudx

¢ The Power of a Function Rule

If y=u" and u = g(x), then
d a1 du

L 2 or %{g(x)]" — gl g ().

Communicate Your Understanding

€1 Use an example to explain the meaning of the statement, “The derivative
of a composite function is equal to the derivative of the outer function
multiplied by the derivative of the inner function.”

2 Can the product rule be used to verify the chain rule? Support your
answer with an example.

@3 Would it be true to say, “The power of a function rule is separate and
distinct from the chain rule”? Use an example to justify your response.

(4 What operation creates the “chain” in the chain rule?

) Practise

1. Determine the derivative of each function by 2. Copy and complete the following table.

using the following methods. fo0=glhtal | g | ho) | Ko | gTheal | £
i) Use the chain rule, and then simplify. 2) (6x— 10
i) Simplify first, and then differentiate. b) (C+3)
— (24)3
a) f(x) (Zx) () (2,X3)4
b) g(x)=(—4x%)
d) (—3x+4)7"
— J9,2
() p(x) 9x e) (7+X2)72
3
d) f(x)=(—16x2)4 f) x*—3x?

2
e) g(x) = (8x)3
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3.

10.

1.

Differentiate, expressing each answer using
positive exponents.

a) y=(4x+1)? b) y=(3x*—-2)3
9 y=(x3—x)3 d) y=(4x%+3x)?
Express each function as a power with a

rational exponent, and then differentiate.
Express each answer using positive exponents.

a) y=42x—3x° b) y=y—x3+9
Q y=qyx—x* d) y=32+3x2—x3

Express each of the following as a power with
a negative exponent, and then differentiate.
Express each answer using positive exponents.

3 Connect and Apply

Determine f(1).
a) f(x)=(4x*—x+1)?
b) f(x)=(3—x+x%)2

O flx)=+J4x2+1

d) f(x)zﬁ
x—x

Using Leibniz notation, apply the chain rule to
dy

x
a) y=u2+3u,u=\/;,x=4

b) y=\/;,u=2x2+3x+4,x=—3

determine at the indicated value of x.

0 y=i2,u=x3—5x,x=—2
u

d) y=u(2—u2),u=l,x=2

x
Determine the equation of the tangent to the
curve y = (x3 —4x?)3 at x = 3.

Determine the equation of the tangent to the

__
J5x3—2x?
The position function of a moving particle

is given by s(t) = 3t° — 750t2, where s is in

metres and ¢ is in seconds. Determine the
velocity of the particle at 5 s.

curve y = atx = 2.

118 MHR - Calculus and Vectors - Chapter 2

12.

13.

14.

__ 1 __1
R T VYT
1 1

9= x —7x2

a) Use two different methods to differentiate
flx)=25x*.

b) Reflect Explain why you prefer one of the
methods in part a) over the other.

¢ Reflect Can both methods that you
described in part a) be used to differentiate

f(x)=/25x*— 3? Explain.

Determine the point(s) on the curve
y = x?(x3 — x)? where the tangent line is
horizontal.

Chapter Problem The owners of Mooses,

Gooses, and Juices are interested in analysing

the productivity of their staff. The function
600

J16 + 32

number of customers, N, served by the

staff after ¢ hours during an 8-h workday
(0=r=8).

a) Determine N’(¢). What does the derivative

represent for this situation?

b) Determine N(4) and N’(4). Interpret the
meaning of each of these values for this
situation.

N(t)=150—- models the total

o Solve N(¢) = 103. Interpret the meaning of
your answer for this situation.

d) Determine N’(¢) for the value you found
in part ¢). Compare this value with N'(4).
What conclusion, if any, can be made from
comparing these two values?

The population of a small town is modelled
by the function P(¢) = ﬂ, where P is the
1+0.01z

number of people, and ¢ is time, in years, =0.



15.

16.

18.

19.

20.

21.

22

Determine the instantaneous rate of change
of the population after 2 years, 4 years, and
7 years.

The formula for the
volume of a cube

in terms of its side
length, s, is V(s) =s3.
If the side length is
expressed in terms of
a variable, x, measured in metres, such that

Reasoning.and Proving

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

. dv
s=3x2—7x+ 1, determine —
X |x=3

. Interpret

the meaning of this value for this situation.

4x — x3

(3x2 +2)?

differentiate. Simplify your answer using
positive exponents.

Express y = as a product and then

(&) Extend and Challenge

Determine the equations of the tangents to

the curve y = x3,/8x% + 1 at the points where
x=1and x = —1. How are the tangent lines
related? Explain why this relationship is true
at all points with corresponding positive and
negative values x =a and x = —a.

Determine f(2) for f(x) = glh(x)], given
g(2)=5,8'(2)=-3,g(-6)=—3,h(2)= -6,
and b'(2) =4.

2
Determine 3—32/ for the function y = /2x +1.
x
d

Consider the statement difog(x) =—gof(x).
x

dx
Determine examples of two differentiable
functions f(x) and g(x) to show

a) when the statement is not true

b) when the statement is true

If f(x)=x2, glx)= l, and h(x) = x2 + 2x,
x

determine the derivative of each composite
function.

v/ Achievement Check

17.

23.

24.

25.

The red squirre | population in a
neighbourhood park can be modelled by the

function p(t) = /210t + 4412, where p is the
number of red squirrels, and ¢ is time, in years.

a) Determine the rate of growth of the squirrel
population after 2 years.

b) When will the population reach 60
squirrels?

¢ What is the rate of change of the population
at the time in part b)?

d) When is the rate of change of the squirrel
population approximately 7 squirrels
per year?

a) y=fogoh(x) b) y=gofoh(x)
) y=gohof(x) d) y=hogof(x)

Determine a rule to differentiate a composite
function of the form y = fogoh(x) given that
f, & and b are all differentiable functions.

Math Contest y
This figure shows 4

the graph of y = f(x).
2
If the function

F is defined by 0 2 4 6 Xx

F(x) =f[f(x)], then
F(1) equals

A -1 B 2 C 4

D 4.5 E undefined

Math Contest Let f be a function such that
f'lx)= l What is the derivative (f~1)’(x) of

x
its inverse? Hint: If y=f"1 (x), you can write

fly)=x.

AO

B x (—x—2 D f(x)

Ef ' (x)
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2.5

Derivatives of Quotients

Suppose the function V(¢) = 20000+ 62
1+0.4¢t

represents the value, in dollars, of a new car

t years after it is purchased. You want to

calculate the rate of change in the value of the

car at 2 years, 5 years, and 7 years to determine

at what rate the car is depreciating.

This problem is similar to the one considered in
Section 1.1, though at that time you were only
considering data and graphs. In this section,

you will explore strategies for differentiating a

function that has the form g(x) = M, glx) #0.
g(x)
Differentiate a Quotient When the
Example 1 . X .
Denominator’s Exponent is 1
Differentiate g(x) = 336 — 5. State the domain of g(x) and g’(x).
x>+ 4
Solution
q(x)=(6x — 5)(x>+ 4)~! Express as a product.

q(x)= |:i (6x — 5)](x3 + 4)—1 +(6x —35) |:i (x3 + 4)—1] Apply the product rule.
dx dx

= (6)(x3+ 4) + (6x — S)(—1)(x> + 4)2(3x2) Apply the chain rule.
=3+ 4) 2 [2(x3 + 4)] + (6x — 5)(—1)x?] Common factor 3(x3 4 4)=2.

=3(x3+4)2(2x3+ 8 — 6x3 + 5x2)
_ 3(—4x7+5x2+8)
(x3+ 4)?

The denominator cannot be zero, so

x3+4+#0
x3# —4
x # -4
The domain of g(x) and q’(x) is {x e R| x # J—4y.
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Differentiating a Simple Quotient Function

If g(x) = % where f(x) and g(x) are differentiable functions, and g’(x) # 0,
g(x

then g(x) can be expressed as g(x) = f(x)[g(x)] .

Then q'(x) = f(x)(=1)[g(x)] 7 g’(x) + F(x)[g(x)] ~".

Differentiate a Quotient When the Denominator’s
Example 2 .
Exponentisn

x+3

Jx?—1

Differentiate g(x)= . State the domain of g(x) and q'(x).

Solution

1
g(x)=(x +3)(x*—1) 2 Express as a product.

1

1
q'(x)= [i(x + 3)](x2 —1) 2+ (x+3) [i(x2 — 1)2] Apply the productrule.
dx d

1 3
=1(x2—1) 2+ (x + 3)( %)(xz —1) 2(2x) Apply the chainrule.

3
Commonfactor (x2— 1) 2

The denominator cannot be zero. Also, x> — 1 must be positive. So,

x2—1>0
x2>1
x<—-lorx>1

The domain of g(x) and q’(x) is {x e R|x>1 or x < —1}.

2.5 Derivatives of Quotients « MHR
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Example 3 | Find the Equation of the Tangent

. . x
Determine the equation of the tangent to the curve y =

2

atx = 2.

- x
Solution
y=(x*=3)(5—x)"
v = s - 3] s -

dx
=(2%)(5 — x) 1+ (k2 = 3)(=1)(5 — %) (1)

Use the unsimplified form to determine the slope of the tangent.
f/(2)=2(2)(5 = 2)1+ (22 = 3)(-1)(5 = 2)7*(-1)
)1+ (1)3)2

N

| &

+

_
O | —

_13

9

Determine the y-coordinate for the function at x = 2 by substituting into the
original function.

223
YT

1

"3

The tangent point is (2, %)

Substitute m = % and (xq, y1) = (2, %) into y — vy, =m(x — x1).

1 13
——=—(x-2
Y3 9( )

13 1
=—(x—-2)+-

y=g =2+ 3

_13..26.3

9 9 9
13 23
:_x—_
9 9
The equation of the tangent is y=§x—§.
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Solve a Rate of Change Problem Involving a
Example 4 .
Quotient

Recall the problem introduced at the beginning of this section:

_ 50000 + 6t

1+0.4¢
new car ¢ years after it is purchased.

Suppose the function V(z) represents the value, in dollars, of a

a) What is the rate of change of the value of the car at 2 years, 5 years, and
7 years?

b) What was the initial value of the car?

¢ Explain how the values in part a) can be used to support an argument in
favour of purchasing a used car, rather than a new one.

Solution
a) V()= (50 000 + 62)(1+ 0.4¢)"

V’(t)= (50 000 + 6t)i[(1 + O.4t)1] +(1+0.42)7! 4
dt dt
=(50 000 + 6t)[—(1 + 0.4£)%(0.4)] + (6)(1 + 0.4z)!

= (1+0.42)2[—0.4(50 000 + 6t) + 6(1 + 0.4¢)] Common factor (1+ 0.4¢)2.
=(1+0.42)72(=20 000 — 2.4t + 6 + 2.4t)
=

1+ 0.42)2(—19 994)

[50 000 + 6t]

_ 19994
(1+0.4t)?
When t=2, V'(2) = _—19994
[1+0.42))
=-6170.99
After 2 years, the value of the car is decreasing at a rate of $6170.99/year.
When t=3, V'(5) = 19994
[1+0.4(5))?
=-2221.56
After 5 years, the value of the car is decreasing at a rate of $2221.56/year.
When = 7, V’(7) = ﬂ
[1+0.4(7)
=-1384.63

After 7 years, the value of the car is decreasing at a rate of $1384.63/year.
b) The initial value of the car occurs when = 0.

V(0)=50 000

The initial value of the car was $50 000.

0 The value of the car decreases at a slower rate as the vehicle ages. This
would suggest that it makes less sense to purchase a new vehicle because
it depreciates rapidly in the first few years.
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KEY CONCEPTS

To find the derivative of a quotient g(x) = ——, g(x) # 0,

i) Express q(x) as a product.

ii) Differentiate the resulting expression using the product and chain
rules.

ii) Simplify the result to involve only positive exponents, if appropriate.

Communicate Your Understanding

a

Q

G

4

Describe the similarities and differences between the derivatives of

andy = —>
x2+1 YT

Predict a rule that could be used to determine the derivative of quotients

of the formy = i, glx) # 0.
g(x)
“The derivative of g(x)= M is ¢’'(x) = M
g(x) g'(x)
false? Use an example to explain your answer.

.” Is this statement true or

Why is it important to state that f(x) and g(x) are two differentiable

=L

functions, and that g(x) # 0 when differentiating g(x )
glx

 EETEE—

1.
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Express each quotient as a product, and state 3. Express each quotient as a product, and state
the domain of x. the domain of x.
1 3x
a) g(x)= =
) q(x) T a) q(x) i1
) —x
=_ = b) f(x)=
b) f(x) — f(x) v i3
6 x2
C =—— 0 glx)=
) gl = ) )=
- 8x?
d = d =
V=5 )= e
Differentiate each function in question 1. 4. Differentiate each function in question 3.

Do not simplify your answers.

Do not simplify.
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10.

: 3 Connect and Apply

11.

Differentiate.
—x+3 4x +1
a) y=—— b) yv=
D YEI: YT o
9x2—1 x*
Y 1+ 3x Y x2—x+1
Determine the slope of the tangent to each
curve at the indicated value of x.
) *
a = y X =—
Y 6x +2
Jx
b = ,x=1
)Y 3a
4x +1
= 5 = —3
) x2—1
Q y= ,x=—1
)y x2—x+1
3_
e) y= X3 =2

— = . x
x24+x—-1

a) Describe two different methods
that can be used to differentiate

_ 3 2 _
= 4x” + 5x3 2x+6 . Differentiate

q(x) .
using both methods and explain why you
prefer one method over the other.

b) Can both methods that you described
in part a) be used to differentiate

_ —4x3+5xr—-2x+6

- x3+1

q(x) ? Explain.

x2

x+2
where the slope of the tangent line is —3.

Determine the points on the curve y =

Determine the equation of the tangent to the

x3—1
curve y =
x+2

Alison has let her hamster run loose in her
living room. The position function of the

hamster is s(t) = ,t+ =0, where s is in

2+ 4
metres, and ¢ is in seconds.
a) How fast is the hamster moving after 1 s?

b) When does the hamster change direction?

2
) at the point where x = —1.

12.

The number of clients investing in a new
mutual fund w weeks after it is introduced
into the market is modelled by the function

2
Clw)= M, where C is the number of
200 + w?

clients, and w=0.

a) Determine C’(1), C’(3), C’(5), and C’(8).
Interpret the meaning of these values for
this situation.

b) Use Technology Use a graphing
calculator to sketch the graph of C(w).
Explain how this graph can be used to
determine when C’(w) is positive, zero, and
negative.

¢ UseTechnology Use a graphing calculator
to sketch the graph of C’(w). Use this graph
to confirm your answers to part b).

d) Confirm your solution to part b)
algebraically.

e) Interpret your results from part b).

Chapter Problem Mooses, Gooses, and
Juices has launched a television and
Internet advertising campaign to attract
new customers. The predicted number of
new customers, N, can be modelled by the

500x2

{280 + x?

is the number of weeks after the launch of the
advertising campaign.

function N(x) = +10x, where x

a) Determine the predicted number of new
customers 8 weeks after the campaign
launch.

b) Determine the predicted average number
of new customers per week between 1 and
6 weeks.

¢ Determine the rate of change of the
predicted number of new customers at
week 1 and at week 6.

d) Is the rate of change of new customers ever
negative? Explain what this implies.
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13. The value of an original Reasoning and Proving b) Determine the rate of change of the value of

ainting ¢ years after it  Representing Selectifools the painting after ¢ years.
P gLy P g y
1s purchased is modelled Problem Solving ¢ Is the value of the painting increasing or
by the (fzu;g(t)lono 261+ 1) Connecting Reflecting decreasing? Justify your answer.
+ 0.2t +t Communicatin
Vi) = \/ 057 12 i d) Compare V’(2) and V’(22). Interpret the

o meaning of these values.
where V is in dollars, and = 0.

a) What was the purchase price of the

painting?
(& Extend and Challenge
14. a) Determine a pattern for the nth derivative the real constants a, b, ¢, and d, which of
1 . .
of flx) = State the restriction on the the following are possible for the graph of
ax+b y=f(x)?
denominator. i) The graph has no points with horizontal
b) Use your pattern from part a) to determine tangents.
the fourth derivative Of f(x) = 1 . ii) The graph has eXaCtly one point Wlth a
2x—3 horizontal tangent.
2_
15. Consider the function p(x) = xz 4. iii) The graph has infinitely many points with
xt+4 horizontal tangents.
a) Determine the points on the graph of p(x)
that correspond to p’(x) = 0. A i) only
b) Determine the points on the graph of p(x) B ii) only
that correspond to p”(x) = 0. C iii) only
¢ UseTechnology Use graphing technology D i) and iii) only
to sketch p(x). What do the points found E i), ii), and i)
in parts a) and b) represent on the graph of
p(x)? Explain. 18. Math Contest Let » be a quadratic
d) Use Technology Use graphing technology polynomial such that p(0) = 0. Consider
to sketch p”(x). What do the points found the function F(x) = I;(x) IfF(0)=0 and
in part b) represent on the graph of P’(x)? x*+1
Explain. F’(1) =1, then p(x) equals
1 2x?
16. Given f(x)= X and glx)=—+x, A —
x—1 x
determine the derivative of each composite 4x?
function and state its domain. B 3
a) y=fog(x) b) y=gof(x) ¢ 2
S
17. Math Contest Consider the function D 2x2
J’_
(x) = ax b. Depending on the choice of E —2x2
cx+d
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Extension The Quotient Rule

In the previous section, you differentiated rational functions by expressing the
denominator in terms of a negative exponent and then used the product and
chain rules to determine the derivative. Another method that can be used to

f(x)

differentiate functions of the form g(x) = ——, g(x) # 0, is the quotient rule.

g(x)

NZHICEII What is the quotient rule for derivatives?

A: Develop the Quotient Rule From the Product Rule
Consider the quotient Q(x) = %, where f(x) and g(x) are two differentiable
glx

functions, and g(x) # 0.

1. Multiply each side of the above equation by g(x).

2. Differentiate both sides of the equation, using the product rule where
needed.

3. Isolate Q’(x)g(x) in the equation in step 2.

4, Substitute Q(x) = fi—x; in the result of step 3.
glx
5. Express the right side of the result of step 4 in terms of a common
denominator.

6. Isolate Q’(x) in the result of step 5.

7. Now look at another way to develop a derivative for Q(x).

Ox) = % can also be written as O(x) = f(x)g ™ (x).

glx
Differentiating this expression using the product and chain rules gives
O'(x) = f(x)(=1)[g(x)]7% '(x) + [ (x)[g(x)] .
Common factor g(x) 2 from this expression. Simplify the resulting
expression using only positive exponents.

8. Reflect Compare the results of steps 6 and 7.

B: Verify the Quotient Rule
. . x3 — 4x?
Consider the function Q(x)= -
3x+ x
1. Differentiate Q(x) by changing it to a product and differentiating the
result, as was done in Section 2.5. Simplify your final answer using
positive exponents.

2. Differentiate Q(x) using the result from step 6 of Part A of this
Investigate. Simplify your answer.

3. a) Reflect Compare your answers in steps 1 and 2. Describe the results.

b) Repeat steps 1 and 2 for a quotient of your choice. Are the answers the
same? Which method do you prefer? Why?
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Quotient Rule

If g(x) = % where f(x) and g(x) are differentiable functions and g’(x) # 0,
glx

then ¢’(x) =

Example 1 | Apply the Quotient Rule

4x3—7
Diff tiat =—
ifferentiate g(x) 7243

Solution

Apply the quotient rule.

, (2x2+ 3)%(4363 —7)— (4x3— 7)%(23{?2 +3)
9= (2x2 1 3
_ (2x2 + 3)(12x2) — (4x3 — 7)(4x)
(2x%+ 3)2
_ (24x*+36x%) — (16x* — 28x)
(2x2 + 3)?
_ 8x*+36x7 +28x

(2x2 + 3)?

Example 2 | Combine the Chain Rule and the Quotient Rule

Differentiate g(x) = dx t1 .
J1—x
Solution
14 d 1
1—x2 % (dx+1)—(@dx+1) 21— x)2
g'x)= dx T dx Apply the quotient rule.
—x

1 1
(1= x)2(4) = (4x + 1)1(1 —x) 2(-1)
= 2 Apply the chain rule.
1-x)

1
(1= x) 2[(1 = x)(8) + (4x + 1)(~1)]

(1—x)

8—8x—4x—1
R
21— x)2
_7-12x
R
2(1— x)2

N | =

Common factor.
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In the first three questions, you will revisit
questions 4, 5, and 6 of section 2.5, using the

quotient rule to differentiate.

1.

Differentiate using the quotient rule.
3x —x
= b =
a) 9(x) 1 ) f(x) 13
x? 8x?
4 = d) r(x)=
) g(x) - ) 7(x) -9
Differentiate using the quotient rule.
§ yo X3 b g det]
YT+ s YT o2
9x*—1 x4
= d =
9y 1+ 3x )y xr—x+1

Use the quotient rule to determine the slope of
the tangent to each curve at the indicated value
of x.

22
iy i
YT
4x +1
) y= el x=-3
X
Q) y= ,x=—1
)y x?—x+1
x3-3
R A ey 1
a) Given y=———— determine the
) RN
derivative by using the following two
methods.

i) Use the quotient rule.

i) First express the quotient using a
negative exponent and then use the
power of a function rule.

b) Which method in part a) is more efficient?
Justify your answer.

¢ Which method in part a) do you prefer?
Explain.

Use the chain rule to determine

d u’

&y ory=-———,u=3x— x>
dx|,_, u*+1

10.

52

2x+35

Determine the points on the curve y =

where the tangent line is horizontal.

Given f(x) = 15x° — 9x3 and g(x) = 3x?, is
the following true? Justify your answer.

%[%} = [ p] + [ gt

The number, 7, of new FAST cars sold by

RACE dealership w weeks after going on

the market is represented by the function

) = 300w?

1+ w?’

a) At what rate is the number of sales changing
after 1 week? At what rate are the sales
changing after 5 weeks?

where 0 =w=10.

b) Does the number of sales per week decrease
at any time during this 10-week period?
Justify your answer.

The concentration of an antibiotic in the blood
t hours after it is taken is represented by the

function c(t) = . Determine ¢’(3) and

32+ 4
interpret its meaning for this situation.

A chemical cleaner from a factory is accidently

spilled into a nearby lake. The concentration

of cleaner in the water ¢ days after it is spilled
6t

is represented by the function ¢(t) = ————,

P Y ) 22 +9

where ¢ is in grams per litre.

a) At what rate is the concentration of the
chemical cleaner changing after 1 day,
4 days, and 1 week?

b) When is the rate of change of concentration
zero? When is it positive? When is it
negative?

¢ UseTechnology Confirm your answers to
part b) using the graphs of ¢(¢) and ¢'(z).

d) Interpret the meaning of your answers to

part b) for this situation.

e) Determine ¢”(4) and interpret its meaning
for this situation.
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2.6

Rate of Change Problems

Earlier in this chapter, the connection between
calculus and physics was examined in relation to
velocity and acceleration. There are many other
applications of calculus to physics, such as the
analysis of the change in the density of materials and
the rate of flow of an electrical current. But calculus
is applied far beyond the realm of physics. In biology,
derivatives are used to determine growth rates of
populations or the rate of concentration of a drug in
the bloodstream. In chemistry, derivatives are used

to analyse the rate of reaction of chemicals. In the
world of business and economics, rates of change
pertaining to profit, revenue, cost, price, and demand are measured in terms of the number of items sold or
produced. This section will focus on applying derivatives to solve problems involving rates of change in the
social and physical sciences.

Rates of Change in Business and Economics

The primary goal of most businesses is to generate profits. To achieve this goal, many different aspects of
the business need to be considered and measured. For instance, a business has to determine the price for its
products that will maximize profits. If the price of a product or service is set too high, fewer consumers are
willing to buy it. This often results in lower revenues and lower profits. If the price is set too low, the cost
of producing large quantities of the item may also result in reduced profits. A delicate balance often exists
between the cost, revenue, profit, and demand functions.

Functions Pertaining to Business

e The demand function , or price function , is p(x), where p is
the number of units of a product or service that can be sold at a
particular price, x.

e The revenue function , is R(x) = xp(x), where x is the number of units
of a product or service sold at a price per unit of p(x).

e The cost function , C(x), is the total cost of producing x units of a
product or service.

e The profit function , P(x), is the profit from the sale of x units of a
product or service. The profit function is the difference between the
revenue function and the cost function: P(x) = R(x) — C(x).
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Derivatives of Business Functions

Economists use the word marginal to indicate the derivative of a business
function.

e (C’(x)or (z;—c is the marginal cost function and refers to the
x

instantaneous rate of change of total cost with respect to the number
of items produced.

* R’(x)or Tx is the marginal revenue function and refers to the
X

instantaneous rate of change of total revenue with respect to the
number of items sold.

P . . . .
® P'(x)or i is the marginal profit function and refers to the
x

instantaneous rate of change of total profit with respect to the
number of items sold.

Apply Mathematical Modelling to Determine the
Example 1 Demand Function

A company sells 1500 movie DVDs per month at $10 each. Market research
has shown that sales will decrease by 125 DVDs per month for each $0.25
increase in price.

a) Determine the demand, or price, function.
b) Determine the marginal revenue when sales are 1000 DVDs per month.

¢ The cost of producing x DVDs is C(x) = —0.004x* + 9.2x + 5000.
Determine the marginal cost when production is 1000 DVDs per month.

d) Determine the actual cost of producing the 1001st DVD.

e) Determine the profit and marginal profit from the monthly sales of
1000 DVDs.

Solution

a) Let p be the price of one movie DVD.
Let x be the number of DVDs sold per month.
Let 7 be the number of $0.25 increases in price.

Two equations can be derived from this information:
@® x=1500—-125#n and
® p=10+0.25n

You want to express p in terms of x.
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From @, you have n = 1500~ x .
125

Substitute this expression into @.

p=10+ o.zs(w)

125
=10+0.002(1500 — x)
=10+3-0.002x
=13-0.002x

The demand function is p(x) = 13 — 0.002x. This function gives the price
for one DVD when x of them are being sold.

b) The revenue function is

R(x) =xp(x)
=x(13-0.002x)
=13x —0.002x>

Take the derivative to determine the marginal revenue function for this
situation.
R’(x)=13—0.004x
R’(1000) =13 — 0.004(1000)
=9

When sales are at 1000 DVDs per month, revenue is increasing at the rate
of $9.00 per additional DVD.

4] C(x) = —0.004x? + 9.2x + 5000
C’(x)=—0.008x+9.2
C’(1000) = —0.008(1000) + 9.2
=1.20

When production is at 1000 DVDs per month, the marginal cost is $1.20.

d) The cost of producing the 1001st DVD is
C(1001) — C(1000) = [—0.004(1001)% +9.2(1001) + 5000]
— [~0.004(1000)2 + 9.2(1000) + 5000]

=10201.196 —10200.00

=1.196
The actual cost of producing the 1001st DVD is $1.196. Notice the
similarity between the marginal cost of the 1000th DVD and the actual
cost of producing the 1001st DVD. For large values of x, the marginal
cost when producing x items is approximately equal to the cost of
producing one more item, the (x + 1)th item.
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e) The profit function is

P(x) = R(x) — C(x)
= 13x —0.002x2 — (—0.004x2 + 9.2x + 5000)
=0.002x2 + 3.8x — 5000

P(1000) = 0.002(1000)2 + 3.8(1000) — 5000
=800
P’(x) = 0.004x + 3.8

P’(1000) = 0.004(1000) + 3.8

=7.80

When 1000 DVDs per month are sold, the total profit is $800, and the
marginal profit is $7.80 per DVD.

Apply Mathematical Modelling to Determine the
Example 2 Revenue Function

An ice cream shop sells 150 cookies ’n’ cream ice cream cakes per month at
a price of $40 each. A customer survey indicates that for each $1 decrease in
price, sales will increase by 5 cakes.

a) Determine a revenue function based on the number of price decreases.

b) Determine the marginal revenue for the revenue function developed in
part a).

¢ When is this marginal revenue function equal to zero? What is the total
revenue at this time? How can the owners use this information?

Solution

a) It is not always necessary to involve the demand function as in Example 1.
Revenue = price X sales.
Let n represent the number of $1 decreases in the cake price.
The price is p =40 —n.
For each decrease in price, cake sales increase by 5, so sales =150 + 5n.
The revenue function is R(n) = (40 — n)(150 + 5#n).

b) R’(n) = (—1)(150 + 5n) + (40 — 1)(5)
= —150—S5n+200—5n

=—10n+ 50
¢) Solve R’(n)=0.
—10n+50=0
—10n=-50
n=>35

The marginal revenue is zero when there are five $1 decreases in the price
of the cakes. Cakes then sell for $35.

R(5) = (40 — 5)(150 + 5(5))
= (35)(175)
= 6125

When the price is $35, total revenue is $61235.
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As shown below, you can use a graphing calculator to verify that the
maximum point on the graph of R(n) occurs at x = 3.

Window variables:

x e[—10, 50], Xscl =3,
Y=ELZE y €10, 6500], Yscl=500

The owners of the ice cream shop should realize that decreasing the price
further will lead to increased sales, but decreased total revenue.

Example 3 | Apply Derivatives to Kinetic Energy

Kinetic energy, K, is the energy due to motion. When an object is moving,
its kinetic energy is determined by the formula K(v) = 0.5m02, where K is in
joules, m is the mass of the object, in kilograms, and v is the velocity of the
object, in metres per second.

Suppose a ball with a mass of 350 g is thrown vertically upward with an
initial velocity of 40 m/s. Its velocity function is v(¢) = 40 — 9.8¢, where ¢ is
time, in seconds.

a) Express the kinetic energy of the ball as a function of time.

b) Determine the rate of change of the kinetic energy of the ball at 3 s.

Solution

a) Substitute 72 =0.350 kg and v(t) =40 — 9.8¢ into K(v) = 0.5mv?.
K[v(t)]=0.5(0.350)(40 — 9.8t)?
K(t)=0.175(40 — 9.8t)?
b) Differentiate.

K’(t)=0.175(2)(40 — 9.8£)(—9.8)
=—3.43(40—9.81)

K’(3)=—3.43(40 —9.8(3))
=—-36.358

At 3 s, the rate of change of the kinetic energy of the ball is —36.358 J/s.
The negative value indicates that the kinetic energy is decreasing.

Confirm this value using a graphing calculator as shown below.

FIotl FIote FIeEE T T )
B 17SCAB-9. 85 Tiagn | zEno0 | 1zre
2% Do i |1E | 1
W eBnber iy . s, Sano | 1507 | e

1 gong |41z | cz.ruy

sapn | iyire | z0EF0
Egin | BLEEE | BBy
Wz=-36. 353 J
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Example 4 | Apply Derivatives to Electrical Currents

In a certain electrical circuit, the resistance, R, in ohms, is represented by the

. 150 . . .
function R = - where I is the current, in amperes (A). Determine the rate

of change of the resistance with respect to the current when the current
is 10A.

Solution

150
R=150I""  Express R = v as a power with a negative exponent.

d_R:

i (-1)15012
dR 150
dr
dR 150
E[ 10__102
=-1.5

When the current is 10 A, the rate of decrease of the resistance is 1.5 Q /A.

Derivatives and Linear Density

Derivatives can be used in the analysis of different types of densities. For
instance, population density refers to the number of people per unit area.
Colour density, used in the study of radiographs, refers to the depth of colour

per unit area. Linear density refers to the mass of an object per unit length:

. . mass
linear density =

length

Consider a linear object, such as a rod or wire. If it is made of the exact same
material along its entire length, it is said to be made out of homogenous
material (homogeneous means the same or similar). In cases like this, the
linear density of the object is constant at every point. This would not be true
of an object made of nonhomogenous materials, in which case the linear
density would vary along the object’s length.

Suppose the function f(x) gives the mass, in kilograms, of the first x metres of
the object. For the part of the object that lies between x = x{ and x = x,, the

flx1) = f(x2)

average linear density (or mass per unit length) is defined as ———— . The

X1 — X
corresponding derivative function p(x) = f(x) is the linear density, the rate of
change of density at a particular length x.

| CONNECTIONS

Ohm's law is R:K. [tis named

after its discoverer, Georg Ohm,
who published itin 1827.

| CONNECTIONS

I pis the Greek letter rho.
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Example 5 | Represent Linear Density as a Rate of Change

The mass, in kilograms, of the first x metres of a wire is represented by the

function f(x) = /3x + 1.

a) Determine the average linear density of the part of the wire from x =35 to
x=8.

b) Determine the linear density at x = 5 and at x = 8. Compare the densities
at the two points. What do these values confirm about the wire?

Solution

a) flx)=43x+1
f(xl) - f(xz)
X1 — X
_1®—f0)
8—35
B +1 -39 +1
B 85

average linear density =

=0.33

The average linear density for this part of the wire is approximately

0.33 kg/m.

b) f(x)=.3x+1

The linear density at x =35 is 0.375 kg/m, and at x =8 it is 0.3 kg/m. Since
the two density values are different, they confirm that the material of
which the wire is composed is nonhomogenous.
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KEY CONCEPTS

¢ The cost function, C(x), is the total cost of producing x units of a
product or service.

¢ The revenue function, R(x), is the total revenue (income) from the
sale of x units of a product or service. The revenue function is the
product of the demand function, p(x), and the number of items sold:
R(x)=xp(x).

¢ The profit function, P(x), is the total profit from the sales of x units of
a product or service. The profit function is the difference between the
revenue and cost functions: P(x) = R(x) — C(x).

¢ The demand, or price, function, p(x), is the price at which x units of a
product or service can be sold.

¢ C’(x) is the marginal cost function.
¢ R’(x) is the marginal revenue function.

¢ P’(x) is the marginal profit function.

Communicate Your Understanding

(1 What does the word marginal refer to in economics and business

problems?

@2 The demand function is also referred to as the price function. Explain

why this is appropriate.

(3 What is the difference between negative marginal revenue and positive

marginal revenue?

(4 Why is it true to say that for certain items the actual cost of producing

1.

the 1001st item is the same as the marginal cost of producing
1000 items? Explain your answer.

) Practice

The demand function for a DVD player is 2. Refer to question 1. If the cost, in
plx) = 575 3, where x is the number of dollars, of producing x DVD players is

Jx C(x) =2000 + 150x — 0.002x2, determine the
DVD players sold and p is the price, in dollars. following;:

Determine the following: a) the profit function

a) the revenue function b) the marginal profit function

b) the marginal revenue function ¢ the marginal profit for the sale of 500 DVD
¢ the marginal revenue when 200 DVD players
players are sold
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3. The cost, in dollars, of making x large combo
pizzas at a local pizzeria is modelled by the
function C(x)=—0.001x>+ 0.025x2 + 4x,
and the price per large combo pizza is $17.50.
Determine the following:

a) the revenue function

;3 Connect and Apply

4. The mass, in grams, of the first x metres
of a wire is represented by the function

flx)=2x—1.

a) Determine the average linear density of the
part of the wire fromx=1to x=8.

b) Determine the linear density at x =5 and at
x =8, and compare the densities at the two
points. What do these values confirm about
the wire?

. A paint store sells 270 pails of paint per month
at a price of $32 each. A customer survey
indicates that for each $1.20 decrease in price,
sales will increase by 6 pails of paint.

a) Determine the demand, or price, function.
b) Determine the revenue function.
¢ Determine the marginal revenue function.

d) Solve R’(x)= 0. Interpret the meaning of
this value for this situation.

e) What is the price that corresponds to the
value found in part d)? How can the paint
store use this information?

. The mass, in kilograms, of the first x metres
of a metal rod is represented by the function
f(x)=(x—0.5)3+ 5x.

a) Determine the average linear density of the
part of the rod from x=1 to x = 3.

b) Determine the linear density at x = 2.

| CONNECTIONS

Find out more about the consumer price index online. The Statistics
(anada web site might be a good place to begin your search.
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b) the marginal revenue function
o the profit function
d) the marginal profit function

e) the marginal revenue and marginal profit
for the sale of 300 large combo pizzas

. The following graph represents Canada’s

consumer price index (CPI) between 1951 and
2007. The CPI is an index number measuring
the average price of consumer goods and
services purchased by households. The percent
change in the CPI is a measure of inflation.

Consumer Price Index (CPI), 2005 Basket
G

120 —

fesl
(e}

2002 = 100

N
S

0 | | | | | |
1951 1961 1971 1981 1991 2001

Source: Statistics Canada. Table 326-0021 - Consumer
price index (CPI), 20035 basket, annual (2002 = 100
unless otherwise noted), CANSIM (database).

a) Consider the interval from A to G.

i) Is the CPI increasing or decreasing over
this interval? Justify your answer.

i) Is the rate of growth positive or negative
during this period? Explain.

Place each interval in order from the lowest
rate of growth to the highest rate of growth.
Explain your reasoning. State the years for

b

—

each interval.
i) AtoB
ivy DtoE

ii) Bto C
v) EtoF

iii) Cto D
vi) Fto G

¢) Compare the rate of inflation from 1951 to
1975 with the rate of inflation after 1975.
What conclusions can be made? Explain.

d) Has the rate of inflation been increasing or
decreasing since 1981? Justify your answer.



8.

10.

A yogurt company Reasoning.and Proving
estimates that the
revenue from selling x
containers of yogurt

is 4.5x. Its cost for
producing this number
of containers of yogurt is
C(x)=0.0001x2 + 2x + 3200.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) Determine the marginal cost of producing
4000 containers of yogurt.

b) Determine the marginal profit from selling
4000 containers of yogurt.

¢ What is the selling price of a container of
yogurt? Explain.

The total cost, C, in dollars, of operating a
factory that produces kitchen utensils is

C(x) =0.5x% + 40x + 8000, where x is the
number of items produced, in thousands.

a) Determine the marginal cost of producing
5000 items and compare this with the actual
cost of producing the 5001st item.

b) The average cost is found by dividing the
total cost by the number of items produced.
Determine the average cost of producing
5000 items. Compare this value to those
found in part a). What do you notice?

¢) Determine the rate of change of the average
cost of producing 5000 items. Interpret the
meaning of this value.

A demographer develops the function

P(x) =12 500 + 320x — 0.25x3 to represent
the population of the town of Calcville x years
from today.

a) Determine the present population of the
town.

b) Predict the rate of change of the population
in 3 years and in 8 years.

¢) When will the population reach 16 294?

d) When will the rate of growth of the
population be 245 people per year?

e) Is the rate of change of the population
increasing or decreasing? Explain.

1.

12.

13.

14.

15.

The cost, in dollars, of producing x
hot tubs is represented by the function
C(x)=3450x — 1.02x%, 0 =x=1500.

a) Determine the marginal cost at a production
level of 750 hot tubs. Explain what this
means to the manufacturer.

b) Find the cost of producing the 751st hot tub.

¢ Compare and comment on the values you
found in parts a) and b).

d) Each hot tub is sold for $9200. Write an
expression that represents the total revenue
from the sale of x hot tubs.

e) Determine the rate of change of profit for
the sale of 750 hot tubs.

A certain electrical current, I, in amperes, can
. 12
be modelled by the function I = TO , where

R is the resistance, in ohms. Determine the rate
of change of the current with respect to the
resistance when the resistance is 18 Q.

An iron bar with an initial temperature of
10°C is heated such that its temperature
increases at a rate of 4°C/min. The
temperature, C, in degrees Celsius, at any
time, ¢, in minutes, after heat is applied

is given by the function C=10 + 4¢. The
equation F=1.8C+ 32 is used to convert from
C degrees Celsius to F degrees Fahrenheit.
Determine the rate of change of the
temperature of the bar with respect to time, in
degrees Fahrenheit, after 4 min.

The size of the pupil of a certain animal’s
eye, in millimetres, is given by the function

155x " +85
flx)= 05 .
3x +18
of light the pupil is exposed to. Is the rate of
change of the size of the animal’s pupil positive
or negative? Interpret this result in terms of the
response of the pupil to light.

, where x is the intensity

A company’s revenue for selling x items of
a commodity, in thousands of dollars, is

2
. 15x —
represented by the function R(x) = #
x~+15
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a) Determine the rate of change of revenue for
the sale of 1000 items and of 5000 items.

b) Compare the values found in part a).
Explain their meaning.

¢ Determine the number of items that must
be sold to obtain a $0 rate of change in
revenue.

d) Determine the revenue for the value found
in part ¢). Explain the significance of this
value.

16. When a person coughs, the airflow to the
lungs is increased because the cough dislodges
particles that may be blocking the windpipe,
thereby increasing the radius of the windpipe.
Suppose the radius of a windpipe, when there
is no cough, is 2.5 cm. The velocity of air
moving through the windpipe at radius r can
be modelled by the function V(r) = cr*(2.5 — 1)
for some constant, c.

a) Determine the rate of change of the velocity
of air through the windpipe with respect to
r when r=2.75cm.

b) Determine the value of r that results in
V’(r) = 0. Interpret the meaning of this value
for this situation.

17. A coffee shop sells
500 mocha lattes Representing Selecting Tools
a month at $4.75
each. The results of

Reasoning.and Proving

Problem Solving

Connecting Reflecting
a customer survey Communicating

(&) Extend and Challenge

19. The wholesale demand function of a personal

650
digital assistant (PDA) is p(x) =—=—4.5,

Jx
where x is the number of PDAs sold, and p is
the wholesale price, in dollars.

a) Determine the revenue function.

b) Determine the marginal revenue for the sale
of 500 PDAs.

o If it costs $125 to produce each PDA,
determine the profit function.

d) Determine the marginal profit for the sale of
500 PDAs.
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indicate that sales of mocha lattes would
increase by 125 per month for each $0.25
decrease in price.

a) Determine the demand, or price, function.

b) Determine the revenue and marginal
revenue from the monthly sales of
350 mocha lattes.

o The cost of producing x mocha lattes is
C(x) = —0.0005x2 + 3.5x + 400. Determine
the marginal cost of producing the
350 mocha lattes.

d) Determine the actual cost of producing the
351st mocha latte.

e) Determine the profit and marginal profit
from the monthly sales of 350 mocha lattes.

f) Determine the average revenue and average
profit for the sale of 360 mocha lattes.
Compare these values with the results of
parts b) and e). Explain any similarities, or
give reasons for differences.

18. The mass, in grams, of a compound being

formed during a chemical reaction is modelled
6.3t

t+2.2
time after the start of the reaction, in seconds.

by the function M(t) = , where ¢ is the

a) Determine the rate of change of the mass
after 6s.

b) Is the rate of change of the mass ever
negative? Explain.

. A patient’s reaction to an antibacterial drug is

m2(1 m)
ted by the function r = —|———|,
represented by the function T\

where 7 is the time it takes for the body to
react, in minutes, 7 is the amount of drug

absorbed by the blood, in millilitres, and a, b,
.. o dr
and c are positive constants. Determine T’
m
the sensitivity of the patient to the drug, when

15 mL of the drug is administered.



21.

Many sports involve hitting a ball with
a striking object, such as a racquet, club,
or bat. The velocity of the ball after
being hit is represented by the function
WV +)+uv(cW —w)
W +w
is the weight of the ball (in grams), v is the
velocity of the ball before it is hit (in metres
per second), W is the weight of the striking
object (in grams), — V is the velocity of the
striking object (in metres per second) before
the collision (the negative value indicates
that the striking object is moving in the
opposite direction), and c is the coefficient of
restitution, or bounciness, of the ball.

2) Show that -4 = V{L+ chw + cvw + vw
dW (W + w)l

u(W)

, where w

22,

23.

Math Contest A water tank that holds V,
litres of water drains in T minutes. The volume
of water remaining in the tank after # minutes

2
is given by the function V =V} (1 - %) . The

rate at which water is draining from the tank is
the slowest when ¢ equals

T 2 -1)T
2 V2
Math Contest In a certain chemical reaction,
X+ Y—Z, the concentration of the product Z
c*kt
ckt +1°
where ¢ and k are positive constants. The rate

AO B DT Ex

at time 7 is given by the function z =

. d .
of reaction d_z can be written as
t

b) A baseball with mass 0.15 kg, coefficient A kic—z)
of restitution of 0.575, and speed of 40 m/s B k
is struck with a bat of mass 7 and speed €Tz
35 m/s (in the opposite direction to the ball’s C kic—z)*
motion). D k
i) Determine the velocity of the ball after (c — 2)?

being hit, in terms of .

ii) Determine the rate of change of the
velocity of the ball when m=1.05kg.

CAREER CONNECTION

Prakesh took a 4-year Bachelor of Science degree

at the University of Guelph, specializing in
microbiology. Since graduating, Prakesh has
worked as a public health microbiologist. He

E none of the above

detects and identifies micro-organisms, such as
bacteria, fungi, viruses, and parasites, that are
associated with infectious and communicable
diseases. Prakesh uses derivatives in his work to
help determine the growth rate of a bacterial
culture when variables, such as temperature or
food source are changed. He can then help the
culture to increase its rate of growth of beneficial
bacteria, or decrease the rate of growth of
harmful bacteria.
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2.1 Derivative of a Polynomial Function

1. Differentiate each function. State the derivative
rules used.

a) h(t)=13— 212+ iz
t

b) p(n)=—n’+5n3+ %/n_2

0 p(r)=r6—i+r—1

sV

2. Air is being pumped into a spherical balloon.
. 4
The volume of the balloon is V = Enr3, where
the radius, 7, is in centimetres.

a) Determine the instantaneous rate of change
of the volume of the balloon when its radius
is 1.5 cm, 6 cm, and 9 cm.

b) Sketch a graph of the curve and the tangents
corresponding to each radius in part a).

¢) State the equations of the tangent lines.

2.2 The Product Rule

3. Differentiate using the power rule.
a) f(x)=(Sx+3)2x—11)
b) hit) = (2t + Jr)(4t - 5)
0 g(x)=(—1.5x°+1)(3 — 8x)
d) p(n)=(11n+2)(=5 + 3n2)

4. Determine the equation of the tangent to
the graph of each curve at the point that
corresponds to each value of x.

a) y=(6x—3)(—x2+2),x=1
b) y=(—3x+8)(x3—7),x=2

2.3 Velocity, Acceleration, and Second
Derivatives

5. Determine f”(-2) for f(x) = (4 —x2)(3x + 1).

6. A toy missile is shot into the air. Its height, in
metres, after ¢ seconds is given by the function
h(t)=—4.912+15t+ 0.4, t=0.

a) Determine the height of the missile after 2s.

b) Determine the rate of change of the height
of the missile at 1s and at 4s.
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REVIEW

¢ How long does it take the missile to return
to the ground?

d) How fast was the missile travelling when it
hit the ground? Explain your reasoning.
e) Use Technology Graph h(¢) and v(z).

i) When does the toy missile reach its
maximum height?

ii) What is the maximum height of the toy
missile?

iii) What is the velocity of the missile when
it reaches its maximum height? How
can you tell this from the graph of the
velocity function?

2.4 The Chain Rule

7. The population of a certain type of berry bush
in a conservation area is represented by the

function p(t) = 316t + 50¢3, where p is the

number of berry bushes and ¢ is time, in years.

a) Determine the rate of change of the number
of berry bushes after 5 years.

b) When will there be 40 berry bushes?

¢ What is the rate of change of the berry bush
population at the time found in part b)?
8. Apply the chain rule, in Leibniz notation, to
determine dy at the indicated value of x.
x

a) y=u?+3u,u=Jx—-1,x=3§
b) y=\/ﬂ,u=6—x,x=—3

Q y=8u(1—u),u=l,x=4
x

2.5 Derivatives of Quotients
9. Determine the slope of the tangent to each.

a)y=x+21atx=2

b) y=x\2/3__x atx=3

q y:iﬁif atx=-—2

0 yZ% atx=1



10. Differentiate each function.

1.

a) glx)= ﬂ b) y= i
T a2 —3p N
_(x+2p (-3
R R A rrerc
3
o y- (2Vx +7)

(x3—=3x2+1)

Determine the equation of the tangent to
2
x=—1

4x +7

3
the curve y = ( ) at the point where

x=—2.

2.6 Rate of Change Problems

12.

CHAPTER

A music store sells an average of 120 music
CDs per week at $24 each. A market survey
indicates that for each $0.75 decrease in price,
5 additional CDs will be sold per week.

a) Determine the demand, or price, function.

b) Determine the marginal revenue from the
weekly sales of 150 music CDs.

PROBLEM WRAP-UP

The owners of Mooses,
Gooses, and Juices

hired a research firm to
perform a market survey
on their products. They
discovered that the yearly
demand for their Brain
Boost BlueBerry frozen
smoothie, also know as
the B4, is represented by

] 45000 —x
the function p(x) 10 000

price, in dollars, and x is the number of B4s
ordered each year.
a) Graph the demand function.

b) Would you use a graph or an equation to

determine the quantity of B*s ordered when

, where p is the

¢ The cost of producing x music CDs is
C(x) = —0.003x2 + 4.2x + 3000. Determine
the marginal cost of producing 150 CDs.

d) Determine the marginal profit from the
weekly sales of 150 music CDs.

. The voltage across a resistor in an electrical

circuit is V=IR, where [=4.85 —0.01#2 is

the current through the resistor, in amperes,
R=15.0+0.11¢ is the resistance, in ohms, and
t is time, in seconds.

a) Write an equation for V in terms of z.

b) Determine V’(¢) and interpret its meaning
for this situation.

¢) Determine the rate of change of voltage
after 2.

d) What is the rate of change of current
after 2s?

e) What is the rate of change of resistance
after 2s?

f) Is the product of the values in parts d)
and e) equal to the value in part b)? Give
reasons why or why not.

the price is $0.50 and $3.00? Explain your
choice and determine each quantity.

¢ Would you use a graph or an equation to
determine the quantity of B*s ordered when
the price is $2.75 and $3.90? Explain your
choice and determine each quantity.

d

=1

Determine the marginal revenue when
20 000 B*s are made each year. Explain the
significance of this value.

e) Research shows that the cost, in dollars,
of producing x number of B*s is modelled
by the function C(x) =10 000 + 0.75x.
Compare the profit and marginal profit
when 15 000 B%s are sold each year, versus
30 000 B*s. Explain the meaning of the
marginal profit for these two quantities.
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Chapter 2 PRACTICE TEST

For questions 1 to 3, choose the best answer. 6. Differentiate each function.

1. Which of the following is not a derivative rule?

144 MHR - Calculus and Vectors -

Justify your answer with an example.

a) y=—5x3+is+1.77c
x

b) g(x) = (8x* = 3x)
A 170+ gtwl] = - ) + gt s
x dx dx _ ( , . 2 )
o m(x)=49—2x [x*+—=
d _d d x3
B 8] =—-f(x)——g(x) _
x dx' = dx d) f(x)= S3x—2
— 2
¢ LI fi) 4 gt + g1 L fi) iz«
x glx) x X 7. Mia shoots an arrow upward with an initial
D dicf(x) = Cdi f(x) vertical velocity of 11 m/s from a platform
x x

. Which statement is always true for an object

moving along a vertical straight line? Explain

why each of the other statements is not true.

A The object is speeding up when v(¢)a(z) is
negative.

B The object is slowing down when v(#)a(t) is
positive.

C The object is moving upward when v(¢) is

positive.

D The object is at rest when the acceleration is
zero.

. Which of the following are incorrect

that is 2m high. The height, b, in metres, of
the arrow after ¢ seconds is modelled by the
equation h(t) = —4.92 + 11t + 2, t=0.

a) Determine the velocity and acceleration of
the arrow after 3 s.

b) When is the arrow moving upward? When
is it moving downward? Justify your
answer.

¢ When is the arrow momentarily at rest?

d) What is the height of the arrow for the time
found in part ¢)? What is the significance of
this value?

e) When does the arrow hit the ground? With

4y what velocity does it hit the ground?

derivatives for y = — 1 ? Justify your . '
AnSwers. Xt 8. Determine the equation of the tangent to the

_4 curve y = —~ __ at the point where x = —1.
A y =— (3x + 2)3

2x 9. Determine the coordinates of the point on the
B y = (2 + 1)(—4) — 4x(2x) graph of f(x)=/2x +1 where the tangent

(x2+ 1) line is perpendicular to the line 3x +y+4=0.

€y =—4(x2+ 1)+ 8x2(x2 +1)2

(x2+ 1)(—4) + 4x(2x)
(x2 +1)2

. Determine f”(3) for the function
f(x) = (5x*—3x)%.

D y' =

. Describe two different methods that can be
used to differentiate each of the following.
Differentiate each function using the methods
you describeld.

a) y=(3x%)3 b) y=(x>—4)2x+1)

Chapter 2

10.

The graph below shows the position function
of a vehicle.

s(2)




1.

12.

a) Is the vehicle going faster at A or at E? Is it
going faster at C or at H?

b) What is the velocity of the vehicle at B and
at D?

¢) What happens between F and G?

d) Is the vehicle speeding up or slowing down
at Cand I?

e) What happens at J?

f) State whether the acceleration is positive,
negative, or zero over each interval.

i) O0toA ii) BtoC
iii) Dto E iv) Fto G
v)Ito]

The student council normally sells 1500 school
T-shirts for $12 each. This year they plan to
decrease the price of the T-shirts. Based on
student feedback, they know that for every
$0.50 decrease in price, 20 more T-shirts will

be sold.
a) Determine the demand, or price, function.

b) Determine the marginal revenue from the
sales of 1800 T-shirts.

¢) The cost of producing x T-shirts is
C(x) = —0.0005x2 + 7.5x + 200. Determine
the marginal cost of producing 1800
T-shirts.

d) Determine the actual cost of producing the
1801st T-shirt.

e) Determine the profit and marginal profit
from the sale of 1800 T-shirts.
Suppose the function V(¢) = 100000 + 5¢
1+ 0.02¢
represents the value, in dollars, of a new
motorboat ¢ years after it is purchased.

a) What is the rate of change of the value of
the motorboat at 1, 3, and 6 years?

b) What was the initial value of the motorboat?

¢) Do the values in part a) support the
purchase of a new motorboat or a used
one? Explain your reasoning.

13.

14.

The cost, C, in dollars, of manufacturing x
MP3 players per day is represented by the
function C(x) = 0.01x2 + 42x + 300,

0 =x=300. The demand function is

p(x) =130 — 0.4x.

a) Determine the marginal cost at a production

level of 250 players.

b) Determine the actual cost of producing the
251st player.

¢ Compare and describe your results from
parts a) and b).

d) Determine the revenue function and the
profit function.

e) Determine the marginal revenue and
marginal profit for the sale of 250 players.

f) Interpret the meaning of the values in
part e) for this situation.

The value of an antique solid wood dining set
t years after it is purchased is modelled by the
(5500 + 623)

{0.002¢2 +1

dollars, and t=0.

function V(¢) = , where Vis in

a) What was the price of the dining set when it
was purchased?

b) Determine the rate of change of the value of
the dining set after ¢ years.

) Is the value of the dining set increasing or
decreasing? Justify your answer.

d) What is the dining set worth after 3 years
and after 10 years?

e) Compare V’(3) and V’(10). Interpret the
meaning of these values for this situation.

f) Use Technology When will the dining set
be worth about $10500? What is the rate of
change of the value of the dining set at this
time?

Practice Test « MHR 145



Chapter 3 I

Curve Sketching

How much metal would be required to make a 400-mL
soup can? What is the least amount of cardboard needed
to build a box that holds 3000 cm? of cereal? The answers
to questions like these are of great interest to corporations
that process and package food and other goods. In this
chapter, you will investigate and apply the relationship
between the derivative of a function and the shape of its
graph. You will use derivatives to determine key features of

a graph, and you will find optimal values in real situations.

[ By the end of this chapter, you will

© determine numerically and graphically the
intervals over which the instantaneous rate of
change is positive, negative, or zero for a function
that is smooth over these intervals, and describe
the behaviour of the instantaneous rate of change
at and between local maxima and minima

© solve problems, using the product and chain rules,
involving the derivatives of polynomial functions,
sinusoidal functions, exponential functions,
rational functions, radical functions, and other
simple combinations of functions

© sketch the graph of a derivative function, given
the graph of a function that is continuous over an
interval, and recognize points of inflection of the
given function

© recognize the second derivative as the rate of
change of the rate of change, and sketch the
graphs of the first and second derivatives, given
the graph of a smooth function

© determine algebraically the equation of the
second derivative f"(x) of a polynomial or simple
rational function f(x), and make connections,
through investigation using technology, between

the key features of the graph of the function and
corresponding features of the graphs of its first
and second derivatives

describe key features of a polynomial function,
given information about its first and/or second
derivatives, sketch two or more possible graphs
of the function that are consistent with the given
information, and explain why an infinite number
of graphs is possible

sketch the graph of a polynomial function, given
its equation, by using a variety of strategies

to determine its key features, and verify using
technology

solve optimization problems involving
polynomial, simple rational, and exponential
functions drawn from a variety of applications,
including those arising from real-world situations
solve problems arising from real-world
applications by applying a mathematical model
and the concepts and procedures associated with
the derivative to determine mathematical results,
and interpret and communicate the results

147



Pr,erequisite Skills

—

Factoring Polynomials

1. Factor each polynomial fully.
a) 3+ 2x2+2x+1
b) 23 —6z—4
Q +6t2—7t—60
d) b3+8b>+19b+12
e) 33 —n?—-3n+1
f) 2p3—9p>+10p—3
g) 4k3+3k>—4k—3
h) 6w —11w?—26w+ 15

Equations and Inequalities
2. Solve each equation. State any restrictions on
the variable.
a) x2—7x+12=0
b) 4x>—9=0
9 18v*=36v
d) a*+5a=3a+35
e) 4.9t*—19.6t+2.5=0
f) x3+6x2+3x—10=0
x> —Sx—14 _
x2—-1
3. Solve each inequality. State any restrictions on
the variable.
a) 2x—10>0
b) x(x+5)<0
0 x*(x—4)>0
d x2+5x—14<0
e (x—3)(x+2)(x—1)>0
f) -~

9 0

>0
x2—1

4. Determine the x-intercepts of each function.
a) f(x)=5x—-15
b) g(x) = x2—3x—28
0 hix)=x>+6x2+11x+6
x>—9

d =
»y x2+1

148 MHR - Calculus and Vectors - Chapter 3

Polynomial and Simple Rational Functions

5. State the domain and range of each function
using set notation.

a) y=2x+1

b) f(x)=x>—9

Q flx)=x3—5x2+2
1

d =

) glx) x+1
24

e) f(x):);_2
3

f) kix)=

) k(x) x2—9

X
9 p(x)—x2+1

6. For each function in question 5, determine
whether the function has any asymptotes.
Write the equations of any asymptotes.

7. State the intervals of increase and decrease for
each function.

a) y
4

-2/0 2 4x

b) y




8. Determine the derivative of each function. 11. State whether each function is even, odd, or
a) f(x) =5x2—7x+12 neither.
b) y=x3—2x>+4x—8 a) y b) y
1
x
x2-9 N ]
g y=2 of 2 «x 2 \% 2| x
x=+1 ) il
Modelling Algebraically
9. A 40-cm by 60-cm ~——60 cm——> q y d) y
piece of tin has squares * b
cut from each corner as  § / \
shown in the diagram. ¥ 20 X “X0| 2 X
The sides are then # i iiPy
folded up to make
a box with no top. Let x represent the side
length of the squares. Write an expression for 12. State whether each function is even, odd, or
the volume of the box. neither. Use graphing technology to check your
10. A right cylinder has a volume of 1000 cm?. answers.
Express the surface area of the cylinder in a) y=2x
terms of its radius. Recall that the formula for
b =x?+2x+1
the volume of a cylinder is V=mnr?h, and the ) rix)=x ) ~
formula for the surface area of a cylinder is O flx)=—x"+8
SA =21 + 2mrh. d) s(t) =x3—27
1
Symmetry e hix)=x+ x
An even function f(x) is symmetrical about the f flx)= x2
y-axis: f(x) = f(—x) for all values of x. An odd x2—1

function f(x) is symmetrical about the origin:
f(=x)= —f(x) for all values of x.

PROBLEM

Naveen bought 20 m of flexible garden edging. He

plans to put two gardens in the back corners of

his property: one square and one in the shape of a

quarter circle. He will use the edging on the interior

CHAPTER

edges (shown in green on the diagram). How should

Naveen split the edging into two pieces in order to

maximize the total area of the two gardens? Assume

that each border piece must be at least 5 m long.
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3.1 Increasing and Decreasing
Functions

In many situations, it is useful to know how quantities are
increasing or decreasing. A company might be interested in
which factors result in increases in productivity or decreases in
cost. By studying population increases and decreases,
governments can predict the need for essential services, such
as health care.

N7SIEII How can you identify intervals over which a continuous function is
increasing or decreasing?

Method 1: Use The Geometer's Sketchpad®

Tools 1. Open The Geometer’s Sketchpad®. Graph the function f(x) = x> — 4x.
- computer with The Geometer’s 2. Click the function f(x) = x> — 4x. From the Graph menu, choose
Sketchpad® Derivative. Graph the derivative on the same set of axes as the function.

O The Geometer's Sketchpad FEX
{8 Fle Ecit Display Construct Transform Measure Graph Window Help - & x

f(x) = x3-4-x
F)=3x2+4 o

FlINS| - ~

-

N |

Z

|
"_;Inf”__li_'_J

3. a) Over which values of x is f(x) increasing?
b) Over which values of x is f(x) decreasing?

4, Reflect Refer to the graphs of f(x) and f"(x).
a) What is true about the graph of f’(x) when f(x) is increasing?
b) What is true about the graph of f(x) when f(x) is decreasing?

¢ What do your answers to parts a) and b) mean in terms of the slope of
the tangent to f(x)?

5. Copy or print the graphs on the same grid. For f(x), colour the increasing
parts blue and the decreasing parts red.

6. a) Draw a vertical dotted line through the points on f(x) at which the
slope of the tangent is zero. Compare the graphs of f(x) and f’(x).

b) Reflect What is the behaviour of the graph of f”(x) when f(x) is
increasing? when f(x) is decreasing?
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Method 2: Use a Graphing Calculator Tools
1. Graph the function f(x) = x> — 4x. - graphing calculator
2. a) Over which values of x is f(x) increasing?
b) Over which values of x is f(x) decreasing?
3. Follow these steps to calculate the first differences in list L3.
e Clear the lists. In list L1, enter —5 to +35, in increments of 0.5.

e Highlight the heading of list L2. Press ["] L1134
[L1) (PR [} (e,

e Highlight the heading of list L3. Press [LIST] (®) 7:AList( [L2]
(@),
4. a) For which values of x are the first differences positive?

b) For which values of x are the first differences negative?

5. Reflect Refer to your answers in steps 2 and 4. Describe the relationship
between the first differences and the intervals over which a function is
increasing or decreasing.

6. How can the TRACE function be used to determine when the function is
increasing or decreasing?

The first derivative of a continuous function f(x) can be used to determine the
intervals over which the function is increasing or decreasing. The function is
increasing when f”(x) >0 and decreasing when f’(x) <0.

Example 1 | Find Intervals

Find the intervals of increase and decrease for the function defined by
fx)=2x3+3x>—36x+3S.

Solution
Method 1: Use Algebra

Determine f'(x).
f(x)=6x2+6x— 36
The function f(x) is increasing when 6x> + 6x — 36 > 0.

6x2+6x—36=0 To solve an inequality, first solve the corresponding equation.
x?+x—6=0
(x+3)(x—2)=0
x=—-3orx=2

So, f/(x) =0 when x =3 or x =2.

3.1 Increasing and Decreasing Functions « MHR
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The values of x at which the slope of the tangent, f”(x), is zero divide the
domain into three intervals: x < —3, —3 <x <2, and x > 2. Test any number
in each interval to determine whether the derivative is positive or negative on
the entire interval.

x<-3 x=-3 —3<x<2 x=2 X>2
Test
Vel xX=—4 x=-3 x=0 xX=2 x=3
f'(—4)=36 f'(0)=—36 f'(3)=36
f'(x) 0 0
Positive Negative Positive

w o~ S

From the table, the function is increasing on the intervals x < —3 and
x>2, and decreasing on the interval —3 <x <2. This can be confirmed by
graphing the function.

80

60
ol Y=1®

2

-4 -2 0 2 X
—20

—40

Method 2: Use the Graph of f’(x)

Determine the derivative, f’(x), then graph it.

f'(x)=6x%+ 6x — 36 8%)/
. . = f'lx)
Use the graph of f’(x) to determine the intervals on pi Lo
which the derivative is positive or negative.
40
The graph of f”(x) is above the x-axis when x <—3
and x>2, so f’(x) >0 when x < —3 and when x> 2. 20
The graph of f”(x) is below the x-axis on the interval
—3<x<2,s0 f'(x)<0 when =3 <x<2. —4\-2 0 X
—20
The function f(x) = 2x3 + 3x> — 36x + § is increasing
on the intervals x < —3 and x>2 and decreasing on -

the interval —3 <x<2.
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Example 2 | Use the First Derivative to Sketch a Function

a) y
2
-2 0| 2 «x
y=f(x)
C) y
12
gl y=r
4
-2 0| 2 «x
Solution

a) The derivative f’(x) is constant
at —2. So, f(x) has a constant
slope of —2. Graph any line with
slope —2.

3

2 flx)

¢ The derivative f’(x) is never
negative. From left to right, it is
large and positive, decreases to
zero at x = 1, and then increases
again.

y
Pl fw)
8
4
f(x)
-2 / 0 2 X

b)

d)

b)

d

For each function, use the graph of f”(x) to sketch a possible function f(x).

YNy =1x)
2

-2 .0 A X
-2

y=1fx)

The derivative f’(x) is positive
when x <2 and negative when
x>2. So, f(x) is increasing
when x <2 and decreasing

when x> 2.
4
fix)
2-
NES
i f'(x)

The derivative f'(x) is negative
when x <1 and when x> 3. It
is positive when 1 <x < 3. So,
f(x) is decreasing when x <1,
increasing when 1<x <3, and
decreasing when x> 3.

y

1)

0 X
1 f(x)

8

3.1 Increasing and Decreasing Functions « MHR
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Example 3 | Interval of Increasing Temperature

The temperature of a person with a certain strain of flu can be approximated

by the function T(d) = —%dz + %d + 37, where 0 <d <6,

T represents the person’s temperature, in degrees Celsius, and d is the
number of days after the person first shows symptoms. During what interval
will the person’s temperature be increasing?

Solution
T(d) —id2 + Ed +37
18 9
T'(d)= —id + 15
9 9

Method 1: Use Algebra
Solve for T'(d) > 0.
Set T’(d) =0.

5y

9
d =3 d =3 divides the domain into two parts: 0 < d <3and 3 < d <.

—§d+
9

Test any x-value from each interval:

0<d<3 d=3 3<d<6
Test Value d=1 d=3 d=4
=2 T4 =—>
T(d) 9 0 9
Positive Negative

T(d) / TN

The function is increasing on the interval 0 <d < 3. So, the person’s
temperature increases over the first 3 days.

Method 2: Use the Graph of T'(d)

T,(i; 1d) = — 5S4+ 55| From the graph, T’(d) is positive when d <3.
NS So, T(d) is increasing when d < 3.
0 2 d

The person’s temperature increases over the first 3 days.
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Example 4 | Sketch Functions

a) The function is increasing
when x <0 and decreasing
when x> 0. When x =0, the
value of the function

Solution

Sketch a continuous function for each set of conditions.
a) f’(x)>0 when x<0, f’(x) <0 when x>0, f(0) =4
b) f’(x)>0 when x < —1 and when x>2, f’(x) <0 when —1<x<2,f(0)=0

b) The function is increasing
when x < —1 and when x> 2.
When —1 <x <2, the function
is decreasing. The value of the

is 4. function when x =0 is zero.
y Y
y=f(x) l5
y=f(x)
2 8
4 2 o] 2 A X 4
—2
-4/ =2 0 2 6X
—4 —4
KEY CONCEPTS

A function is increasing on an interval if the
slope of the tangent is positive over the entire
interval.

A function is decreasing on an interval if the
slope of the tangent is negative over the entire
interval.

Intervals over which a function f(x) is
increasing or decreasing can be determined by
finding the derivative, f”(x), and then solving
the inequalities /”(x) >0 and f"(x) <0.

When the graph of f’(x) is positive, or above
the x-axis, on an interval, then the function
f(x) increases over that interval. Similarly,
when the graph of f(x) is negative, or below

the x-axis, on an interval, then the function f(x

decreases over that interval.

3.1 Increasing and Decreasing Functions «
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1.

Communicate Your Understanding

(1 A function increases when 0 <x <10. Which is greater: f(3) or f(8)?
Explain your reasoning.

@2 How can you use the derivative of a function to find intervals over
which the function is increasing or decreasing?

@3 A linear function is either increasing or decreasing. Is this statement
always true, sometimes true, or always false? Explain.

Determine algebraically the values of x for
which each derivative equals zero.

a) (x)=15-5x

b) h'(x)=x2+8x—9

J g(x)=3x>—12

d) f(x)=x3—6x%

e) d(x)=x2+2x—4

f) k'(x)=x3—3x2—18x+40
9) b(x) X3+ 3xr—4x—12

h) (x)=x*—x3—x*+x

7

(
(

For each derivative in question 1, find the
intervals of increase and decrease for the
function.

For each function, do the following.
a) Find the derivative.

b) Use a graphing calculator or other graphing
technology to graph the derivative.

o) Use the graph to determine the intervals of
increase and decrease for the function f(x)

d) Verify your response by graphing the
function f(x) on the same set of axes.

i) f(x)=6x—15

i) f(x) = (x+5)

i) (x) =x3—3x2—9x+ 6
iv) f(x) = (x* 4)2

V) fx)=2x—x?

vi) f(x) = 5x3 — 6x% + 2x

vii) f(x)= %x3 —6x

viii) £ (x) = % —3x3
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4. Given each graph of f'(x

), state the intervals of

increase and decrease for the function f(x)

a)

4]

e)

9)

b7 A b) y
y=r I )
20 4%
4 2
8 “2 o] 2 ax
Y 9 shy=ri
y=flx)
4
2.0 x
—4
f) y
14
y=fx)
20 2 %
—4
y=flx > h) Y
100 [y =1F1x)
o—
0 2 0| j2 *
-2
714 -2 ON\_ 2%

5. Sketch a possible graph of y = f(x) for each

graph of y =£"(x)

in question 4.



10.

: 3 Connect and Apply

Sketch a continuous graph that satisfies each

set of conditions.

a) f(x)>0 when x <3, f’(x) <0 when x> 3,
f3)=35

b) f/(x)>0 when —1<x<3, f(x) <0 when
x<—1and when x>3,f(—1)=0, f(3)=4

0 f(x)>0whenx#2, f(2)=1

d) /(x) =1 when x> -2, f’(x) = —1 when
x<—2,f(-2)=—4

Given the graph of k’(x), determine which

value of x in each pair gives the greater value
of k(x). Explain your reasoning.

Y
8

y = k'(x)
6
4

2

-2 0 2 4 6
-2

a) k(3), k(5)
9 k(5), k(9)

b) k(8), k(12)

d) k(=2), k(10)
Use each method below to show that the
function g(x) = x> + x is always increasing.

a) Find g’(x), then sketch and examine its graph.
b) Use algebra to show that g’(x) >0 for all x.

Given f(x) =x*+2x—3 and g(x) =x+ 35,
determine the intervals of increase and
decrease of h(x) in each case.

The derivative of a function f(x) is
F(x)=2x(x—1)(x +2).

a) Find the intervals of increase and decrease

of f(x).

1.

12.

13.

3.1 Increasing and Decreasing Functions «

b) Explain how your answer in part a) would
change if f/(x) = x%(x — 1)(x +2).

The table shows the intervals of increase and
decrease for a function h(x).

x<—3 x=-3 —3<x<3 x=3 x>3

h’(x) Negative 0 Positive 0 Positive

h(x)\_»/—>\

a) Sketch the graph of the function.

b) Compare your graph to that of a classmate.
Explain why there are an infinite number of
graphs possible.

¢) Write the equation for a function with these
properties.

Chapter Problem Naveen needs to cut 20 m
of garden edging into two pieces, each at least
5 m long: one for the quarter circle and one
for the square. The total area of Naveen’s
gardens can be modelled by the function

4n
represents the length of edging to be used for
the quarter circle.

4+
A(x)=( n) x%—10x + 100, where x

a) Evaluate A(0). Explain what A(0) represents
and why your answer makes sense.

b) Find A’(x). Determine the intervals on
which A(x) is increasing and decreasing.

¢ Verify your result by graphing A(x) using
graphing technology.

In an experiment, Reasoningand Proving

the number of a
certain type of
bacteria is given by
n(t) =100+ 3212 — 4,
where ¢ is the time, in days, since the
experiment began, and 0 <z<<3.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) Find the intervals of increase and decrease
of the number of bacteria.

b) Describe how your answer would be
different if no interval were specified.
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14. The range, R, of a small aircraft, in
miles, at engine speed s, in revolutions
per minute, is modelled by the function

=— s+ 2s—1500.
2000
a) Determine the range at engine speed
2100 r/min.

(& Extend and Challenge

18.

15. Explain why the function defined by
f(x) = 3x?+ bx + c cannot be strictly
decreasing when a <x < co, where 4 is any
number.

16. For the function defined by
f(x) =23+ bx*+ 12x — 3, find the values
of b that result in f(x) increasing for all
values of x.

17. Math Contest Which of these functions is
increasing for all positive integers 7?

A y=x2"+x"+l

B y=x"+x"1+...+x+1
Cy=x¥+x2"24  +x*+1
D y=x¥4 21+  +x3+x

E y=x24+x>""1+. . +x"

CAREER CONNECTION

Aisha studied applied and industrial math at University of
Ontario Institute of Technology for 5 years. She now works

in the field of mathematical modelling, by helping an aircraft
manufacturer to design faster, safer, and environmentally
cleaner airplanes. With her knowledge of fluid mechanics and
software programs that can, for example, model a wind tunnel,

b) The engine speed is restricted to values
from 500 r/min to 3100 r/min. Within these
values, determine intervals on which the
function is increasing and decreasing.

o Verify your answer to part b) using
graphing technology.

Math Contest A function f(x) is even if
f(—x) = f(x) for all x; f(x) is odd if f(—x) = —f(x)

for all x. Which of these statements is true?

i) The derivative of an even function is always
even.

ii) The derivative of an even function is always

odd.

iii) The derivative of an odd function is always

even.
iv) The derivative of an odd function is always
odd.
A i) and iii) only B i) and iv) only
C i) and iii) only D ii) and iv) only

E none of the above

Aisha will run experiments. Data from these tests help her to

translate physical phenomena into equations. She then analyzes and solves these complex
equations and interprets the solutions. As computers become even more powerful, Aisha
will be able to tackle more complex problems and get answers in less time, thereby reducing

research and development costs.
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3.2

Maxima and Minima

A favourite act at the circus is the famous Human Cannonball.

Shot from a platform 5 m above the ground, the Human Cannonball
is propelled high into the air before landing safely in a net. Although
guaranteed a safe landing, the feat is not without risk. Launched at
the same speed and angle each time, the Human Cannonball

knows the maximum height he will reach. The stunt works best
when his maximum height is less than the height of the ceiling where
he performs!

NEHICEII How can you find maximum or minimum values?

Method 1: Compare the Derivative of a Function to the Graph of the Function Tools
1. Consider the function f(x) = 2x3-3x2. -+ graphing calculator
a) Determine the intervals of increase and decrease for the function.

b) For each interval, determine the values of f’(x) at the endpoints of the
interval.

¢) Graph the function using a graphing calculator. In each interval,
determine if there is a maximum or a minimum. If so, determine the
maximum or minimum value.

2. Repeat step 1 for each function.
a) f(x)=-x3+6x b) f(x)=3x*- 6x>
0 f(x)=2x3—18x>+48x d) f(x)=x4+§x3'—12x2

3. Reflect Refer to your answers to steps 1 and 2. Describe how you can
use f’(x) to determine the local maximum and minimum values of f(x).

Method 2: Use The Geometer’s Sketchpad ® Tools
1. Open The Geometer’s Sketchpad®. Go to www.mcgrawhill. - computer with The Geometer's
callinks/calculus12 and follow the links to 3.2. Download the file Sketchpad®
3.2 SlidingTangent.gsp, which shows the function f(x) =2x3-3x% and a + 3.2 SlidingTangent.gsp

tangent that can be dragged along the curve.

2. Drag the tangent, from left to right, through the highest point on the
graph. As you drag the tangent, notice what happens to the magnitude
and sign of the slope.

3. Reflect Describe what happens to the slope of the tangent as it moves
from left to right through each of the following points.

a) the highest point on the graph
b) the lowest point on the graph
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Given the graph of a function f(x), a point is a local maximum if the
y-coordinates of all the points in the vicinity are less than the y-coordinate

of the point. Algebraically, if f’(x) changes from positive to zero to negative as
x increases from x <a to x >a, then (a, f(a)) is a local maximum and a is

a local maximum value .

Similarly, a point is a local minimum if the y-coordinates of all the points
in the vicinity are greater than the y-coordinate of the point. If f’(x) changes
from negative to zero to positive as x increases from x <a to x > a, then

(a, f(a)) is a local minimum and 4 is a local minimum value .

Local maximum and minimum values of a function are also called local
extreme values, local extrema , or turning points.

A function has an absolute maximum at g if f(a) = f(x) for all x in the
domain. The maximum value of the function is f(a). The function has an
absolute minimum at a if f(a) <f(x) for all x in the domain. The minimum
value of the function is f(a).

Example 1 | Local Versus Absolute Maxima and Minima

Consider this graph of a function on the y
interval 0 <x<10. 3 y=f(x)
a) Identify the local maximum points. .
b) Identify the local minimum points.
4
¢) What do all the points identified in
parts a) and b) have in common? 2

d) Identify the absolute maximum and

minimum values in the interval
0<x<10.

Solution

a) The local maxima are at points A and C.
b) The local minimum is at point B.

¢) At each of the local extreme points, A,
B, and C, the tangent is horizontal.

d) The absolute maximum value occurs at
the highest point on the graph. In this
case, the absolute maximum is 8 and
occurs at the local maximum at C.

The absolute minimum value occurs at

the lowest point on the graph. In this 0 > 4 6 8 10 «x
case, the absolute minimum is 3 and
occurs at D.
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A critical number of a function is a value a in the domain of the function for
which either f’(a) = 0 or f’(a) does not exist. If a is a critical number, the point
(a, f(a)) is a critical point . To determine the absolute maximum and
minimum values of a function in an interval, find the critical numbers, then
substitute the critical numbers and also the x-coordinates of the endpoints of
the interval into the function.

Example 2 Use Fritical Numl?e_rs to Find the Absolute
Maximum and Minimum

Find the absolute maximum and minimum of the function
f(x)=x3—12x — 3 on the interval -3 =x=4.
Solution

Find the critical numbers.
fl(x)=3x>—12

3x2—-12=0 Find the values of x for which f'(x) = 0.
3x2—4)=0
3(x+2)(x—2)=0 5
x=—2orx=2
12
Examine the local extrema that occur at x = —2 and
x =2, and also the endpoints of the interval at x = —3 8
and x = 4. Evaluate f(x) for each of these values.
flx)=b — 125 —
f(=3)=(-3)°—12(-3)—3
—6 o 2
fl=2)=(-2) - 12(-2) -3 Tt
=13 -8
f(2)=(2)-12(2)-3 —12
——19
—16
f(4)=(4)*—12(4)-3
=13

The absolute maximum value is 13. It occurs twice, at a local maximum
point when x = —2 and at the right endpoint. The absolute minimum value
is —19. It occurs at a local minimum point when x = 2.

Example 3 | Maximum Volume

The surface area of a cylindrical container is to be 100 cm?. Its volume
is given by the function V =507 — 13, where 7 represents the radius, in
centimetres, of the cylinder. Find the maximum volume of the cylinder in
each case.

a) The radius cannot exceed 3 cm.

b) The radius cannot exceed 2 cm.

3.2 Maxima and Minima - MHR
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Technology Tip

« Todraw a vertical line on a
graphing calculator, press (2ND)
[DRAW] 4:Vertical. Use the
arrow keys to move the line left
orright.

Solution

a) The radius cannot be less than zero and cannot exceed 3 cm. This means
the interval will be 0 =<7 = 3. Find the critical numbers on this interval.

V =507 —
V' =50 — 3nr?

0=50—3mr?
50 = 3nr?
ﬂ = 2‘
3n

— ;_0 r =0 since V cannot be negative.
1
r=2.3

There is a critical point when the radius is approximately 2.3 cm.

Substitute 7 = 2.3 and the endpoints, » = 0 and » = 3, into the volume

formula, V= 50r — nr3.

V(0)=50(0) —m(0)>  V(2.3)=50(2.3) —m(2.3)> V(3)=50(3) —n(3)*
=0 =76.8 =652

If the radius cannot exceed 3 cm, the maximum volume is approximately
76.8 cm?. The radius of the cylinder with maximum volume is
approximately 2.3 cm.

b) Find the critical numbers on 0 =r=<2.
From part a), there are no critical points between =0 and » = 2. If there

are no critical points, and therefore no local extrema, then the maximum
volume must be found at one of the endpoints.

Test r=0and r=2.
V(0)=50(0) — m(0)3 V(2)=50(2) — m(2)3

=0 =74.9

. . v
If the radius cannot exceed 2 cm, the maximum
volume is approximately 74.9 cm?. Fo
The results are displayed on the graph. The vertical e
line marks the endpoint of the interval. The absolute 20
maximum occurs at the intersection of the function
and the vertical line. 0
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KEY CONCEPTS

© If f/(x) changes from positive to zero to negative as x
increases from x <a to x >a, then (a, f(a)) is a local
maximum value.

7 a \
© If f/(x) changes from negative to zero to positive as x
increases from x <a to x >a, then (a, f(a)) is a local
minimum value. p

© The absolute maximum and minimum values are found at local
extrema or at the endpoints of the interval.

© A critical number of a function is a number a in the domain of the
function for which either f’(a) = 0 or f’(a) does not exist.

Communicate Your Understanding

(1 If f’(x) = 0, then there must be a local maximum or minimum. Is this

statement true or false? Explain.

@2 Does the maximum value in an interval always occur when f(x) = 0?

Explain.

@3 Local extrema are often called turning points. Explain why this is the

case. Refer to the slope of the tangent in your explanation.

(4 A function is increasing on the interval —2 =x=35. Where would

1.

you find the absolute maximum and minimum values? Explain your

reasoning.
.\ Practise
Determine the absolute maximum and 2. Determine the absolute and local extreme
minimum values of each function. values of each function on the given interval.
a [y a) y=—x+7,-10=x=10
8 b) f(x)=3x>—12x+7,0=x=<4
4 0 glx)=2x3—-3x>—12x+2, —3=x=3
/ d f(x)=x+x,0=x=10
RN & y=(x—3)2-9, ~8§=x=-3
by 3. Find the critical numbers for each function.
s a) flx)=—x*>+6x+2
b) f(x)=x>—2x2+3x
 y=x*-3x3+5
of 2 4 6 X d) g(x)=2x3—3x>—12x+5

e) y=x—\/;
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4. Find and classify the critical points of each

10.

11.

function. Determine whether the critical points
are local maxima, local minima, or neither.

b) f(x)=(x—1)*
0 glx)=2x3—24x+5 d) h(x)=x"+x3

a) y=4x—x?

. Suppose that the function f(#) represents

your elevation after riding for ¢ hours on
your mountain bike. If you stop to rest,

Use the critical points to sketch each function.
a) f(x)=7+6x—x?

b) g(x) = x*—8x2—10

J y=x(x+2)?

d) h(x)=27x—x3

On the interval a<x < b, the absolute
minimum of a function, f(x), occurs when

x = b. The absolute maximum of f(x) occurs

when x = a. Do you agree with the following
statement? Explain.

f(x) is decreasing and there cannot be any
extrema on the interval a=x=b.

. For a particular function f'(x) = (x — 3)%.

a) State the coordinates of the vertex and the
direction of opening.

b) Find the maximum and minimum values of
f(x) on the interval 3=x=6.

¢ Explain how you could answer part b)
without finding the derivative.

For a particular function f/(x) = x> — 2x2.

a) For which values of x does f'(x) =0?

b) Find the intervals of increase and decrease

for f(x).

¢ How can you tell by examining f"(x) that
there would be only one turning point for

f(x)?
Consider the function y =x3 — 6x> + 11x.
a) Find the critical numbers.

b) Find the absolute maximum and minimum
values on the interval 0 =x =4.
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3 Connect and Apply

12.

13.

14.

explain why f’(¢) = 0 at that time. Under
what circumstances would you be at a local
maximum, a local minimum, or neither?

a) Find the critical numbers of
flx)=2x3—3x>—12x+3S.

b) Find any local extrema of f(x).

¢ Find the absolute extrema of f(x) in the
interval [—2, 4].

Chapter Problem Recall that the equation
representing the total area of Naveen’s garden

is Alx) = (4 n

4n
represents the length of the edging to be used
for the quarter circle.

)xz —10x + 100, where x

a) What are the critical numbers of A(x)?

b) Make a table showing the behaviour of the
derivative in the vicinity of the critical value.

o Is the critical point a local maximum or a
local minimum? How do you know?

d) Find the maximum area on the interval
S=x=15.

A section of roller coaster is in the shape of
f(x)=—x3—2x%+x+ 15 where x is between
—2 and +2.

a) Find all local extrema and explain what
portions of the roller coaster they represent.

b) Is the highest point of this section of the ride
at the beginning, the end, or neither?

Use Technology The height of the

Human Cannonball is given by
h(t)=—4.9t>+ 9.8t + 5, where b is the height,
in metres, ¢ seconds after the cannon is fired.
Graph the function on a graphing calculator.

a) Find the maximum and minimum heights
during the first 2 s of flight.

b) How many different ways can you find
the answer to part a) with a graphing
calculator? Describe each way.

¢) Describe techniques, other than using
derivatives or graphing technology, that
could be used to answer part a).



15.

17.

18.

19.

20.

21.

Reasoning.and Proving

The distance, d, in
metres, that a scuba
diver can swim at a
depth of 10 m and
a speed of v metres
per second before
her air runs out can be modelled by
d=4.80°—28.80*+ 52.8v for 0 <v<2.

Representing Selecting Tools
Problem Solving

Connecting Reflecting

Communicating

a) Determine the speed that results in the
maximum distance.

b) Verify your result using graphing
technology.

¢ Why does this model not apply if v>2?

(&5 Extend and Challenge

For the quartic function defined by

f(x) = ax*+ bx*+ cx + d, find the values of
a, b, ¢, and d such that there is a local
maximum at (0, —6) and a local minimum
at (1, —8).

For the cubic function defined by
f(x) = ax3+ bx* + cx + d, find the relationship
between a, b, and c in each case.

a) There are no extrema.
b) There are exactly two extrema.

Explain why a cubic function has either
exactly zero or exactly two extrema.

Consider the function g(x) =|x*>—9]|.

a) Graph g(x). How can you use y =x>—9
to help?

b) Find and classify the critical points.
¢ How could you find g’(x)?
Math Contest Which statement is true for

the graph of y = x" — nx, for all integers n,
where n=2

A There is a local maximum at x=1.

B There is a local minimum at x = 1.

C There is a local maximum at x = —1.
D There is a local minimum at x = —1.
E There are local extrema at x =1 and

x=-—1.

v/ Achievement Check

16. The height, » metres, of a ski ramp over a

horizontal distance, x metres, is given by
h(x)=0.01x3— 0.3x2 + 60 for the interval
0=x=22.

a) Use graphing technology to draw the graph.
b) Find the minimum height of the ramp.

¢) Find the vertical drop from the top of the
ramp to the lowest point on the ramp.

d) Find the vertical rise from the lowest point
to the end of the ramp.

For questions 22 and 23, refer to this graph of the
first derivative, f'(x), of a function f(x).

y

y=1"x)

22.

23.

"

Math Contest Which statement is true for
the function f(x) at x = a?

A f(x) is increasing at x =a.
f(x) is decreasing at x = a.
f(x) has a local maximum at x =a.

f(x) has a local minimum at x =a.

m o A @

None of the statements are true.

Math Contest Which statement is true for
the function f(x) at x = b?

=

f(x) has a local maximum at x = b.
f(x) has a local minimum at x = b.
f(x) is undefined at x = b.
f’(x)is undefined at x = b.

m O A @

f(x) has a horizontal tangent at x = b.
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3.3 Concavity and the Second
Derivative Test

Two cars are travelling side by side. The cars are going
in the same direction, both at 80 km/h. Then, one driver
decelerates while the other driver accelerates. How
would the graphs that model the paths of the two cars
differ>» How would they be the same? In this section,
you will explore what it means when the slope of the
tangent is increasing or decreasing and relate it to the
shape of a graph.

NZHIEIN. How can you determine the shape of a function?

Method 1: Use The Geometer’s Sketchpad ®

Tools 1. Open The Geometer’s Sketchpad®. Go to mcgrawhill.callinks/calculusi2
- computer with The Geometer's and follow the links to 3.3. Download the file 3.3 DraggingTangents.gsp.

Sketchpad® This file shows the graph of the function f(x) = x* —2x3 — 5 and a tangent
- 3.3 DraggingTangents.gsp to the function at point A.

Suppose the graph represents the path of a car, A, as it drives along

a road, and the tangent shows the direction the car is steering at any
moment. Drag the ‘car’ from one end of the ‘road’ to the other. Describe
what happens to the tangent line as the car moves.

© The Geometer's Sketchpad 9 [=1[E3]
[@) File Edit Display Construct Transform Measure Graph Window Help = | %
[X,| foo=xt2x5 =
| xa=195 8

el

e s

A

lad

— \ —— —
Y f'(X) =6.89
A(XA)

10

L | »
[7—;|]_7;|7n/7n—7,‘_‘

Pick a fixed location for A.

a) What is the value of x at point A?
b) What is the slope of the tangent at point A?
¢ Does the tangent lie above or below the curve at point A?

d) Describe the shape of f(x) around point A. Is the curve increasing or
decreasing?

2. Drag point A to at least eight different locations on the curve. Repeat
step 1 for each new location of point A.
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3.

Describe how the shape of the graph and the slope of the tangent are
related.

Reflect Describe the shape of the graph of f(x) in each case.
a) The tangent lies above the curve.

b) The tangent lies below the curve.

Method 2: Use Paper and Pencil Tools
1. On grid paper, graph the function g(x) = x*—2x3 — 5. + grid paper
2. Choose at least eight different points on the function. Label the points

A, B, C, and so on. Draw the tangent to the function at each point.
Answer these questions for each of the points.

a) What is the value of x at the point?

b) What is the slope of the tangent at this point?

o Does the tangent lie above or below the curve at this point?

d) Describe the shape of g(x) around the point. Is the curve increasing or
decreasing?

Describe how the shape of the graph and the slope of the tangent are
related.

Reflect Describe the shape of the graph of g(x) in each case.
a) The tangent lies above the curve.

b) The tangent lies below the curve.

The graph of a function f(x) is concave up on the interval a<x <b if all the
tangents on the interval are below the curve. The graph curves upward as if
wrapping around a point above the curve.

The graph of a function f(x) is concave down on the interval a <x <b if all
the tangents on the interval are above the curve. The graph curves downward
as if wrapping around a point below the curve.

A point at which the graph changes from being concave up to concave down,
or vice versa, is called a point of inflection .

Point of
Inflection

Concave Down Point of

Inflection
Concave Up

Concave Down

Concave Up

3.3 Concavity and the Second Derivative Test « MHR
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NESIGELCR: I How can the second derivative be used to classify critical points?

Tools
« grid paper

Optional

- computer with The Geometer’s
Sketchpad®

1.

Consider the function f(x) = x> — 4x2 + x + 6.
a) Graph f(x).
b) Determine f’(x). Graph f’(x) on the same set of axes as f(x).

¢) Over which intervals is f(x) concave up? concave down? Determine the
local maxima and minima of f(x).

d) Determine f”(x). Graph f”(x) on the same set of axes as f(x) and /"(x).

e) Compare f(x) and f”(x) to f(x) over each interval from part ¢). What
do you notice?

f) Determine the coordinates of the points of inflection for f(x). What are
the values of //(x) and /”(x) at these points?

Repeat step 1 for each function.

i) k(x) = x> —x* — 4x3 + 412
i) h(x)=—x3+2x2+5x— 6
iii) b(x) = x* — Sx?

iv) g(x)

Reflect Describe how to use the first and second derivatives to determine
the intervals over which a function is concave up or concave down. How
does the second derivative relate to the concavity of a function?

CONNECTIONS

Points of inflection occur only
when "(a)=0o0rf"(a) is
undefined, but neither of

these conditions is sufficient to
guarantee a point of inflection
at (g, f(a)). A simple example is
i) =x*atx=0.

The Second Derivative Test

If f(a) = 0 and " (a) >0, f(x) is concave up.
There is a local minimum at (g, f(a)).

Concave Up

Concave Down

If f’(a) =0 and f”(a) <0, f(x) is concave
down. There is a local maximum at

(a, f(a)).
Point of
Inflection
If f”(x) = 0 and f”(x) changes sign at a, &

there is a point of inflection at (a, f(a)).
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Example 1 | Intervals of Concavity

For the function f(x) = x* — 6x*> — 5, find the points of inflection and the
intervals of concavity.

Solution

Find the first and second derivatives of the function.
fllx)=4x3—12x

f(x)=12x>—12

Method 1: Use Algebra

At a point of inflection, the second derivative equals zero and changes sign
from positive to negative or vice versa.

12x2—12=0

12(x2=1)=0
(x+1)(x—1)=0

x=lorx=-1

These values divide the domain into three intervals: x < —1, -1 <x <1,
and x>1.

Choose an x-value from each interval to test whether f”(x) is positive or
negative. Determine the coordinates of the points of inflection by substituting
x=1and x=—1 into f(x) =x*—6x*— 5.

x<—1 x=-1 —1<x<1 x=1 x<1
Test _ _ _
Value xX=-2 x=0 xX=2
f"(=2)=36 f7(0)=—12 f”(2) =36
f’(x) 0 0
Positive Negative Positive
Concave u i Concave i Concave u
p Point of down Point of P

f(x) \_/ inflection inflection
(=1,-10) /\ (1,-10) \/

The concavity of the graph changes at (—1, —10) and at (1, —10), so these
are the points of inflection. The function is concave up to the left of x = —1
and to the right of x = 1. The function is concave down between these
x-values.

3.3 Concavity and the Second Derivative Test « MHR
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Method 2: Graph f"(x)
Recall that f(x) =x*— 6x2— 5, f/(x) = 4x> — 12x, and f"(x) = 12x> — 12.
Graph f”(x) =12x*—12.

y
32

frx)=12x7 12
24

16

8

—1.5 —\Q 0.5 A 15 x
-8

From the graph:

e f”(x)>0 when the graph of f”(x) lies above the x-axis, so /”(x) >0 when
x <—1 and when x> 1.

® f”(x) <0 when the graph of f”(x) lies below the x-axis, so f”(x) <0 when
—1<x<l1.

The graph of f”(x) intersects the x-axis at x = —1 and x = 1. At these points,
the sign of f”(x) changes, so there are points of inflection on f(x) at x = —1
and x =1.

Substituting x = —1 and x = 1 into y = f(x) to determine the coordinates of
the points of inflection gives the points of inflection as (=1, —10) and

(1, —=10). The function is concave up to the left of x = —1 and to the right of
x = 1. The function is concave down between these x-values.

Example 2 | Classify Critical Points

For each function, find the critical points. Then, classify them using the
second derivative test.

a) f(x) =" = 3x2+2

b) f(x) = x*

Solution
a) f(x)=x’ = 3x>+2

Determine the critical numbers for f(x).

f/(x)=3x>— 6x
3x2—6x=0
3x(x—2)=0
x=0orx=2
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The critical numbers are x =0 and x = 2. Substitute the critical numbers

into f(x) to find the critical points.

f0)=(0P=3(02+2  f(2)=(2)°=3(2)*+2
=2 =-2

The critical points are (0, 2) and (2, —2).

Since f/(x) =x3 — 3x%+ 2, then f(x) =6x— 6

x=0 xX=2
f7(0)=—6 2)=6
o O 2
Negative Positive
Concave down Concave up
f(x)

NN

The second derivative is negative at

x =0, so the graph is concave down when
x =0, and there is a local maximum at the
point (0, 2).

The second derivative is positive at

x =2, so the graph is concave up when

x =2, and there is a local minimum at the
point (2, —2).

b) £(x) = x*

Determine the critical numbers for f(x).
Fl) = 40

0 =4x3

0=x

So, f(x) =0 when x = 0.

Substitute x = 0 into f(x) = 12x2.

£1(0)=12(0)?
£10)=0

Since f"(0) = 0, it appears that this is a point of
inflection. However, the second derivative,

f(x) = 12x2, is always positive, so it does not
change sign, and there is no change in concavity.
This function is always concave up, because f(x
always greater than or equal to zero.

) is -1.0 1 x

3.3 Concavity and the Second Derivative Test « MHR
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Example 3 | Interpret the Derivatives to Sketch a Function
Sketch a graph of a function that satisfies each set of conditions.

a) ["(x)=—-2forall x, f(-3)=0,f(—3)=9

b) /"(x) <0 when x < —1, f"(x) >0 when x> —1, f(—=3)=0, (1) =0

Solution
a) ["(x) = —2 for all x, so the function is concave down.
7'(—3) =0, so there is a local maximum at x = —3.

The function passes through the point (—3, 9).

y
8

(=3,9)

6

4

6 -4 =2 0f x

b) /”(x) <0 when x < —1, so the function is concave down to the left of
x=—1.

f"(x) > 0 when x > —1, so the function is concave up to the right of
x=—1.

f(—3) =0, so there is a local maximum at x = —3.

7/(1) =0, so there is a local minimum at x = 1.

y

Note that this is only one of the possible graphs that satisfy the given
conditions. If this graph were translated up by k units, k € R, the new
graph would also satisfy the conditions since no specific points were given.
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KEY CONCEPTS

© The second derivative is the derivative of the first derivative. It is the
rate of change of the slope of the tangent.

© Intervals of concavity can be found by using the second derivative test
or by examining the graph of /”(x).

e A function is concave up on an interval if the second
derivative is positive on that interval. If f’(a) = 0 and
f”(a) > 0, there is a local minimum at (a, f(a)).

e A function is concave down on an interval if the second
derivative is negative on that interval. If /(@) = 0 and
f”(a) <0, there is a local maximum at (a, f(a)).

e If f”(a) =0 and f”(x) changes sign at x = a,
there is a point of inflection at (a, f(a)).

Communicate Your Understanding

(1 Describe what concavity means in terms of the location of the tangent
relative to the function.

(2 If a graph is concave up on an interval, what happens to the slope of the
tangent as you move from left to right?

(3 When there is a local maximum or minimum on a function, the first
derivative equals zero and changes sign on each side of the zero. Make a
similar statement about the second derivative. Use a diagram to explain.

(4 Describe how to use the second derivative test to classify critical points.

T

1. For each graph, identify the intervals over 2. Given each graph of f”(x), state the intervals of
which the graph is concave up and the concavity for the function f(x). Also indicate
intervals over which it is concave down. where any points of inflection will occur.

a) y b) y a) Y b) 4
4 20 2| y=F"x)
-2 0 2 4x
x e 2 0o 2 4 1
i) y=["x)
2 2x 14
10
—20 q Hy=frm 9 y
2 4
—30 /\
-2/0 x -2 0 X
+2 +4
y=f"x)
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3. For each graph of f”(x) in question 2, sketch a
possible graph of y=f(x).

4, Find the second derivative of each function.

a) y=6x>—7x+$
b) f(x)=x3+x

3 Connect and Apply

10.

6. Sketch a graph of a function that satisfies each
set of conditions.

a) f"(x)=2forall x, f(2)=0, f(2)=—-3

b) /”(x) <0 when x <0, f”(x) >0 when x>0,
f(0)=0, £(0)=0

d [7(x)>0 when x<—1, f”(x) <0 when
x>=1,f(-1)=1,f(-1)=2

d) /"(x) <0 when =2 <x <2, f"(x) >0 when
lx1>2,f(2) =1, f(x) is an even function

e) /”(x)>0 when x < =35, f”(x) <0 when
x>=5,f(=5)=3,f(=5)=2

f) (x)<0 when =2 <x<1, f”(x) >0 when
x<—2and x>1, f(—2)=—4, f(0)=0

. For each function, find and classify all the
critical points. Then, use the second derivative
to check your results.

a) y=x2+10x—11
b) g(x)=3x>—5x—5
9 flx)=x*—6x*+10
d) h(t)=—4.9t2+39.2t+2
. The shape of a ski ramp is defined by the

function h(x) = 0.01x3 — 0.3x2 + 60 on the
interval 0 =x=22.

a) Find the intervals of concavity for the given
interval.

b) Find the steepest point on the ski ramp.
. Is each statement always true, sometimes true,
or never true? Explain.

a) /(x) =0 at a local maximum or minimum
on f(x).

b) At a point of inflection, f”(x) = 0.

174 MHR - Calculus and Vectors - Chapter 3
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0 glx)=—-2x3+12x>—9
d) y=x°—5x*
For each function in question 4, find the

intervals of concavity and the coordinates of
any points of inflection.

Chapter Problem The equation representing
the total area of Naveen’s gardens is

Ax)= (4: n)xz —10x + 100, where x
T

represents the length of the edging to be used
for the quarter circle.

a) What are the intervals of concavity for
A(x)? How can you tell by looking at the
equation?

b) Does the graph of A(x) have a local
maximum or a local minimum?

¢) Based on your answers to parts a) and b),
what x-value provides the maximum
area? Assume 0 =<x =20. Explain your
reasoning.

The graph represents the position of a car,
moving in a straight line, with respect to time.
Describe what is happening at each of the key
points shown on the graph, as well as what

is happening in the intervals between those
points.

Distance

A Time



Reasoning.and Proving

12. The body temperature
of female mammals
varies over a fixed
period. For humans,
the period is about
28 days. The temperature T, in degrees
Celsius, varies with time #, in days, and can be
represented by the cubic function
T(t)=—0.0003£2 4+ 0.012£2 — 0.112¢ + 36.

Representing
Problem Solving

Connecting Reflecting

Communicating

a) Determine the critical numbers of the
function.

b) The female is most likely to conceive when
the rate of change of temperature is a
maximum. Determine the day of the cycle
when this occurs.

Selecting Tools

¢ What kind of point is the point described in
part b)? Justify your answer.

13. The second derivative of a function, f(x), is
defined by f”(x) = x%(x — 2).
a) For what values of x is f”(x) =0?
b) Determine the intervals of concavity.
o If f(2) =1, sketch a possible graph of f(x).

(&) Extend and Challenge

14. Use this graph of f’(x). How many points of
inflection are on the graph of f(x)? Explain
your reasoning.

y
4| Y=
2

—4

15. Prove that a polynomial function of degree
four has either two points of inflection or no
points of inflection.

16. A function is defined by
flx)=ax’+bx*+cx+d.

a) Find the values of a, b, ¢, and d if f(x) has
a point of inflection at (0, 2) and a local
maximum at (2, 6).

b) Explain how you know there must also be a
local minimum.

17. Assume each function in question 6 is a
polynomial function. What degree is each
function? Is it possible to have more than one
answer? Explain your reasoning.

3.3 Concavity and the Second Derivative Test « MHR

18. Math Contest Which statement is always
true for a function f(x) with a local maximum
atx=a?

A f(a)=0
B f(a)<0

C f(x1)f'(x2) <0 if x; <a<x, and both f"(x)
and f"(x,) exist.

D There exists an interval I containing a, such
that f’(x) >0 for all x<a in I and f'(x) <0
forallx>ain L.

E There exists an interval I containing a, such
that f(x) <f(a) for all x in I.

19. Math Contest Which statement is always
true for a function f(x) with f’(a) =0=f"(a),
where a is in the domain of f(x)?

A f(x) has a local maximum at x = a.
B f(x) has a local minimum at x = a.

C /(x) has either a local maximum or a local
minimum at x =4.

D f(x) has a point of inflection at x = a.

None of the above are true.
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3.4

Simple Rational Functions

Rational functions can be used in a number of contexts. The function

relates the velocity, v, in kilometres per hour, required to

t
. . . k
travel 100 km to time, #, in hours. The function T = —- relates temperature,
7
T, to distance, 7, from the sun; in the function, k is a constant. In this section,
you will examine the features of derivatives as they relate to rational functions
and practical situations.

NZHIEIEN. How does the graph of a rational function behave in the vicinity of its
vertical asymptotes?

Tools Recall that an asymptote is not part of a function, but a boundary that shows
+ graphing calculator where the function is not defined. The line x = a is a vertical asymptote if
f(x) == 0o as x > a from the left and/or the right.
1. Use a graphing calculator to graph lII
F(x)= L. Use the ZOOM or WINDOW ( ”t-q__j
x . . .. . _\_\_\_\-\-H'-

commands to examine the graph in the vicinity { J

of x =0. Describe what you see. Sketch the \||

graph.

2. Press 0 (ENTER). Record the y-value when x = 0.

3. Press [TBLSET]. Begin at —1 and set Ax to 0.1. Press [TABLE].
Describe what is happening to the y-values as x approaches zero. Include
what happens on both sides of x = 0.

4, Reflect Explain why f(x) is not defined at x = 0. Explain why the y-value
gets very large and positive as x approaches zero from the right, and large
and negative as x approaches zero from the left.

5. Repeat steps 1 to 4 for g(x)= .How does it compare to f(x)= 1 ?
x

x+
1 . 1
+ 2. How does it compare to flx)==2

6. Repeat steps 1 to 4 for h(x) =
x—3 X

7. Reflect Describe how you could graph h(x) or another similar function
without graphing technology.

. . 1
Many rational functions, such as y = 7 have
y—

I
]
|
vertical asymptotes . These usually occur at x-values !
. . . . . ]
for which the denominator is zero and the function is 5 ? 4x
I
)
I
1
1

undefined. However, a more precise definition involves
examining the limit of the function as these x-values are

approached.
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=S EICR: M How can you determine whether the graph approaches positive or
negative infinity on either side of the vertical asymptotes?

1. Open The Geometer’s Sketchpad®.
Tools

Graph f(x) = _r glx)= _ 1 and h(x)= L on the same set » computer with The Geometer’

(x—1)° (x—1)3° (x —1) Sketchpad®
of axes. Use a different colour for each function.

2. Describe how the graphs in step 1 are similar and how they are different.

__1 __1 __1
3. Graph k(x)= PR m(x) PR and n(x) PG on the

same set of axes. Use a different colour for each function.

4. Compare the graphs and equations in step 3 to each other, and to the
graphs and equations in step 1.

5. Reflect Explain how the graphs in step 3 are different from those in
step 1.

6. Describe the effect of making each change to the functions in steps 1
and 3.

a) Change the numerator to —1.
b) Change the numerator to x.
7. Reflect Summarize what you have discovered about rational functions of

1
the form f(x) = P

One-sided limits occur as x —a from either the left or the right.

® x—3 reads “x approaches 3 from the left.” For example, 2.5, 2.9, 2.99,
2.999, ...

® x—37" reads “x approaches 3 from the right.” For example, 3.5, 3.1,
3.01, 3.001, ...

e x——2" reads “x approaches —2 from the left.” For example,
—-2.1, —2.01, —2.001, ...

e x——2" reads “x approaches —2 from the right.” For example,
-1.9, —=1.99, —1.999, ...

Example 1 | Vertical Asymptotes

Consider the function defined by f(x) =

IS S
(x +2)(x—3)

a) Determine the vertical asymptotes.

b) Find the one-sided limits in the vicinity of the vertical asymptotes.

¢ Sketch a graph of the function.

3.4 Simple Rational Functions - MHR
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Solution
a) Vertical asymptotes occur at x-values for which the function is undefined.

The function f(x) is undefined when the denominator equals zero.
x+2=0 or x—3=0
x=-2 x=3
The equations of the vertical asymptotes are x = —2 and x = 3.
b) Consider the vertical asymptote defined by x = 3. One way to determine

the behaviour of the function as it approaches the limit is to consider
what happens if x is very close to the limit.

lim f(x) = li 1 [tis important to determine
xl—gl* X xggl* (x + 2)(x — 3) whether the factor that is
1 causing the vertical asymptote
a (3 + 2)(very small negative number) is approaching a small positive
or negative number when

1 - e
= examining the one-sided limits.

(5)(very small negative number)

= -

As x approaches 3 from the left, f(x) approaches a very large negative

number.
lim f(x)= lim 1 ?lnce the ex;?o.nent on(x—3)
x—3* x-3" (x + 2)(x — 3) is odd, once it is known what
1 occurs as x approaches 3 from

the left, you know the opposite

(3 + 2)(very small positive number)
occurs when x approaches 3 from

1

= > the right.
(5)(very small positive number) eno
=00
As x approaches 3 from the right, f(x) approaches a y
very large positive number. 0.6
The graph shows the behaviour of f(x) near x = 3. 0.4

Now consider the vertical asymptote defined by
x = —2. Another way to determine the behaviour of

0.2

the function as it approaches the limit is to substitute o 2
values very close to the limit for x, and find the value

4x

of the function. P
~04
lim f(x)= lim N To approximate the
o =2 (x +2)(x = 3) limit as x approaches —&6
- 1 —2from the left, —0.8
(=2.01+2)(=2.01—=3)  substitute anumber
_ 1 slightly less than —2,
(—0.01)(=5.01) suchas —2.01.
=19.96
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As x approaches —2 from the left, f(x) approaches a large positive
number.

lim f(x)= lim

x——2* x——2* m
_ 1 —1.99is close to, but greater than —2.
C(-1.99 4 2)(—1.99 - 3)
. 1
(0.01)(—4.99)
=-20.04

As x approaches —2 from the right, f(x) approaches a large negative
number.

The graph shows the behaviour of f(x) near x = —2.

—6 —4

4]

—6 —4

3.4 Simple Rational Functions -

MHR

179



Example 2 | Derivatives of Rational Functions

1
x2+1

Consider the function defined by f(x)=

a) Find the intervals over which the function is increasing and decreasing.
b) Find the locations of any points of inflection.

¢) Explain why the graph never crosses the x-axis and why there are no
vertical asymptotes.

d) Sketch a graph of the function.

Solution

a) A function is increasing if the first derivative is positive.
Express the function in the form f(x) = (x> + 1), then find f(x).
f(x) = —1(x* +1)7*(2x)
—2x

fllx)= m (x2 4 1)"% becomes (x2 4 1)% in the denominator.

Because the exponent is even, the denominator, (x> + 1)2, is always
positive. The numerator determines whether f(x) is positive.
Find the values of x when f'(x) = 0.

Because f”(x) is a rational function, f’(x) = 0 when the numerator equals
zero.

f(x) =0 when —2x=0
f(x)=0 when x=0

x =0 divides the domain into two parts: x <0 and x> 0. In the table,

x=—1and x =1 are substituted into f”(x) for the two intervals.
x<0 x=0 x>0
Test
Value x=-1 x=1
—2(-1) - —2(0)
s — Fy=—20_
() ey (02 +1)2
_2 0 -2
=2 .
Positive Negative

f(x) / D \

From the table, f(x) is increasing when x <0 and decreasing when x > 0.
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b) A function has a point of inflection if the second derivative is zero or

4]

d) Because the y-value approaches 0 as x —» * oo,

undefined and is changing sign at that point.
Express the first derivative of the function in the form
f'(x) = (—2x)(x*+ 1)~2, then find f”(x).

d

f7(x)=(x*+1)2 —(—2x)+ (—Zx)i(x2 +1)72
dx dx

= —2(x?+1)72 + (—2x)[2(x? + 1) 3 (2x)]
=—2(x2+1)72 + 8x2(x2 +1)73
= (x2+1)73[-2(x2 + 1) + 8x2]
_ 6x7-2
(x2+ 1)

The value of f”(x) is zero when the numerator is zero.

0=6x2-2
3

(F
x:,_
3

Determine if f”(x) is changing sign when f”(x) = 0.

fe=1  f0=-2 )=

1
2 2

There are points of inflection at x = §/§ .

For the function f(x) = ——
x2+1
the denominator is positive for all values of x,
because x2 + 1 has a minimum value of 1.

, the numerator is a positive constant, and

Therefore, the value of f(x) is always positive. As
the values of x become large (positive or
negative), the denominator becomes large, and

1
x2+1

becomes small and positive.

Since there are no values of x for which the
function is undefined, there are no vertical
asymptotes.

the graph must be concave up for large positive

or negative values of x.

3.4 Simple Rational Functions -
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Example 3 | Concavity of Rational Functions

Find the intervals of concavity for f(x)= _le Sketch the graph.
x

Solution
-1

- _ -1
13 as f(x) T(x+2)" 1

Rewrite f(x)=

f'(x) = (=D(=1(x +2)7
flx)=(x+2)72

The numerator in f”(x) is a constant, so f”(x) # 0. There is a vertical
asymptote at x = —2. The denominator changes sign at the vertical
asymptote, so [”(x) also changes sign. This results in a change of concavity.

Y
4
I
)
I
2
1
1
I
R Y AR
!
fix) = x+ZE
1
1
X<—2 xX=-2 X>-2
Test Value x=-3 x=0
f(x) Positive Undefined Negative
Concave up Concave down

Vertical

fod \_/ asymptote /_\

KEY CONCEPTS

© Vertical asymptotes usually occur in rational functions at values of
x that make the denominator equal to zero. The line x = a is a vertical
asymptote if f(x) ==+ co as x —a from the left and/or the right.

© Vertical asymptotes must be considered when finding intervals of
concavity or intervals of increase or decrease.

© Use patterns to determine how a function behaves in the vicinity of a
vertical asymptote.
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Communicate Your Understanding

(1 Changes in concavity can occur only at points of inflection. Is this
statement true or false? Explain.
1
x—1
@3 Explain the conditions under which a rational function would have no
vertical asymptotes.

TN

@ Describe the domain of the function f(x)=

1. For each function, find the equations of any 2. For each function in question 1 that has
vertical asymptotes that exist. vertical asymptotes, find the one-sided limits
x+3 approaching the vertical asymptotes.
a) f(x)= b) f(x)= . — .
x—35 x2—4 3. Find the derivative of each function. Then,
3 X2 determine whether the function has any local
Q klx)= 215 d y= X —3x+2 extrema.
1 2
—S 1 ) y=— b) f(x)=——
hx)= 2 ) y=2x+— 2
¢ ) x2+2x—4 ) y=2x x x x+3
x =3
x—2 2x—3 9 glx)= d) h(x)=
= h) glx)= > —4 —2)2
0 plx)= 22 ) gl = x (x 2)
x x
e) y= f) t(x)=
Iyt e R vy

: 3 Connect and Apply

—2 6. After a chemical spill,
(x+ 12" the cost of cleaning
up p percent of the

Reasoningand Proving
Repfesenting Selecting Tools

4. Consider the function f(x) =

. . Problem Solving
a) Describe how f(x) compares to the function

1 contaminants is Conne:tin(gmmunmingl Reflecting
8lx)= 2 represented by the
. ) ) . 75000
b) Find the intervals of increase and decrease equation C(p)= 100—p°
for f(x).
_ f) . . a) Find the cost of removing 50% of the
¢ Find the intervals of concavity for f(x). contaminants.
5. Consider the function h(x)= 21 7 b) Find the limit as p approaches 100 from the
2 —
left.
a) Write the equations of the vertical ¢) Why is it not feasible to remove all of the
asymptotes. )
contaminants?
b) Make a table showing the intervals over
which the function is increasing and 7. A function has a vertical asymptote defined

decreasing.

¢) How can you use the table from part b)
to determine the behaviour of f(x) in the
vicinity of the vertical asymptotes?

d) Sketch a graph of the function.

by x = 2. The function is concave down
when x> 2. Find 1i1121+ f(x). Explain your
Xx—>

reasoning.
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8.

10.

11.

12

13.

A pollutant has been leaking steadily into a
river. An environmental group undertook a

v/ Achievement Check

clean-up of the river. The number of units 9

of the pollutant in the river ¢ years after

the clean-up began is given by the equation

N@) =2t + ! .

10t +1

a) How many units of the pollutant were in
the river when the clean-up began?

b) After how many years is the number of
units a minimum?

¢) What may have happened at this point?

(«88 Extend and Challenge

Use a graphing calculator to graph the

x2—

function f(x) =

24. Use the ZOOM or

WINDOW commands to examine the graph
near x = 2. Use the TABLE feature to examine
the y-values at and near x = 2.

a) Why is x =2 not a vertical asymptote?

b) Is the function defined at x = 2? Explain.

Prove that a function of the form
ax
f(x)=———, where a, b, and ¢ are non-zero
bx +c¢

constants, will never have a turning point.

Write the equation of a function f(x) with
vertical asymptotes defined by x =2 and
x=—1, and an x-intercept at 1.
Math Contest Which statements are
true about the graph of the function
_ (xH 1
2x2+5x+3

i) The x-intercept is —1.

ii) There is a vertical asymptote at x = — 1.
1

i) There is a horizontal asymptote at y =

[\
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. Consider the function f(x) =

14.

X
x—1

a) State the equation of the vertical asymptote.

b) Make a table showing the intervals over
which the function is increasing and
decreasing.

¢ How can you use your table from part b)
to determine the behaviour of f(x) in the
vicinity of the vertical asymptote?

d) Are there any turning points? Explain how

this might help you graph f(x) for large
values of x.

1) only
iii) only

i) and iii) only

o N ©m =

ii) and iii) only
E 1i),ii), and iii)
Math Contest Consider these functions

for positive values of 7. For which of
these functions does the graph not have an

asymptote?
Zn_l
A v="X_"2
Y x21 + x"
_x¥+1
x"+1
2n
x"—1
( =
Y x"+1
xln_xn
D y=

S x2 X2
X2 x4+ 1

E =
Y x2n+1



3.5

Putting It All Together

Some investors buy and sell stocks as the price ey
increases and decreases in the short term. Analysing Ty j 4(
patterns in stock prices over time helps investors » .ﬂ i] = Lo

determine the optimal time to buy or sell. Other [ //ﬂ
investors prefer to make long-term investments and *ﬂﬂ/ ﬂ

not worry about short-term fluctuations in price. In

this section, you will apply calculus techniques to sketch . . *ﬂ /j ﬂ 4ﬂ%

functions.
]
Example 1 | Analyse a Function

Consider the function f(x) = x3 + 6x> + 9x.

CONNECTIONS

Recall that an even function £ (x)

a) Determine whether the function is even, odd, or neither. is symmetrical about the y-axis:
f(—x) =1 (x) for all values of x.
b) Determine the domain of the function. T

symmetrical about the origin:
f(=x) = —f(x) forall values
d) Find and classify the critical points. Identify the intervals of increase and of .

decrease, any extrema, the intervals of concavity, and the locations of any

points of inflection.

¢) Determine the intercepts.

Solution
a) f(—x)=(—x)*+6(—x)>+9(—x)
=—x%+6x?—9x
The function is neither even nor odd.
b) The function is defined for all values of x, so the domain is x € R.

o The y-intercept is 0.

The x-intercepts occur when f(x) = 0.
0=x3+6x>+9x

=x(x*+6x+9)

=x(x + 3)?
The x-intercepts are 0 and —3.

d) Determine the first and second derivatives, and find the x-values at which
they equal zero.

f(x)=3x2+12x +9. x)=6x+12
0=3x>+12x+9. 0=6x+12
0=3(x%+4x+3) 6x=—12
0=3(x+3)(x+1) x=-2 Since f”(—2) = 0, there may be a
x=—-3and x=—1 point of inflection at x = —2.
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The critical numbers divide the domain into three intervals: x < —3,
—3<x<-1,and x>—1.

Test an x-value in each interval.
e Test x = —4 in the interval x < —3.

f(—4)=3(—4)>+12(—4)+9 f(—4)=6(—4)+12

f(=4)=9 [(—4)=-12

On the interval x < —3, f’(x) >0, so f(x) is increasing and f"(x) <0, so
f(x) is concave down.

e Test x = —2 in the interval =3 <x<—1.

F(=2)=3(—2)2+12(=2) + 9

Fl-2)=-3

Since f(x) <0, f(x) is decreasing on the interval =3 <x<—1.
e Test x =0 in the interval x> —1.

£(0)=3
f(0)=9
On the interval x> —1, f’(x) >0, so f(x) is increasing and f"(x) >0, so
f(x) is concave up.

(0)2+12(0)+9

At x=—2, f”(x) =0 and is changing sign from negative to positive. So
there is a point of inflection at x = —2.

There are local extrema at x=—3 and x = —1.

Use the second derivative test to classify the local extrema as local
maxima or local minima and to determine the concavity of the function.

£(=3)
f7(=3)
Since f”(x) <0, f(x) is concave down and there is a local maximum at
x=-3.

(1)
(=1
Since f”(x) > 0, f(x) is concave up and there is a local minimum at
x=—1.

6(—3)+12
-6

6(—1)+12
6
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Summarize the information in a table.

x<-3 x=-3 —3<x<—1 x=-1 x>—1
Test x=—4 x=-3 xX=-2 x=-1 x=0
Value
f'(x) Positive 0 Negative 0 Positive
f(x) Negative Negative 0 Positive Positive

Increasing Local Decreasing Local Increasing
maximum . minimum
Concave Point of Concave up
down inflection

f(x) A~ X

N

Follow these steps to sketch the graph of a polynomial function y = f(x):

Step 1 Determine the domain of the function.

Step 2 Determine the intercepts of the function.

Step 3 Determine and classify the critical numbers of the function.
Step 4 Determine the points of inflection.

Step 5 Determine the intervals of increase and decrease and the intervals
of concavity of the function.

Step 6 Sketch the function.

Example 2 | Analyse and Sketch a Function

Analyse the key features of the function f(x) =x*— 5x3+ x> +21x — 18.
Then sketch the function.

Solution

Step 1 Determine the domain of the function.
The function is defined for all values of x, so the domain is x € R.

Step 2 Determine the intercepts of the function.
The y-intercept is —18.

The x-intercepts occur when f(x) = 0. Use the factor theorem. Test factors
of —18.

Try x=1.

F(1)=(1)* = S(1)3 + (12 +21(1) — 18
=0

3.5 Putting It All Together -
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So, (x — 1) is a factor.

x3—4x2—3x+18
x—1)x4—5x3+x2+21x—18

x*—x3
—4x3 + x?
—4x3 + 4x?
—3x2+ 21x
—3x2+ 3x
18x — 18
18x — 18

0

The other factor is x> — 4x* — 3x + 18. Use the factor theorem again. Test
factors of 18.

Try x=3.
f(3)=(3)>—4(3)*=3(3) +18
=0

So, (x — 3) is a factor.

x*—x—6
x = 3)x’ — 4x? — 3x +18
x3— 3x2

—x2— 3x
—x2+ 3x

—6x +18

—6x +18

0

Another factor is x% — x — 6, which can be factored as (x + 2)(x — 3).

f(x)=x*—5x3+ x>+ 21x — 18 can be written in factored form,
flx)=(x+2)(x—1)(x—3)2

The x-intercepts are —2, 1, and 3.
Step 3 Determine and classify the critical numbers of the function.

f(x)=4x3—15x>+2x + 21
0=4x3—15x2+2x+21

Use the factor theorem. Test factors of 21.
Try x=3.

£(3)=4(3)3—15(3)2+2(3) +21
=0
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So, (x — 3) is a factor.
4x2—3x—7
x = 3)4x3 —15x2 + 2x + 21
4x3 —12x2
—3x%+ 2x
—3x%+ 9x
—7x + 21
—7x + 21
0

Another factor is 4x* — 3x — 7, which can be factored as (x + 1)(4x — 7).

0=(x+1)4x—7)(x—3)
The critical numbers are —1, 1.75, and 3.

Now use the second derivative test to classify the critical points.
fx)=12x*—30x +2
e Forx=—1,f(—1)=12(—1)2=30(—-1)+2

=44
f(x)=0and f"(—1)>0, so f(x) has a local minimum at x = —1.
e For x=1.75, f"(1.75) = 12(1.75)2 = 30(1.75) + 2
=—13.75
f(x)=0 and f"(1.75) <0, so f(x) has a local maximum at x = 1.75.
e For x=3,f"(3)=12(3)2—30(3) +2

=20
f/(x)=0and f"(3) > 0, so f(x) has a local minimum at x = 3.

Substitute the critical numbers into f(x) = x* — 5x3 + x>+ 21x — 18.
f(=1)=-32 F(1.75)=4.4 £(3)=0

There are local minima at (—1, —32) and (3, 0), and a local maximum at
(1.75, 4.4).
Step 4 Determine the points of inflection.
f7(x)=12x>—30x + 2

0=12x2—30x +2

=6x2—15x +1
- 15 + /(—15)> — 4(6)(1)
2(6)

_ 15 ++/201
12
x=0.07 or x=243
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Check that f”(x) changes sign at x = 0.07.

£70) =12(0)>—30(0) +2 (1) =12(1)2—30(1) + 2
-2 =16
At x = 0.07, f"(x) =0 and is changing sign. There is a point of inflection at
x = 0.07.
Check that f”(x) changes sign at x = 2.43.
£2)=12(2)>—30(2) +2 £7(3)=12(3)2—30(3) +2
=—10. =20

At x=2.43, f"(x) =0 and is changing sign. There is a point of inflection at
x=2.43.

Step 5 Determine the intervals of increase and decrease and the intervals of
concavity of the function.

The critical numbers divide the domain into four intervals: x <—1,
—1<x<1.75,1.75<x<3, and x > 3. Determine the behaviour of the
function in each interval.

e Test x=—2 in the interval x < —1.
F(=2)=4(=2)3—15(=2)2+2(=2)+21 f(—2)=12(—2)>—30(—2)+2
f(=2)=-75 f(—2)=110

On the interval x < —1, f'(x) <0, so f(x) is decreasing and f”(x) <0, so
f(x) is concave down.

e Test x =0 in the interval —1<x<1.75.

£(0)=3(0)>+12(0)+9

£10)=9

On the interval —1<x<1.75, x<—1, f’(x)> 0, so f(x) is increasing.
From Step 3, /”(x)> 0 on the interval —1 <x<0.07 and /"(x) <0 on the

interval 0.07 <x <1.75, so f(x) changes from concave up to concave
down at x =0.07.

e Test x =2 in the interval 1.75 <x < 3.
F2)=3(22+12(2) + 9
F(2)=-3
On the interval 1.75 <x <3, f'(x) <0, so f(x) is decreasing. From step 3,
f"(x) <0 on the interval 1.75 <x<2.43 and f"(x) > 0 on the interval

2.43 <x <3, so f(x) changes from concave down to concave up at
x=2.43.
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e Test x =3 in the interval x > 3.
F(5)=4(5P3—15(52+2(5)+21 1
£(5)=156 £7(5) =152

On the interval x >3, f’(x) > 0, so f(x) is increasing and /"(x) > 0, so f(x)
is concave up.

Summarize the information in a table.

x<—1 x=-1 —1<x<1.75 x=1.75 1.75<x<3 x=3 x>3
Test ——4 | x=-1 x=0 x=175 x=2 x=3 x=5
Value
f(x) Negative 0 Positive 0 Negative 0 Positive
Point of Point of
f'(x) Positive Positive inflection at Negative | inflectionat | Positive Positive
x=0.07 x=243
Decreasing Local Increasing Local Decreasing Local Increasing
Concave up | minimum maximum minimum | Concave up
f(x)

o J TN O

Step 6 Sketch the function.

Y
30

20

10

-4 2 0 2 4 x

KEY CONCEPTS

© The first and second derivatives of a function can be used to identify
critical points, determine intervals of increase and decrease, and
identify the concavity of the function.

© To sketch a function, determine the domain of the function; determine
the critical points; identify any symmetry, intervals of increase and
decrease, and the concavity of the function; and then sketch the curve.
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1.

Communicate Your Understanding

(1 Explain how symmetry can be used to help analyse functions.

2 Describe some strategies you can use to approach a curve-sketching

problem.

For each function, determine the coordinates
of the local extrema. Classify each point as a
local maximum or a local minimum.

a) f(x)=x3

b) g(x)=—x*+2x?

J flx)=—x3+3x—2
d) h(x)=2x*+4x+5

For each function, determine the coordinates
of any points of inflection.

a) f(x)=2x3—4x?
b) f(x)=x*—6x2

4, Sketch each function.

192 MHR

a) f(x)=x3+1
b) h(x)=x>+20x2+5

0 k(x)=—=x*—2x3

d) b(x)=—(2x—1)(x2—x—2)

Consider the function
flx)=2x3—3x>—72x+7.

a) What is the maximum number of local
extrema this function can have? Explain.

b) What is the
maximum number Represénting
of points of
inflection this
function can have?
Explain.

Reasoning.and Proving

Selecting Tools
Strategies

Problem Solving

Connecting Reflecting

Communicating

o Find and classify the critical points. Identify
the intervals of increase and decrease, and
state the intervals of concavity.

d) Sketch the function.

e) Compare your answers to parts ¢) and d)
with your answers to parts a) and b).

- Calculus and Vectors - Chapter 3

. Consider the function f(x

Y Practise

0 f(x)=x"—30x>

d) f(x)=3x%—Sx*—40x3 + 120x2

)=x*— 8x3.

a) Determine if the function is even, odd, or
neither.

b) Determine the domain of the function.

¢ Determine the intercepts.

d) Find and classify the critical points. Identify
the intervals of increase and decrease, and
state the intervals of concavity.

: 3 Connect and Apply

6. Repeat question 5 for each function.

i) h(x)=3x2-27
i) t(x) =x° — 2x*+ 3
i) g(x) =x* — 8x2 + 16
iv) E(x) = —2x* + 1622 — 12

. Refer to your answers to questions 5 and 6.

a) How is the maximum possible number of
local extrema related to the degree of the
function?

b) Explain why a particular function may have
fewer than the maximum possible number
of local extrema.

. Consider a polynomial function of degree 6.

How many points of inflection will it have?
Can it have zero points of inflection?

. Analyse and sketch each function.

a) k(x)=3x3+7x*+3x—1

b) t(x)=2x3—12x*>+18x—1

0 flx)=2x"—26x2+72

d) h(x)=x*—6x3+9x*+ 3x

e) g(x)=3x*+2x3—15x2+12x -2



10. Prove or disprove. Every even function has

1.

at least one turning point.

Use Technology

a) Graph each of the following functions using
a graphing calculator or other graphing
software.

b) Use the graph to estimate the intervals of
concavity and the locations of any points of
inflection.

¢ Use the first and second derivatives to give
better estimates for these values.

i) f(x)=2x"—20x3+15x
i) g(x)=x°—8x3+20x—1

12. Write the equation of a function that has

a local minimum when x =2, and a point
of inflection at x = 0. Explain how these
conditions helped you determine the function.

13. Joshua was sketching the graph of the

functions f(x) and g(x). He lost part of his
notes including the formulas for the functions.
Given the partial information below, sketch
each function.

a) The domain of fis R.

lim f(x)=—o00 and lim f(x)=—c0
X—>00 X——00
The y-intercept is 2. There are x-intercepts
at —1, 3, and 5. There are local extrema at

x=2,3,and 4.

(&5 Extend and Challenge

15. A function has vertical asymptotes at

x=—1 and x = 3, and approaches zero as x
approaches * oo. It is concave down on the
intervals —co<x<—1and —1<x<1.1It

is concave up on the intervals 1 <x <3 and
3<x<oo.

a) Sketch a possible graph of such a function.

b) Is there more than one equation that could
model such a graph? Justify your answer.

) Is it possible to have any local extrema
between —1 and 3? Justify your answer.

14.

16.

b) The polynomial function g has domain R.
lim g(x)= o0
X—>—00
g is an odd function.

There are five x-intercepts, two of which are
4 and —2. There are local maxima at (3, 4)
and (—1, 5).

. 1
The function f(x)=—x + — can be
x
considered a sum of two functions.
a) Identify the two functions.

b) Sketch the two functions lightly on the same
set of axes.

¢ Use your results from part b) to predict
what the graph of f(x) will look like.

d) Verify your prediction using graphing

technology.

1
e) Find the first derivative of f(x)=—x + =

and use it to find the turning point.

f) Find the second derivative of

flx)=—x+ iz and use it to find the
x

intervals of concavity.

Consider the function g(x) = TR
x=—1

a) How does g(x) behave as x - *o0? Explain
your reasoning.

b) State the equations of the vertical
asymptotes.

¢) Evaluate the one-sided limits at one of the
asymptotes.

d) What does symmetry tell you about the
other asymptote?

e) Find and classify the critical point(s).

MHR
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17. Consider the function f(x)=

x—1
x+1
a) Find the x- and y-intercepts of its graph.

b) State the equations of the asymptotes.

o Find the first derivative and use it to
determine when the function is increasing
and decreasing.

d) Explain how your answer to part ¢) helps
determine the behaviour of the function in
the vicinity of the asymptotes.

20.

e) How many points of inflection are there?
Explain your reasoning.

f) Sketch the graph, then verify your work
using a graphing calculator.

Consider the functions

 x24+2x+3

2
flx) = x+1

and g(x)=x+1+

a) Use a graphing calculator to verify that

f(x)=g(x).

e) Sketch the graph. b) Prove algebraically that f(x) = g(x). Try to

find more than one method.
18. For each function,

¢) The function g(x) can be considered the sum
of what two functions? Describe how these
functions can help predict the shape of g(x).

a) How does the function behave as
x —=*o00? Explain your reasoning.

‘ >
b) Does Fhe function have any symmetry? 21. Math Contest How many local extreme
Explain. . .
points does the graph of the function

o Use the derivative to find the critical y=(x+2)5(x2—1)* have?

point(s). Classify them using the second

. A2
derivative test.

d) Find the point(s) of inflection and make B3
a table showing the intervals of C 4
concavity. DS

: 3
i) g(x)=x"—27x E 6

i) y=x*—8x*+16

1 22. Math Contest For which of these functions
iii) k(x) = a2 is the derivative discontinuous at a point in the
xx function’s domain?
iv) f(x)=
_ x
V) hix)= a > 4 1
x
19. For the function g(x) = e answer all of oo 2
the questions without finding derivatives. ’ X
a) Find all of the intercepts. D y=1x
b) Find the maximum value. Explain your Ey= i
reasoning. Jx

¢ State the equation of the horizontal
asymptote.

d) Are there any local minima? Use your
answers to parts a) through ¢) to explain.
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3.6

Optimization Problems

In order to remain competitive in a global market,
businesses must continually strive to maximize
revenue and productivity while minimizing

costs. A factory wants to produce the number of
units that will minimize the cost of production
while maximizing profits. Packaging must be as
inexpensive as possible, while allowing for efficient
transportation and storage. A farmer needs to
determine an appropriate number of seeds to

buy and plant in order to maximize yield while
minimizing planting costs. In this section, you will
examine a variety of real-life problems in which it
is necessary to find the best, or optimal, value.

NZHIEIM How can you find the maximum value of a quantity on a given interval?

A 400-m track is to be constructed of two ~—[—> Tools
straightaways and two semicircular ends, as shown

« graphing calculator
in the diagram. The straightaways can be no less than o
100 m long.

What radius would produce the maximum area
enclosed inside the track?

1. Write an expression for the area, A, in terms of 7 and L.

2. The perimeter of the track is 400 m. Write a function for the area, A, in
terms of 7 only.

3. Use a graphing calculator to graph the function from step 2. Find the
maximum area and the radius at which this occurs. Find the length of the
straightaways for this value of the radius.

Optional: Find the maximum area and the values of  and L by finding
the derivative and proceeding as you did in Sections 3.2 and 3.3.

4, Reflect What type of track appears to give the maximum area? Does
this make sense? Explain.
5. Does this answer fit the conditions in the question? Explain.

6. What radius gives the maximum area for the given conditions? How do
you know?

7. Reflect When the interval contains no local maximum or minimum,
describe how you would find the maximum or minimum value for the
given interval.
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Solving an optimization problem is similar to finding the absolute maximum
or minimum values on a given interval. Refer back to the Investigate as you
read the following suggested strategy.
When approaching optimization problems, follow these steps:

e Read the question carefully, identifying what the question is asking.

e Define the variables. A diagram is often a useful aid.

¢ Identify the quantity to be optimized.

e Write a word equation or formula, in terms of one or more variables, for
the quantity to be optimized.

® Define the independent variable.

e Express all other variables in the word equation or formula in terms of
the independent variable. See step 2 of the Investigate.

® Define a function in terms of the independent variable.

e Identify and state any restrictions on the independent variable.
e Differentiate the function.

e Solve f’(x) = 0 to identify critical points.

e Check the critical points and the endpoints you identified.

¢ Directly answer the question posed in the problem.

Example 1 | Maximizing Area

A lifeguard has 200 m of rope and some
buoys with which she intends to enclose a
rectangular area at a lake for swimming.
The beach will form one side of the
rectangle, with the rope forming the other
three sides. Find the dimensions that will
produce the maximum enclosed area if

a) there are no restrictions on the dimensions

b) due to the depth of the water, the area cannot extend more than 40 m into
the lake
Solution

a) Let A represent the area of the region to be enclosed, which is the quantity
to be maximized.

Express A in terms of the other variables:
A=LXW
From the length of the rope, 200 =2L + W.
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Rearrange to isolate W.
W=200-2L
Substitute 200 — 2L for W.
A=L(200-2L)
=200L —2L?
It is useful to consider the domain for this function. Clearly, L =0. Since
2L+ W =200, the largest value for L occurs when W= 0; i.e., L =100.
Thus the domain is [0, 100].

Find the critical points.

A’ (x)=200—-4L
200—-4L=0 Set the derivative equal to zero to find a potential local maximum.

L=50
When L =50, W=200—-2L
=200-2(50)
=100
The critical point is (L, A) or (50, 5000). Check that this critical point is a

maximum.
Method 1: Test the Endpoints of the Interval

When L =0, the area is zero.
Similarly, when L =100, then W =0, so the area is zero.

Method 2: Sketch a Graph
Sketch the graph of A =200L —2L? on the interval 0 =L =100.

7 HEA\
=En Y=EQgd

Method 3: Use Derivatives

Determine the second derivative.
A”=—-4

Since the second derivative is always negative, the graph is always concave
down, including when L = 50. This means that there is a local maximum
when L = 50.

The area is a maximum of 5000 m? when the dimensions are 50 m by
100 m.

b) Due to the restriction, L must not exceed 40 m. Find the maximum area
on the interval 0 <L <40.

From part a), the area is increasing on the interval 0= L = 50.
The maximum area is at the right end of the interval, when L =40.
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This can be confirmed by graphing.

Ti=z00H-2Hz

H=HO F=HEOD

When L =40,

200=2L+W

200=2(40)+ W
W=120

To find the area,

A=LXW
=40x120
=4800

The maximum area of 4800 m? occurs when the dimensions are 40 m by
120 m.

Example 2 | Packaging Problem

a)

b)

Calculus and Vectors -

A cardboard box with a square base is to have a volume of 8 L.

Find the dimensions that will minimize the amount of cardboard to be
used.

The cardboard for the box costs 0.1¢/cm?, but the cardboard for the
bottom is thicker, so it costs three times as much.
Find the dimensions that will minimize the cost of the

cardboard.
Solution b
a) Let SA represent the surface area, the quantity to be
minimized. X
Express SA in terms of other 8 Lis equivalent to 8000 cm?®.
variables: From the volume equation, 8000 = x?h.
SA = (bottom and top) + 4(sides) 8000
SA =x2+x*+ 4xb Rearranging to isolate h gives h=—~.
X
SA=2x2+ 4x<8 000) substitute 2% for
x? X2
SA=2x%2+432000x"
SA’(x) = 4x — 32 000x 2 Differentiate.
3_
SA’(x) = 4x—322(mo Write as a fraction.
x

Chapter 3



4x3—32000=0 Set the derivative equal to zero to find the
x3=8000 critical numbers. The derivative equals zero if the
x =20 numerator equals zero.

Examine SA’(x) or SA”(x) in the vicinity of x =20 to show that the
function changes from decreasing to increasing and that it is concave up.
Alternatively, graph the function. From the graph, the surface area is a
minimum when x = 20.

?1:1(?;2000.-'!{

H=zi K=zEhin
Substitute x =20 into b = 80(2) .
x
_ 8000
202
h=20

The dimensions of the box are 20 cm by 20 cm by 20 ¢cm. In other words,
it forms a cube.

b) The cost, C, is to be minimized. Cost restrictions will change the solution

from part a). Start with the surface area equation.

SA = (bottom and top) + 4(sides)

SA =x2+ x>+ 32 000
x
2
C(x)=0.3x%+0.1x> + 0.1(3 OOO) The bottom costs 0.3¢/cm? while the top and
* sides cost 0.1¢/cm?.
C=0.4x*+ 3200 Simplify.
x
C’'(x)=0.8x — 3280 Differentiate.
x
3_
C'lx) = 0.8x 23200
x
0.8x3—3200=0 Set the derivative equal to zero to find the
23 = 4000 aritical numbers.
x=15.9 The derivative equals zero if the numerator
equals zero.

3.6 Optimization Problems -« MHR
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The minimum point is confirmed by a graph  (FI=A¥Z+ZZ00™

of C(x)
Substitute x =15.9 into h = 80(2)0 .
x
_ 8000
15.92
h=31.7

The dimensions that minimize the cost of the box are approximately
15.9 cm by 15.9 cm by 31.7 cm. Note the 1:1:2 ratio.

KEY CONCEPTS

© When solving optimization problems, follow these steps:
¢ Identify what the question is asking.
® Define the variables; draw a diagram if it helps.
¢ Identify the quantity to be optimized and write an equation.

¢ Define the independent variable. Express all other variables in
terms of the independent variable.

¢ Define a function in terms of the independent variable.

¢ Identify and state any restrictions on the independent variable.
¢ Differentiate the function.

e Determine and classify the critical points.

e Answer the question posed in the problem.

© The context of a problem often dictates the interval or domain to be
considered.

© Answers should be verified to ensure they make sense, given the
context of the question.

Communicate Your Understanding

(1 Finding where the derivative of a function equals zero will always
produce the desired optimal value. Is this statement true or false?
Explain your reasoning.

2 If x represents the size of a price increase, what would be the meaning
of x=-5?
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I e

1. The height, b, of a ball ¢ seconds after being
thrown into the air is given by the function
h(t)=—4.912+ 19.6t + 2. Find the maximum
height of the ball.

. Find two integers with a sum of 20 and whose
product is a maximum.

3.

At G&W Industries, it has been shown that the
number of gizmos an employee can produce
each day can be represented by the equation
N(t)=—0.05£2+ 3t + S, where t is the number
of years of experience the employee has, and
0=¢=40. How many years of experience does
it take to achieve maximum productivity?

: 3 Connect and Apply

4. A rectangular pen is to be built with 1200 m
of fencing. The pen is to be divided into three
parts using two parallel partitions.

a) Find the maximum possible area of the pen.

b) Explain how the maximum area would
change if each side of the pen had to be at
least 200 m long.

. Two pens with one common side are to be
built with 60 m of fencing. One pen is to be
square, the other rectangular, as shown. Find
the dimensions that maximize the total area.

Lz

. A showroom for a car dealership is to be built
in the shape of a rectangle with brick on the
back and sides, and glass on the front. The
floor of the showroom is to have an area of

500 m2.

a) If a brick wall costs $1200/m while a glass
wall costs $600/m, what dimensions would
minimize the cost of the showroom?

b) Should the cost of the roof be considered
when deciding on the dimensions? Explain
your reasoning. Assume the roof is flat.

. A Norman window has the

shape of a rectangle with a ( ; ; ‘

semicircular top, as shown. 2r

a) For a given perimeter, find
the ratio of height to radius
that will maximize the
window’s area.

-~

8.

10.

b) Assume the semicircular portion of the
perimeter is three times as costly to build as
the straight edges. For a given area, what
ratio of height to radius would minimize
cost?

A cylindrical can is to have a volume of 1 L.

a) Find the height and radius of the can that
will minimize the surface area.

b) What is the ratio of the height to the
diameter?

¢) Do pop cans have a similar ratio? If not,
suggest why.

A soup can of volume 500 cm? is to be
constructed. The material for the top costs
0.4¢/cm? while the material for the bottom
and sides costs 0.2¢/cm?. Find the dimensions
that will minimize the cost of producing the
can.

A Cylindrical drum Reasoning.and Proving
with an open top is to
be constructed using

1 m? of aluminum.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

a) Write an equation Communicating
for the volume of the drum in terms of the

radius.
b) What radius gives the maximum volume?

¢) Use a graphing calculator to graph the
equation from part a).

d) What is the maximum volume if the radius
can be a maximum of 0.2 m? Refer to the
graph as you explain your reasoning.
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11.

12

13.

14.

15.

16.

202 MHR - Calculus and Vectors -

A rectangular piece of paper with perimeter
100 cm is to be rolled to form a cylindrical

tube. Find the dimensions of the paper that
will produce a tube with maximum volume.

There are 50 apple trees in an orchard, and
each tree produces an average of 200 apples
each year. For each additional tree planted
within the orchard, the average number of
apples produced drops by 5. What is the
optimal number of trees to plant in the
orchard?

For an outdoor concert, a ticket price of $30
typically attracts 5000 people. For each $1
increase in the ticket price, 100 fewer people
will attend. The revenue, R, is the product of
the number of people attending and the price
per ticket.

a) Let x represent the number of $1 price
increases. Find an equation expressing the
total revenue in terms of x.

b) State any restrictions on x. Can x be a
negative number? Explain.

o Find the ticket price that maximizes
revenue.

d) Will your answer to part ¢) change if the
concert area holds a maximum of 1200
people? Explain.

Find the area of the largest rectangle that can
be inscribed between the x-axis and the graph
defined by y =9 — x2.

The cost of fuel per kilometre for a truck
travelling v km/h is given by the equation

Cw) v 12

T 400 o
a) What speed will result in the lowest fuel
cost per kilometre?

b) Assume a driver is paid $20/h. What speed
would give the lowest cost, including fuel
and wages, for a 1000-km trip?

Find a positive number such that the sum of
the square of the number and its reciprocal is a
minimum.

Chapter 3

17.

18.

19.

20.

Brenda drives an 18-wheeler. She plans to buy
her own truck. Her research indicates that

the expected running costs, C in dollars, are
given by C(v) =0.9 +0.000522, where v is the
speed in kilometres per hour. Brenda’s first trip
will be 1500 km, round trip. She plans to pay
herself $30/h. Determine the speed that will
minimize Brenda’s costs for the trip.

A piece of plexiglass is in the shape of a
semicircle with radius 2 m. Determine the
dimensions of the rectangle with the greatest
area that can be cut from the piece of

plexiglass.
EAN

Chapter Problem Recall that
20 m of edging is to form

the two sides of the square
garden and the curved edge of
the garden in the shape of a
quarter circle. Let x represent
the length of edging used for
the quarter circle.

a) Find an expression for the length of edging
used for each side of the square garden.

b) Find an expression for the radius of the
quarter circle.

¢) Use your answers to parts a) and b) to find
an equation for the combined area of the
two gardens.

d) Show that the equation from part c) is

4+ “)xz— 10x +100.
4

equivalent to A(x) = (

A 60-cm by 40-cm piece of tin has squares cut
out of each corner, then the sides are folded up
to form an open-top box.

a) Let x represent the side length of the squares
that are cut out. Draw a diagram showing
all dimensions.

b) Find an equation representing the volume of
the box.

¢) State the domain of the relation. Explain
your reasoning.

d) Find the dimensions that will maximize the
volume of the box.



21.

22.

23.

Qil is shipped to a remote island in cylindrical
containers made of steel. The height of each
container equals the diameter. Once the
containers are emptied on the island, the steel
is sold. Shipping costs are $10/m? of oil, and
the steel is sold for $7/m?.

a) Determine the radius of the container that
maximizes the profit per container. Ignore
any costs (other than shipping) or profits
associated with the oil in the barrel.

b) Determine the maximum profit per container.

¢) Check your answers to parts a) and b) by
graphing.

A box with a square base and closed top is to

be constructed out of cardboard.

a) Without finding derivatives, what shape do
you expect would give the minimum surface
area for a given volume? Explain.

b) Does the volume affect the shape of the
box? Explain.

¢) If the box has no top, will the shape
change? Verify your answer by choosing
a volume and solving the problem using
calculus.

A series of rectangular fenced pens is to be
built, each using 1000 m of fencing.

a) Find the dimensions that will maximize the
total area in each situation.

i) a rectangular pen with no restrictions

ii) a rectangular pen, divided into two as
shown

iii) a rectangular pen, placed against a barn
so it only requires three sides to be
fenced.

b) Consider the three situations in part a). Do
you see a pattern? Explain.

(&85 Extend and Challenge

24.

25.

26.

¢ Explain how you could find the dimensions
if the pens were similar to those in part a)
ii), but divided into four equal parts.

a) For a rectangular prism of a given volume,
what shape would have the least amount of
surface area?

b) What three-dimensional shape would have
the least amount of surface area for a given
volume?

¢ Think of the shapes of various packages
you would see at the grocery store. Why
do you suppose they are not necessarily the
shapes you described in parts a) and b)?
What other factors might be considered that
would affect the shape of containers and
packaging?

Math Contest A piece of wire of length L is
cut into two pieces. One piece is bent into a
square and the other into a circle. How should
the wire be cut so that the total area enclosed
1S a minimum?

A Use all of the wire for the circle.

B Use all of the wire for the square.

C Use % for the circle.

4L

for the circle.
n+4

D Use

E Use for the circle.

T+ 4

Math Contest Consider the function

flx) =

x—1
G represent the greatest possible number of
local extrema for f(x), and let L represent the

least possible number of local extrema. Which
statement is true?

A G=nandL=n-1

n
d , where 7 is a positive integer. Let

B G=nand L=1
( G=n—1and L=0
D G=2and L=1
E G=2and L=0
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Chapter 4 I

Derivatives of Sinusoidal Functions

The passengers in the photo are experiencing

a phenomenon that can be modelled as
periodic motion, or motion that repeats
itself on a regular interval. The world
around us is filled with phenomena that are
periodic in nature. They include rhythms
of the daily rotation of the Earth, the
seasons, the tides, and the weather or the
body rhythms of brain waves, breathing,

and heartbeats. Periodic behaviour and
sinusoidal functions are also involved in the

study of many aspects of physics including electricity, electronics, optics, and music.

All of these situations can be modelled by sinusoidal functions; that is combinations of the basic
periodic functions, the sine and cosine functions. An advanced theorem in calculus states that

everything periodic can be expressed as an algebraic combination of sine and cosine curves.

In this chapter you will explore the instantaneous rates of change of sinusoidal functions and
apply the rules of differentiation from earlier chapters to model and solve a variety of problems
involving periodicity.

[ By the end of this chapter, you will

© determine, through investigation using d © solve problems arising from real-world
technology, the graph of the derivative f'(x) or Y applications by applying a mathematical model
of a given sinusoidal function X and the concepts and procedures associated with

the derivative to determine mathematical results,

© solve problems, using the product and chain rules,
and interpret and communicate the results

involving the derivatives of polynomial functions,
sinusoidal functions, exponential functions,
rational functions, radical functions, and other
simple combinations of functions
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Prerequisite Skills

Angle Measure and Arc Length

1. Use the relationship 7t rad = 180° to express
the following angle measures in radian
measure.

a) 360°
b) 90°

¢ —45°
d) 29.5°
e) 115°
f) 240°

2. Use the relationship
a=r6to find the arc “
length, a, in centimetres, A

subtended by an angle,
6, in radians, of a circle
having a radius, r, of 5 cm.

a) wrad
b) 2.0 rad
« 60°
d) 11.4°
n
—rad
e) > ra
f) 173°
Trigonometric Functions and Radian Measure

3. Graph each function over the interval

—2n=x=2m.
a) y=sinx
b) y=4cosx

4. For each graph in question 3, determine the
amplitude and period of the function.

5. Use Technology a) Without graphing,
describe how the graph of f(x) = cosx can
be transformed to produce the graph of

y=3f(2x).
b) For the function y = 3f(2x), determine

i) the minimum value of the function

ii) the maximum value of the function

212 MHR - Calculus and Vectors - Chapter 4

¢) Refer to part b). Use set notation to describe
the points at which y = 3f(2x) is
i) a maximum
ii) 2 minimum

d) Use a graphing calculator to graph both
functions and verify your answers.

. Consider the graphs shown here.

A y

A

\WAS AVAN

-3t -2n —-m O T 2n  3nX

For each function:

a) Determine the maximum and minimum
values.

b) Determine one possible equation of a
function corresponding to the graph.

o Explain whether the function you produced
in part b) is the only possible solution. If
not, produce another function with the
same graph.

| CONNECTIONS

The reciprocal trigonometric functions are

1 1 1
Sx=—  sex=—— (Oty=—o
sinx sX tanx

. Use special triangles to express the following

as exact values.

a) sin (E> b) cos (E)
3 4

9] sin(£> + cos <E> d) sin? <E> —sin <E>
2 3 4 6



P . Trigonometric Identities
e) sec (—) f) cot(—)
13. Replace x and y with either sina or cosa to
9 csc ( n ) h) sec? ( n ) complete the following identities.
a) sin(a + b) = x(cosb) + y(sinb)
Differentiation Rules b) sin(a — b) = x(cos b) — (cosa)(sinb)

) ) ) ) o cos(a+b)=1y(cosb) —x(sinb)
8. Differentiate each function with respect to the

variable indicated. 14. Prove each identity.

a) y=5x+7 a) sin?6 =1 — cos?0
b) y= —2x3 + 4x2 b) tan(—6)cos(—6) = —sin 6

9 ft)=yt*—1 ¢ cotf= cos6

sinf
d) flx)=2x"2%Jx—3

d) cotd = csco
9. Let f(x) =x? and g(x) = 3x + 4. Find the sec
derivative of each function. 15. Simplify each expression so that no
a) flg(x)) denominators remain.
b) g(f(x)) a) sinx
9 f(f) tanx
_sin2
d) f(x)g(x) py L sin" @
cos? @
Applications of Derivatives 9 sinx
)
10. Find the slope of the line tangent to the curve s X . ' .
y=—3x2+5x—11 at x = —4. 16. a) Use a sum or difference identity to prove
11. Find the equation of the line tangent to the that cos (9 - g) =sin6.
2
curve y = %‘*’ 6x atx=—2. b) Use transformations of the graph of

] ) y = cosx to illustrate this identity.
12. Determine the coordinates of all local

maxima and minima for the function
y=x3+ 5x>+ 3x — 3 and state whether

17. a) Use a sum or difference identity to prove
that sin(@+ ) = —siné.

each is a local maximum or minimum. b) Use transformations of the graph of
y =sinx to sketch a graph illustrating this
identity.
PROBLEM

oc

"I'_J Roller coasters come in all sorts of shapes and sizes. Think of the types of

o mathematical functions that can be used to model some of their curves. How could

<L sinusoidal functions be useful in roller coaster design? How could you design a new

5 roller coaster that would be functional, fun, and safe?
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4.1 Instantaneous Rates of Change
of Sinusoidal Functions

The electronic device pictured is called an oscilloscope. This
powerful tool allows a technician or engineer to observe
voltage or current signals in electrical circuits. Notice that the
shape of the signal is that of a sine or cosine wave.

Sinusoidal functions are functions whose graphs have the
shape of a sine wave. Electromagnetic waves including light,
x-ray, infrared, radio, cell phone, and television are all
examples of phenomena that can be modelled by sinusoidal

functions. A microwave oven uses electromagnetic waves to
cook your food. Exploration of the instantaneous rate of
change of a sinusoidal function can reveal the nature of it
derivative.

ol x

NZHIEI-M What is the nature of the instantaneous rate of change of a sinusoidal
function?

Tools A:The Sine Function

« computer with
The Geometer's Sketchpad® 1. Open The Geometer’s Sketchpad® and begin a new sketch.

2. Sketch a graph of y =sinx. Accept the option to change the units to
radians.

3. a) Explain why y =sinx is a periodic function.

b) Use the Segment Tool to draw approximate tangent lines at several
points along one period of the curve. Estimate the slope at each of
these points.

¢) What type of pattern do you think the slopes will follow? Explain your
reasoning.

4, a) Construct a secant that is almost tangent to the curve:

o Select the curve only. From the Construct menu, choose Point on
Function Plot.

e Construct another point on the curve. Label these points P and Q.
e Construct a line that passes through P and Q.

e Select the line only. From the Measure menu, choose Slope.
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® Measure the slope of this line.

* Move Q so that P and Q are very close together.

0 The Geermeles's Seelchpad

I Fie Fel Doy Coramort Teseafaam Mesure Oeaph e Hep = X
e = ) -
— *
Sope PO = 008
o
"
I
: /
A
. " // o
o
E
3 o
-
/’H’/
a s
/..
/
>
./.
s
Pl -
1] | =

b) Explain why the slope of the line passing through P and Q is
approximately equal to the rate of change of the sine function at Q.

¢ How could you improve the accuracy of this measure?
. Explore what happens at various points along the curve.

a) Select both points P and Q. Click and drag, and explain what
happens to

i) the line
ii) the slope of the line
b) Identify points where the slope is
i) zero
ii) a maximum
iii) a minimum
¢) What are the maximum and minimum values of the slope?
6. Trace the rate of change of the slope of PQ as you follow the sine curve.
e Select the point P only. From the Measure menu, choose Abscissa (x).
e Select the line PQ only. From the Measure menu, choose Slope.
* Select the measures of xp and 72pq, in that order.

¢ From the Graph menu, choose Plot As (x, y).

CONNECTIONS

Recall the geometric
interpretations of secant lines
and tangent lines.

secant line

« aline passing through two
different points on a curve

tangent line

- 3 line that touches, but does
not cross, a curve at only one
point

These terms have a different
interpretation in trigonometry.

Fora right triangle,
hypotenuse
//_I opposite
adjacent
opposite
g 2pousite
adjacent
hypotenuse
secd = yp_
adjacent

To learn more about relationships
between trigonometric functions
and where their names come
from, go to www.mcgrawhill.ca/
links/calculus12 and follow the
links.
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A point having coordinates (xp, 72pq) will appear.

e Plot mpq as a function of x.

Select the point (xp, 72pq).

From the Display menu, choose Trace Plotted Point.

Select points P and Q. Click and drag these points to trace out the
instantaneous rates of change.
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7. Reflect a) What function does the trace plot look like?

b) Identify intervals for which the instantaneous rate of change is
i) increasing
ii) decreasing
iii) zero

¢ What do these results suggest about the derivative of y =sinx? Explain
your reasoning.

d) Check your prediction from part ¢) by graphing the derivative of sinx.
e Select the equation f(x) =sinx.

e From the Graph menu, choose Derivative.

Was your prediction correct?

B: The Cosine Function

8. a) Predict the derivative of y = cosx. Give reasons for your prediction.

b) Without using the Derivative command, design and carry out an
investigation using The Geometer’s Sketchpad® to test your prediction.
Use the Derivative command only to check your final result.

9. Reflect Summarize your results. Were your predictions in steps 7 ¢) and
8 a) correct? Explain.

216 MHR - Calculus and Vectors - Chapter 4



KEY CONCEPTS

© The rate of change of a sinusoidal function is periodic in nature.

© The derivative of a sinusoidal function is also a sinusoidal function.

Communicate Your Understanding

a

curve.

Describe how the instantaneous rate of change varies along a sinusoidal

2 Consider the curve y =sinx on the domain {x|0 <x <2x, x € R}. How

aG

many
a) local maxima are there?

b) local minima are there?

Explain your answers using a diagram.

domain is all of R? Explain why.

Refer to the previous question. How do these answers change when the

3 Connect and Apply

1.

Y .
1 Yy =-—sinx

AN

a) Identify all points where the slope of
y = —sinx is
i) zero
i) a local maximum
i) a local minimum
b) Over which intervals is the curve

i) concave up? ii) concave down?

X

¢ What are the maximum and minimum
values of the slope?

d) Sketch a graph of the instantaneous rate of
change of y= —sinx as a function of x.

a) Sketch a graph of the function y = —4cosx.

b) Sketch a graph of the instantaneous rate of
change of y= —4cosx as a function of x.

Does a sinusoidal
curve have any points
of inflection? Use
geometric reasoning to
support your answer.
Sketch a diagram to
show where these points occur.

Reasoning.and Proving

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

(e Extend and Challenge

Use Technology
a) Sketch a graph of y=cscx.

b) Determine the instantaneous rate of change
at several points.

¢) Sketch a graph of the instantaneous rate
of change of y =cscx as a function of x.
Identify the key features of the graph.

4.1 Instantaneous Rates of Change of Sinusoidal Functions -

5.
6.
1.

Repeat question 4 for y = secx.
Repeat question 4 for y = cotx.

Math Contest The period of the function
3sin4x + 2sin6x is
T

AT B & (n
12 2
D 2& E 12n

MHR 217



4.2 Derivatives of the Sine and
Cosine Functions

In the last section, you discovered that the graph of the
instantaneous rate of change of a sinusoidal function is periodic
in nature and also appears to be a sinusoidal function. Algebraic
and graphical reasoning can be applied to determine the precise
nature of the derivative of a sinusoidal function.

Vertical Position <

Time

X

Apply the first principles definition of a derivative to find the

derivative of y=sinx. You will need to use the identity
sin(a + b) = (sina)(cos b) + (sinb)(cosa) in your work.

dy _ . sin(x +h)—sinx
dx  h50 b

sinxcosh + cosxsinh — sinx [Time

Vertical Speed <

= Jim b
~ sinx(cosh — 1)+ cosxsinh
= lim
h—0 h

- lim [sin x(cosh —1) + cosxsin h]

h—0 b b
. sinx(cosh—1) . cosxsinh . . o
= lim —————— + lim ———— Thelimit of a sum is the sum of the limits.
h—0 b h—0 b

Notice that both sinx and cosx do not depend on h. Since b varies but x is fixed in
the limit process, sinx and cosx can be moved as factors to the left of the limit signs.

ﬂ = sinx(lim M) + cosx(lim sinh)
d =0 p h=0 h

Use a graphing calculator to determine these two limits. You have not evaluated limits like these before.

Direct substitution in either limit leads to an indeterminant form g

Technology Ti - ((Flotl Flotz Plot: (CFlotl Flotz Plots )
— \'\’1E(GDE(H)—1)/:"¢ ] = LS T T P

When viewing some ~ \$zf

trigonometric functions, it s :3;: :yi;

useful to use the Zoom 7:ZTrig :3«: :5:5

option, which adjusts the scales 0'.,!:= ) \\g?; )

on the axes for better viewing. g _ N g _ -

- el R
. J . J
The graph shows that }’in})COShT_l =0. The graph shows that lln‘(l) sin b
—
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Substitute these limits. Then, simplify the expression for the derivative with
respect to x.

ﬂ = sinx(0) + cos x(1)

dx

= COoSXx

The derivative of y =sinx is j—y = cosx.
x

Use this result to determine the derivative of y = cosx with respect to x. CONNECTIONS
y =cosx The trigonometric difference
[ . o identity sin(a—b) =
= sm(z - ) Use the difference identity sm(E - ) = (05X (sin a)(cos'b) —(cosa)(sinb)
can be derived from the
Differentiate this function by using the result above and applying the sum identity sin(a + b) =
chain rule. (sin a)(cos b) + (cos a) (sin b).

sinx -1
= (sinx)(—1)
= —sinx
. . dy .
The derivative of y = cosx is T = —sinx.
x

INZENIGEICEE Why use radian measure?

Consider the function y = cosx. Tools
1. Calculate the value of this function at x = g f ) « graphing calculator
2. Calculate dy and evaluate the derivative / \\

dx \L/j \\_//
T
atx = —.
2 \ J
3. Use a graphing calculator to graph y = cosx. - T ~
Make sure that the calculator is set to use }_\
radians. . / s
4. From the Draw menu, choose 5:Tangent(, U
and construct the tangent to y = cosx at the L )

. T
t1=,0]|
poin (2 )

4.2 Derivatives of the Sine and Cosine Functions -«
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Technology Tip

To set your graphing calculator to
radian mode:

« Press(MODE J.

- Scroll down to the line
containing RADIAN.

« Select RADIAN.
« Press(Y=] to return to the

function screen.

T
5. Find an equation of the line passing through the point (E’ 0) with a slope

of —1. Is this the equation of the tangent line to y = cosx at (g, 0)? Explain.

6. Convert g rad to degrees. If the scale of the horizontal axis of your graph
were expressed in degrees, what would be the coordinates of the point

corresponding to (§,0> on your original graph?

7. Change the scale of the horizontal axis from radians to degrees:
e Change the MODE to DEGREE.
e Change the WINDOW variables to xe [—270, 270].
e Redraw the tangent line at (90°, 0).
Examine the tangent line you have constructed. Has the y-intercept of
that line changed? Has the x-intercept changed? Explain.

8. Find an equation of the tangent line to the graph of this function that
passes through the point (90°, 0). What is the slope of this line?

9. Reflect Explain why relabelling the horizontal axis of a graph will
change the slope of any lines you have plotted. If you change the labelling
of the horizontal axis of the graph of y=cosx from radians to degrees,
will the function y = —sinx give the slope of the tangent at a point?
Explain.

| CONNECTIONS

You explored the various
differentiation rules in Chapter 2
Derivatives.

The rules for differentiation that you learned earlier, such as the constant

multiple rule, di[cf (x)]= C[di f (x)], can be applied to sinusoidal functions.
x x

Example 1 | Constant Multiple Rule

Find each derivative with respect to x.

a) y=2sinx b) f(x) = —3cosx

Solution

a) y=2sinx
ﬂ = i(ZSinx)
dx dx

= Zdi(sinx) Apply the constant multiplerule.
x

=2cosx

b) f(x)=-3cosx
f'(x)=—3(—sinx)  Applytheconstantmultiplerule.

= 3sinx
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The sum and difference rules state that (f = g)"(x) = f"(x) = g’(x).

Example 2 | Sum and Difference Rules

Differentiate with respect to x.

a) y=sinx + cosx b) y=2cosx —4sinx
Solution
a) y=sinx +cosx
? = cosx + (—sinx) Apply the sumrule.
x

=cosx — sinx

b) y=2cosx — 4sinx

d_yzz(

7 —sinx) — 4cosx Apply the difference rule and constant multiplerule.
x

=—2sinx — 4cosx

Example 3 | Slope at a Point

Find the slope of the tangent line to the graph of f(x) = 3sinx at the point

T
where x = —.
4

Solution

To find the slope, differentiate the given function with respect to x. Then,
evaluate the derivative at x =
f(x)=3sinx
f’(x)=3cosx

The value of the derivative gives the slope of the tangent

N

passing through the point on f(x) where x = %

e

43

2

. T. 3
The slope, or instantaneous rate of change, when x = 155

2

4.2 Derivatives of the Sine and Cosine Functions « MHR
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Example 4 | Equation of a Tangent Line

Find the equation of the tangent line to the curve

f(x) = —2sinx at the point where x = g

Solution

Method 1: Use Paper and Pencil

T "
/ 5
To find the equation of a line, you need its slope

and a point on the line.

y
f (x) = —2sinx
0 T X
_1 2
-2

Calculate the point of tangency with x-coordinate =

f(x)=—2sinx

(o)l
oy

The required point is (g, —1).

To find the slope, differentiate the function with respect to x. Then, evaluate

. T
the derivative at x = o

f(x)=—2sinx
f’(x)=—2cosx

()2l

8

3

The slope of the tangent line is —/3.

To find the equation of the tangent line, substitute the point and the slope

into the point-slope form equation of a line.

The equation of the tangent line is

y = y1=mx — x1)

y+1=\/§<x—:>

s By

Calculus and Vectors - Chapter 4

y=—,/§x+%—l

2
f(x)=—2sinx
-2 _3j T _T 0 n X
2 2_1 2
-2




Method 2: Use a Graphing Calculator

To find the equation of the tangent line, find the point of tangency and the
slope through that point.

Graph the curve y = —2sinx.

Flotl Flotz Flot2 [
x$15'25in(§<) { ~ - w
Wy = r "
\3 = g0 P
b = ' Fa i
Spe= t‘_ " J
“We=
Wes

Determine the value of y when x = g by using the Calculate menu.

Fi==25in(HD
P .,
£ i

& o . f
{‘I\ .\_;-'.' -x-\_rfr.. J
G=.EXTCRATE Iv=-1

The tangent point is (g, —1) .

Use the Calculate menu to find the slope of the derivative at x =

AN

dvldx="-1.732051

r
=

When (g, —1>, the approximate value of the slope of the tangent line
is —1.732.

To find the y-intercept of the tangent line, substitute the point (E, —1) and
the slope into the point-slope form equation of a line. 6

y = y1 =m(x — xq)

y+1= 1.732(x - ’6‘)

y=-1.732x — 0.093 Technology Tip
So, the approximate equation of the tangent line at x = Tis When you choo;e to begina
y=—1.732x — 0.093. 6 new prgblem with the CAS,
any variables and values in the
Method 3: Use a Computer Algebra System (CAS) memory that may have been left
by a previous user are cleared. If
e Turn on the CAS and select 2:NewProb, then press (ENTER]. you donot begin a new problem,
o Press the key. Scroll down to Angle, and ensure that RADIAN is you may experience unexpected
selected. orincorrect results.
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¢ Scroll down to Exact/Approx, and W R (0 A MR o
ensure that AUTO is selected.

. ® HewProb Do
o Press (F4) and select 1:Define. Enter the " Define F(>0=-2 sin(x)
. o . Done
function f(x) = —2sinx. [n]
. T =flg 71
e Evaluate the function at x = —. :
6 Hal L] I

The CAS shows that f(g) =-1.

Determine the derivative of the function, and evaluate the derivative
T

at x = —.
6

e Press (3] and select 1:d( differentiate.

e Enter (ALPHA) (0 (O (I (J I .
e Press the key and store the derivative as g(x).

[Iﬂh]ﬂﬂnrc!'galc{ﬂﬂmrl Fr ]ﬂun bl ]
=) R

. %KT(K}J + g(x) Done

=9 ]

Determine the slope by evaluating the

derivative at x = =

When x = E, the exact value of the slope

of the tangent line is —/3. Note that the
CAS displays the exact value.

To find the equation of the tangent line, substitute
the point (g, —1) and the slope into the point-slope
form equation of a line.

e Press (F2) and select 1:solve.
e Enter JH1E Q@M X30XMOMNEMAE6MWIMO) and

press (ENTERJ,

The exact equation of the tangent line at

T . TI:\/7
=— = +—-—1.
6lsy —/3x <

Compare this equation to the equation

Cgelm =TT e {u=ns6)

produced using Method 2. o DEGAUTD FUNC

You can set the CAS parameters to display
approximate rather than exact values. Press
the key, scroll down to Exact/Approx,
and select APPROXIMATE.
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KEY CONCEPTS

o .. d
The derivative of y =sinx is d_y = cosx.
x

The derivative of y = cosx is ;1_)/ = —sinx.
x

The constant multiple, sum, and difference differentiation rules apply
to sinusoidal functions.

Given the graph of a sinusoidal function expressed in radians, you can
find the slope of the tangent at a point on the graph by calculating the
derivative of the function at that point.

Given the graph of a sinusoidal function expressed in radians, you
can find the equation of the tangent line at a point on the graph
by determining the slope of the tangent at that point and then
substituting the slope and point into the equation of a line.

Communicate Your Understanding

a

a) Is the derivative of a sinusoidal function always periodic? Explain

why or why not.
b) Is this also true for the
i) second derivative? ii) fifth derivative?

Explain how you can tell.

@ a) Over the interval {x|0=x=2m, x € R}, how many points on the

graph of the function y =sinx have a tangent line with slope
i) 02 i) 12
Use diagrams to help explain your answers.

b) How do these answers change for x € R? Explain why.

@3 In Example 4, three methods were used to find the equation of a tangent

1.

line: paper and pencil, graphing calculator, and CAS.
a) Describe the advantages and disadvantages of each solution method.

b) Describe another method that could be used to solve that problem.

TN

Match each function with its derivative.

a) y=sinx A ﬂ =sinx function.
x a) y=4sinx
_ dy _
b) y=cosx B d—=cosx b) y=mcosx
x
0 f(x)=—3cosx
Q y=—si ¢ D- i
y sinx sinx 1 .
dx d) g(x)= > sinx
d
d) y=—cosx D d_i: =—cosx e) f(x)=0.007sinx

4.2 Derivatives of the Sine and Cosine Functions -«
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3. Differentiate with respect to x. 4. Differentiate with respect to 6.
a) y=cosx —sinx a) f(0)=—3cosO—2sin O
b) y=sinx + 2cosx b) f(0)=gsin0—ncos6?+2n
9 y=x* = 3sinx 0 f(6)=15cos0+0—6
d) y=mcosx + 2x + 2msinx T T
&) y=Ssinx — Sx3+2 d) f(9)=zc059—§sm0

f) y=cosx + 7nsinx — 3x

3 Connect and Apply

5. a) Find the slope of the graph of y = §sinx at e) Use these results to predict the
x = g i) fourth derivative of y=sinx
. T ii) tenth derivative of y =sinx
b) How does the slope of this graph at x = —
2 10. Find the fifteenth derivative of y = cosx.
compare to the slope of the graph of Explain your method.
. T .
y=sinxatx = EP Explain. 11. Use Technology Create two sinusoidal
functions of your choice. Use The Geometer’s

6. Find the slope of the graph of y=2cos 6
- P grap Y Sketchpad® or other graphing software to

atf=—. demonstrate that the sum and difference
differentiation rules hold true for the functions
you have chosen.

. T 1\ .
7. a) Show that the point (g, 5) is on the curve
of y=cosx.
12. a) Find an equation of a line tangent to

b) Find the equation of the line tangent to the y = —cosx whose slope is —1.

function y = cosx and passing through the
Y P & & b) Is there more than one solution? Explain.

. n 1
point (E’ E) 13. Chapter Problem The following graph models

) . ) a section of a roller coaster ride.
8. Find the equation of the line tangent to the

. . b Y
function y = —4sinx at x = —.
4 18
9. a) Sketch a graph Reasoning.and Proving 16
of y= sinx and its Representing Selecting Tools T 14
derivative on the Problem Solving .5 12
same gl‘id, over Connecting Reflecting 'g 10
the interval from Communicating E
3-8
0 to 4m. g
S 6
. . >
b) Use transformations to explain how these 4
graphs are related. 5
¢) Find the second derivative of y =sinx and
sketch it on the same grid. How is this 0 T 2n 3n 4m X
graph related to the other two? Harigoptat Pasition fr)
d) Predict the graph of the third derivative a) What are the maximum and minimum
and sketch it on the same grid. Find this heights above the ground for the riders on
derivative and check your prediction. this section of the ride?
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b) Write an equation that relates vertical and
horizontal position.

¢ What is the maximum slope of this section
of the ride?

v/ Achievement Check

14. a) Find an equation of a line tangent to

y = 2sinx whose slope is a maximum value.

b) Is there more than one solution? Explain.

(& Extend and Challenge

15. Use Technology a) Sketch a graph of
y =tanx. Is this function periodic? Explain.

b) Predict the shape of the graph of the
derivative of y = tanx. Justify your
reasoning.

) Use The Geometer’s Sketchpad® or other
graphing software to check your prediction.
Was the result what you expected? Explain.

16. Refer to question 15.
a) What happens to the graph of the derivative
of y=tanx asx—)%
i) from the left?
ii) from the right?

b) What does this imply about the value of

. T .
the derivative of y=tanx at x = z? Explain.

17. Use Technology Consider this sketch created
using The Geometer’s Sketchpad®.

Flg Bt Daplay Corwtrust Trawform Massrs Craph Window Halp

2

¥ o=

'I'+-.JI"

Pen) & coge "
Ry (R} ie]
1) = 0.37

Rar ANl
i
¥

4.2 Derivatives of the Sine and Cosine Functions -«

18.

19.

a) What do you think this sketch illustrates
about the function f(x) = cosx? Explain.

b) Describe what you think will happen if you
press the Animate P button.

A Go to www.mcgrawhill.callinks/calculus12
and follow the links to Dynamic Derivative
of Sine.gsp. Open the sketch and test your
predictions. Describe your observations.

d) Use The Geometer’s Sketchpad® to create a
dynamic derivative of cosine sketch of your
own.

e) Demonstrate your sketch to a classmate,
family member, or friend. Describe what
your sketch illustrates and how you created
it.

Use Technology Explore the graph of one
of the reciprocal trigonometric functions and
its derivative. What can you determine about
the following features of that function and its
derivative?

a) domain and range

b) maximum/minimum values

) periodicity

d) asymptotes

e) graph

Math Contest Estimate sin37° —sin36° by

1++/5

making use of the fact that cos36° = )
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4.3 Differentiation Rules for
Sinusoidal Functions

Sinusoidal patterns occur frequently in nature. Sinusoidal functions and
compound sinusoidal functions are used to describe the patterns found

in the study of radio-wave transmission, planetary motion, and particle
behaviour.

Radio waves, for example, are electromagnetic fields of energy that consist of
two parts: a signal wave and a carrier wave. Both parts periodically alternate in
a manner that can be modelled using sinusoidal functions.

Radio waves transmitted from a base station are transformed by a receiver into
pulses that cause a thin membrane in a speaker to vibrate. This in turn causes
molecules in the air to vibrate, allowing your ear to hear music.

MHIGEIM How do the differentiation rules apply to sinusoidal functions?

Tools 1. Consider the following functions:
- computer with The Geometer’s y=sin2x y=sin’x y=sin(x?) y=x’sinx
Sketchpad®

a) Do you think these functions will have the same derivative? Explain

Optional your reasoning.

- qraphing software b) Predict the derivative of each function.

- graph paper 2. Reflect Use The Geometer’s Sketchpad® or other graphing software to
graph these functions and their derivatives. Compare the results with your
CONNECTIONS predictions. Were your predictions correct?
When expressing the power of 3. Which differentiation rules would you apply to produce the derivative of
trigonometric function, observe each function in step 1?
the placement of the exponent: 4. a) Create a sinusoidal function of your own that requires the power of a
- sinx = (sin x)? function rule in order to find its derivative. Find the derivative of your
= (sinx)(sinx) function.

- sin’x=sin(sinx) b) Repeat part a) for the chain rule.

o Repeat part a) for the product rule.
5. Reflect
a) Check your results in step 4 using The Geometer’s Sketchpad®.

b) Do the rules of differentiation apply to sinusoidal functions? Explain.
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Example 1 | Chain Rule

a) y=cos3x b) f(x)=2sinmx

Solution

a) y=cos3x
Let y=cosu and u = 3x.

d_ —sinu and%=3
u dx
dy dydu
dx  dudx
= (—sinu) X (3)
=—3sinu
= —3sin3x

b) (x)=2sinmx

f'(x) =2mcosmx

Example 2 | Power of a Function Rule

Differentiate with respect to x.
3

a) y=cos’x b) y=2sin’x —4cos’x
Solution

a) y=cos’x

b _ (3cosx)(—sin x)
dx

2

= —3sIn xCcOs“x

b) y=2sindx — 4cos’x

d

= 6cosxsin?x + 8sinxcosx

= 2cosxsinx(3sinx + 4)

dy _

CONNECTIONS

Find the derivative with respect to x for each function.

A 2(3sin? x)cosx — 4(2cosx)(—sinx)  Apply the power of afunctionrule
dx and the difference rule.

Notice that the answer in part b) can be further simplified if you apply

Recall the differentiation
rules you learned in Chapter 2
Derivatives:

The Chain Rule

Ify="7(u) and u=g(x), then
dy dy du

dx  dudx

The Power of a Function Rule
If g(x) is a differentiable
function, then

d n__ n—1 i
E[Q(X)] =n[g(x)] i
The Product Rule

Iff(x) and g(x) are differentiable,
then [f (x)g(X)]'=f)g(x) +
fX)g'x).

CONNECTIONS

a double angle identity, which gives T (sin2x)(3sinx + 4).
X

One double angle identity is
Sin2x = 2inx s X.
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Example 3 | Product Rule

Find each derivative with respect to .

a) y=13cost b) h(t) =sin(4t) cos®t

Solution
a) y=t3cost
Let =13 and v = cost.
Then #’=3t*> and v" = —sint.
Y =uv +u'v
= (t3)(—sint) + (3¢%)(cost)
= 3t? cost — t3sint
=t2(3cost — tsint)

b) h(t) = sin4t cos® t

% = (sin4t)(—2sint cost) + (4 cos4t)(cos?t)  Apply theproductrulein
' = 4cos? tcos4t — 2sint costsin 4t conjunction withotherrules.

= 2cost(2costcos4t — sintsin4t)

KEY CONCEPTS

© The power, chain, and product differentiation rules apply to sinusoidal
functions.

© The derivative of a composite or compound sinusoidal function is
often easier to calculate if you first express that function in terms of
simpler functions.

Communicate Your Understanding

(1 Identify the differentiation rule needed in order to find the derivative of
each of the following functions with respect to x.

a) y=sinxcosx b) y =sin(cosx)

2x d) y=sinx+ cosx

« y=sin
@ Letf(x)=xsinx.

a) Describe the steps you would use to find /().

b) Explain how you might use the graph of f(x) to check your answer.
@ Let y =sin?x. Describe the steps you would use to find the equation of

. : : . T
the line tangent to the graph of this function at the point where x = 1

MHR - Calculus and Vectors - Chapter 4



T

1. Find each derivative with respect to x.
a) y=sin4x b) y=cos(—mx)
0 f(x)=sin(2x +n) d) f(x)

2. Differentiate with respect to 6.

T
a) y=—2sin36 b) y= _COS<59 - 5)

)=cos(—x —T)

9 f6) =—c052n0 d) (6

3. Find each derivative with respect to x.

a) y=sin’x

3

1
b) y==cos’x
Y73

0 f(x)=cos?x —sin?

d) f(x)

X

4

) =2cos3x + cos*x

= —3sin(26—m)

4.

Differentiate with respect to .

a) y=3sin?(2t —4) —2cos*(3t+ 1)
b) 7(¢) =sin(¢> + m)

¢ y=cos(sint)

d) f(t)=sin*(cost)

5. Determine the derivative of each function with

respect to the variable indicated.
a) y=xcos2x

b) f(x)=—x?sin(3x — )

¢ y=2sin0cos0

d) 7(6) =sin?Hcos> O

e) f(t)=
f) y=x"

3tsin?(2t — m)

Lcos?x

3 Connect and Apply

6. y
/\-/4 /\/
2
2n _3m -m~_m T NMTE X
2 2 2 2
—4
a) How are the Reasoning and Proving
derivatives of the Representing Selecting Tools
three functions Problem Solving
shown related to Connecting Reflecing
each other? Communicating

b) Write equations
for these functions. Use algebraic or
geometric reasoning to explain how you
produced your equations.

7. Find the slope of the function y = 2cosxsin2x

T
atx = —.
2

8. Find the equation of the line tangent to
y=x?sin2x at x = —T.

4.3 Differentiation Rules for Sinusoidal Functions -

9.

10.

1.

a) Is y=sinx an even function, an odd
function, or neither? Explain your
reasoning.

b) Use this property to show that
d
Dy

x

sin(—x)] = —cosx.

|CONNECTIONS

Recall that a function is even if f(~x) =f(x), and itis odd if
f(=x) = —f(x), for all x in its domain.
a) Is y = cosx an even function, an odd
function, or neither? Explain your

reasoning.

b) Use your answer to part a) to show that

% cos(—x) = —sinx.

a) Use the differentiation rules to show that
y=sin?x +cos’x is a constant function , a
function of the form y = ¢ for some c € R.

b) Use a trigonometric identity to verify your
answer in part a).
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12.

13.

14.

15.

18.

19.

20.

21.

2

. dzy
Determine - for y=x?cosx.

dx

Let f (x) = cos?x.

a) Use algebraic reasoning to explain why,
over the interval 0 <x < 2m, this function
has half as many zeros as its derivative.

b) Graph f(x) and its derivative to support
your explanation.

Create a composite function that consists of

a sinusoidal and a cubic. Find the first and

second derivatives of the function.

a) Write y =cscx in terms of sinx as a
reciprocal function.

b) Write the function in terms of a negative
power of sinx.

¢ Use the power rule and chain rule to find
the derivative of y = cscx.

d) Identify the domain of both y=cscx and its
derivative.

CONNECTIONS

Trigonometric functions involving negative exponents are written
differently than those with positive exponents. For example, sin x

raised to the power of —1 is written as (sin x)~', which is equal

to — This is to avoid confusion with sin~"x, which means the
sinx
inverse sine of x. The function csc x is often used to avoid confusion.

a) Find the derivative of y = secx with respect
to x.

SeCXx

b) Find the derivative of y = with

cos?x
respect to x.

Consider the function y = tanx. Show that
dy _

22 =1+ tan?x.
dx

Use algebraic reasoning to find the derivative

of y = cotx with respect to x.

Create a compound sinusoidal function that

will require the chain rule to be used twice in

order to calculate the function’s derivative.
Find the derivative of the function you have

created.
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16.

17.

(&) Extend and Challenge

22,

23.

Reasoning.and Proving
Selecting Tools and
Strategies

Use Technology
What impact will a
horizontal shift have
on the derivative of a
sinusoidal function?
Make a conjecture.
Then, use graphing software or a computer
algebra system (CAS) to explore and test your
conjecture. Summarize your findings.

Representing
Problem Solving

Connecting Reflecting

Communicating

Chapter Problem

Experiment with different sinusoidal functions
and combinations of sinusoidal functions. Use
a variety of tools and strategies, for example,
sliders, regression, and systematic trial.

a) Find a function that models each of the
following roller coaster segments.

y y

8 8

6 6

4/\_/-\/4

2 2

o & % s % [0 z = 3t ¥
2 2 2 2

b) Identify the maximum slope in the interval
0 =x =2n for each of the functions in
part a).

Use Technology
a) Find the derivative of f(x) = sin®x cosx.

b) Graph f(x) using The Geometer’s
Sketchpad®.

) Use The Geometer’s Sketchpad® to graph
f’(x). Did the software produce the equation
you found in part a)?

Math Contest Consider the infinite series

S(x) = 1—tan?x + tan*x — tan®x + ... , where

0<x< g The derivative S'(x) =

A sin2x B cos2x C —tan2x

D —sin2x E —cos2x



4.4 Applications of Sinusoidal
Functions and Their Derivatives

The motion of a simple pendulum can be modelled using a
sinusoidal function. The first derivative of the function will give
the bob’s velocity and the second derivative will give the bob’s
acceleration.

Pendulums have been used in clocks for hundreds of years because
their periodic motion is so regular. The Foucault pendulum shown
here will oscillate for long periods of time. It appears to change

direction over time but, in fact, it is the Earth beneath it that is
turning.

Sinusoidal functions and their derivatives have many applications including the study of alternating electric
currents, engine pistons, and oscillating springs.

NESICEIE How can sinusoidal functions be used to model periodic behaviour?

You can construct a pendulum by simply attaching a weight to a piece of Tools
string. There are also a number of pendulum simulations available on the
Internet.

« simple pendulum (string plus a
weight)

1. Construct a pendulum or load a computer simulation. « metre stick

2. Release the pendulum from some initial angle and observe its motion as it
swings back and forth. Is this motion approximately periodic? Explain. Optional

3. At which points does the pendulum have + computer with Internet access
a) maximum speed?

b) minimum speed?

Make a sketch to illustrate your answers.

4. Stop the pendulum and restart it from a different initial angle. What l CONNECTIONS
impact does increasing or decreasing the initial angle have on To explore a pendulum
simulation, go to www.

megrawhill.ca/links/calculus 12
b) the maximum speed? and follow the links.

a) the period of motion?

5. Explore and describe what happens to the period and maximum speed
when you vary the length of the pendulum.

6. Reflect Do you think that the motion of a pendulum can be described
using a sinusoidal function? Explain why or why not.
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CONNECTIONS

Example 1 | An AC-DC Coupled Circuit

AC-DC coupled circuits are used
in the operational amplifiers
found in (analog) computers,
and in some high-power
distribution networks. You will
learn more about ACand DC
cireuits if you study electricity at
college or university.

| CONNECTIONS

The German word for number
is Zahlen, and is the reason
why the symbol Z is used to
represent the integers.

234 MHR - Calculus and Vectors -

A power supply delivers a voltage signal that consists of an alternating
current (AC) component and a direct current (DC) component. Where
t is the time, in seconds, the voltage, in volts, at time ¢ is given by the
function V() = Ssint + 12.

a) Find the maximum and minimum voltages. At which times do these
values occur?

b) Determine the period, T, in seconds, frequency, f, in hertz, and

amplitude, A, in volts, for this signal.

Solution
a) Method 1: Use Differential Calculus

The extreme values of this function can be found by setting the first
derivative equal to zero and solving for ¢.

Calculate the derivative with respect to time.
V(t)= Ssint + 12

d—V=5cost+0
dt

= Scost
Scost=0
cost =0

Identify the values of # for which cost= 0. Consider the graph of y = cost.

v
—2r 3t —=w

0 n It 2rn 5p 3n i

SYE]
)
o
)

1

The zeros occur at {, L _31t nm 3moSm }, which can be

20 27 2220

expressed using set notation as {t|t =2k +1) g, ke Z}.

Chapter 4



To determine whether these are maximum or minimum Iz

points, inspect the graph at z = g and t = —.

: o T
The tangent to the first derivative at ¢ = 5 has a

negative slope, which implies that the second

. . . . . T .
derivative is negative. This means that # = 5 s will ) )

produce a maximum value. To find this maximum,

. . .
substitute ¢ = > into the equation and solve for 1

voltage.
V(t)=3Ssint +12
V(“) = 5sin(“) +12
2 2

=5(1)+12
=17

: o 3n v
The tangent to the first derivative at ¢t = > has a

positive slope, which implies that the second derivative

. o . 3n .
is positive. This means that = 5 s will produce a

.. . .o . 3n
minimum value. To find this minimum, substitute ¢ = >

into the equation and solve for voltage. ) P

V()= Ssint +12

V(Sn) = 55in<3n) +12
2 2
=5-1)+12
=7
Inspection shows that the maxima and minima alternate.

V/
—2n 3t -m /m 0 mno 2n 5 3n ¢t
2 2 2 2

+1
The maximum voltage 17 V occurs at {t|t = g +2km, ke Z} seconds, and

the minimum voltage 7 V occurs at {t|t = 3; +2km, ke Z} seconds.
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Method 2: Apply Transformations

Apply transformations to the graph of V(t)=Ssinz +12

V(t) =sint to graph the voltage function
V(t) = 5sint + 12. Then, use the graph

AT, 1 P | Vertical Vertical
;o 1 f,tl‘ltl y the Key values of the voltage stretch by a shift of 12
unction. factor of § units up
V(¢)
16
V(t)=S5sint+12
12
8
4 V(t)=35sint
l V(t)=sint z
< G k3 3n m |t
2 2 2
4

Inspect the graph to locate the maximum and minimum values and when
they occur.

V(t)=5sint+12

rofa
3]

Chapter 4



The graph shows that the maximum voltage is 17 V, occurring at

{t|t = g +2km, ke Z}, and the minimum voltage is 7 V, occurring
3n
at t|t=7+2kn,keZ .

b) The period is the time required for one complete cycle. Since successive
maxima and successive minima are each 27 apart, the period is

T=2ms.
The frequency is the reciprocal of the period.
1
=t
-1
2n

The frequency is 1 Hz.
2n

The amplitude of a sinusoidal function is half the difference between the
maximum and minimum values.

4
- _n 0 n T 3n 2n |t
2 2 2
A= 1(Vmax - Vmin)
2
1
=-(17-7
La7-7)
=3

The amplitude is 5 V. Notice that this value appears as the coefficient of
sin? in the equation V(¢) = Ssin# + 12.
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Example 2 | A Simple Pendulum

For small amplitudes, and ignoring the

effects of friction, a pendulum is an
example of simple harmonic motion .
Simple harmonic motion is motion that can
be modelled by a sinusoidal function, and
the graph of a function modelling simple
harmonic motion has a constant amplitude.
The period of a simple pendulum depends
only on its length and can be found using

the relation T = ZR\/Z, where T is the
g

period, in seconds, [ is the length of the
pendulum, in metres, and g is the acceleration due to gravity. On or near the
surface of Earth, g has a constant value of 9.8 m/s2.

Under these conditions, the horizontal position of the bob as a function

of time can be described by the function h(t) = Acos (%), where A is the

amplitude of the pendulum, ¢ is time, in seconds, and T is the period of the
pendulum, in seconds.

Find the maximum speed of the bob and the time at which that speed first
occurs for a pendulum having a length of 1.0 m and an amplitude of 5 cm.

Solution

To find the position function for this pendulum, first find the period.

TZZTI:\/Z
g
=27 Q

V9.8

=2.0
The period of the pendulum is approximately 2.0 s.

Substitute the period and amplitude into the position function.

2Tt

h(t)= Acos (T)

= 5COS(£)
2.0

= Scosmt

Velocity is the rate of change of position with respect to time. The velocity
of an object also gives information about the direction in which the object
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is moving. Since the bob is initially moving in a direction A
opposite the initial displacement, the first point at which /’ ‘\‘
. . : . ’
the bob reaches its maximum speed will have a negative J '\
velocity. ’ \
’ .
Let v(¢) be the horizontal velocity of the bob at time ¢. S 5
4 \Y
dh € ¢
= 9
max
= —Smsinmt

Acceleration is the rate of change of velocity with respect to time. Let a(t) be
the horizontal acceleration of the bob at time z.

_dv
a(t)= 7

= —5m2cosTt
To find the maximum speed, set the acceleration equal to zero.
—Sn?cosmt =0
cosmt =0
The least positive value for which cosine is 0 is g, and so the equation is

satisfied when mt = g, which gives t=0.5 s.

So, the maximum speed first occurs when = 0.5 s, or after one quarter of
the pendulum’s period has elapsed. Think about the pendulum scenario and
explain why this result makes sense.

s =

| Displacement (cm)s~
=)
=)
—_
(o)
[3%)
~

Horlizonta
N

Substitute = 0.5 s into the velocity function to find the maximum speed of

the bob.
v(t) = —Smsinmt
v(0.5)=—35msin0.57

= —5nsin<£>
2

=-51

=157
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The maximum speed of the pendulum is approximately 15.7 cm/s.

When friction is present, the amplitude of an oscillating pendulum
diminishes over time. Harmonic motion for which the amplitude diminishes
CONNECTIONS over time is called damped harmonic motion .

You will explore the behaviour

of damped harmonic motion Damped Harmonic Motion

in Chapter 5 Exponential and y
Logarithmic Functions, and if you 1
choose to study physics.

0.5

0 /\/ﬂ? 3r 4n Sm bn X

0.5

KEY CONCEPTS

© Periodic motion occurs in a variety of physical situations. These
situations can often be modelled by sinusoidal functions.

© Investigation of the equations and graphs of sinusoidal functions and
their derivatives can yield a lot of information about the real-world
situations they model.

Communicate Your Understanding

(1 Refer to Example 1. The DC component of the signal is represented
by the constant term of the function V(¢) = Ssinz + 12. Suppose this
DC component were increased. What impact would this have on

a) the maximum and minimum voltages?
b) the amplitude of the signal?
¢ the first derivative of the voltage function?

Explain. Use algebraic reasoning and diagrams in your explanations.

2 Refer to Example 2. Do velocity and acceleration always have the same
sign? Give a real-world example to illustrate your answer.
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1.

T

An AC-DC coupled circuit produces a current
described by the function I() = 60cost + 25,
where ¢ is time, in seconds, and I(z) is the
current, in amperes, at time Z.

a) Find the maximum and minimum currents,
and the times at which they occur.

b) For the given current, determine

i) the period, T, in seconds
i) the frequency, £, in hertz
iii) the amplitude, A, in amperes

The voltage signal from a standard North
American wall socket can be described by the
equation V(t) = 170sin 1207z, where  is time,
in seconds, and V(¢) is the voltage, in volts, at
time t.

a) Find the maximum and minimum voltage
levels, and the times at which they occur.

b) For the given signal, determine

i) the period, T, in seconds
i) the frequency, £, in hertz

iii) the amplitude, A, in volts

3. Consider a simple pendulum that has a

length of 50 cm and a maximum horizontal
displacement of 8 cm.

a) Find the period of the pendulum.

b) Determine a function that gives the
horizontal position of the bob as a function
of time.

¢) Determine a function that gives the velocity
of the bob as a function of time.

d) Determine a function that gives the
acceleration of the bob as a function of
time.

;3 Connect and Apply

4,

Refer to the situation described in question 3.

a) Find the maximum velocity of the bob and
the time at which it first occurs.

b) Find the maximum acceleration of the
bob and the time at which it first
occurs.

¢) Determine the times at which

i) the displacement equals zero
ii) the velocity equals zero
iii) the acceleration equals zero

d) Describe how the answers in part c) are
related in terms of when they occur. Explain
why these results make sense.

A marble is placed on the end of a horizontal
oscillating spring.

If you ignore the effect of friction and treat
this situation as an instance of simple
harmonic motion, the horizontal position of
the marble as a function of time is given by the
function h(t) = A cos 2mft, where A is the
maximum displacement from rest position, in
centimetres, f is the frequency, in hertz, and

¢ is time, in seconds. In the given situation, the
spring oscillates every 1 s and has a maximum
displacement of 10 cm.

a) What is the frequency of the oscillating
spring?

b) Write the simplified equation that expresses
the position of the marble as a function of
time.

¢ Determine a function that expresses the
velocity of the marble as a function of time.

d) Determine a function that expresses the
acceleration of the marble as a function of
time.
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6.

Refer to question 3.

a) Sketch a graph of each of the following
relations over the interval from 0 to 4 s.
Align your graphs vertically.

i) displacement versus time
ii) velocity versus time
iii) acceleration versus time

b) Describe any similarities and differences
between the graphs.

¢ Find the maximum and minimum values for
displacement. When do these values occur?
Refer to the other graphs and explain why
these results make sense.

A piston in an engine oscillates up and down
from a rest position as shown.

7
‘ |

rest position --d- ‘ - _
\—

The motion of this piston can be approximated
by the function h(#) = 0.05cos13¢, where # is
time, in seconds, and A(t) is the displacement
of the piston head from rest position, in
metres, at time £.

a) Determine an equation for the velocity of
the piston head as a function of time.

b) Find the maximum and minimum velocities,
and the times at which they occur.

A high-power distribution line delivers an
AC-DC coupled voltage signal whose

* AC component has an amplitude, A, of
380 kV

e DC component has a constant voltage of
120 kV

e frequency, f, is 60 Hz

a) Add the AC component, V,c, and
DC component, Vpc, to determine an
equation that relates voltage, in kilovolts,
to time, ¢, in seconds. Use the equation
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10.

1.

Vac(t) = Asin2 @i/t to determine the AC
component.

b) Determine the maximum and minimum
voltages, and the times at which they occur.

A differential equation is an equation
involving a function and one or more of its
derivatives. Determine whether the function
y = msin O+ 271cos @ is a solution to the

. ) ) d?
differential equation —)2} +y=0.
de
a) Determine a function Reasoning and Proving
that satisfies the Represefiting Selecting Tools and
Strategies

differential

Problem Solving

2

. C
equation 4y _ 4y,
dx?

Reflecting

Communicating

b) Explain how you
found your solution.

a) Create a differential equation that is
satisfied by a sinusoidal function, and show
that the function you have created satisfies
that equation.

b) Explain how you found your answer to
part a).

| CONNECTIONS

You will study differential equations in depth at university if you
choose to major in engineering or the physical sciences.

v/ Achievement Check

12.

An oceanographer measured a set of sea waves
during a storm and modelled the vertical
displacement of a wave, in metres, using the
equation h(#) = 0.6cos 2¢ + 0.8sin ¢, where ¢ is
the time in seconds.

a) Determine the vertical displacement of the
wave when the velocity is 0.8 m/s.

b) Determine the maximum velocity of the
wave and when it first occurs.

¢ When does the wave first change from a
“hill” to a “trough”? Explain.



13.

(&) Extend and Challenge

Potential energy is energy that is stored, for
example, the energy stored in a compressed
or extended spring. The amount of potential
energy stored in a spring is given by the

equation U = %kxz, where

e U is the potential energy, in joules
e |k is the spring constant, in newtons per metre
® x is the displacement of the spring from rest

position, in metres

Use the displacement equation from question 5
to find the potential energy of an oscillating
spring as a function of time.

CONNECTIONS

The computer simulation referred to in this section’s Investigate
provides a useful illustration of how potential and kinetic energy are
related in the motion of a pendulum.

To further explore the connections between energy and harmonic
motion, including the damping effect of friction, go to
www.mcgrawhill.ca/links/calculus 12 and follow the links.

14. Kinetic energy is the energy of motion. The

kinetic energy of a spring is given by the

equation K = , where K is the kinetic

8n?
energy, in joules; k is the spring constant, in

CAREER CONNECTION

Michael took a 4-year bachelor’s degree in astronomy at a

15.

16.

newtons per metre; v is the velocity as a
function of time, in metres per second; and T is
the period, in seconds.

Use the velocity equation from question 5 to
express the kinetic energy of an oscillating
spring as a function of time.

Reasoning.and Proving

Use Technology

Refer to questions Representing Selecting Tools and
Strategies

13 and 14. An Probler Solving

oscillating spring has  connecting Reflecting

a spring constant of Communicating

100 N/m, an amplitude
of 0.02 m, and a period of 0.5 s.

a) Graph the function relating potential energy
to time in this situation. Find the maxima,
minima, and zeros of the potential energy
function, and the times at which they occur.

b) Repeat part a) for the function relating
kinetic energy to time.

¢) Explain how the answers to parts a) and b)
are related.

Math Contest For any constants A and B,
the local maximum value of Asinx + B cosx is

A%|A+B| B A+ B (%(|A|+|B|)

E A2+ B2

D [A+]B]

Canadian university. As an observational astronomer,

he collects and analyses data about stars, planets, and
other celestial bodies. Cameras attached to telescopes
record a series of values, which correspond to the amount
of light objects in the sky are emitting, the type of light
emitted, etc. Michael uses trigonometry, calculus, and
other branches of mathematics to interpret the values.
Michael pays particular attention to objects, like meteors, that might collide with Earth.
He also works with meteorologists to predict weather patterns based on solar activity.
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Chapter 4

4.1 Investigate Instantaneous Rates of
Change of Sinusoidal Functions

1. The graph of a sinusoidal function is shown

below.
y
2
Y =—cosXx
1
\i T 2 X
-2

a) Identify the values in the interval
0 =x =27 where the slope is

i) zero
i) a local maximum
i) a local minimum
b) Sketch a graph of the instantaneous rate of
change of this function with respect to x.
2. a) Sketch a graph of the function
y= —3sinx.

b) Sketch a graph of the instantaneous rate of
change of this function with respect to x.

4.2 Derivatives of the Sine and Cosine
Functions

3. Find the derivative of each function with
respect to x.

a) y=cosx
b) f(x)= —2sinx
() y=cosx—sinx
d) f(x)=3sinx —mcosx
4. Determine the slope of the function y = 4sinx

T
atx =—.
3

5. a) Find the equation of the line tangent to the

curve y=2sin 0 +4cos fat 6 = %
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REVIEW

4.3

4.4

b) Find the equation of the line tangent to the

curve y = 2cosf — % sinf at 0 = 3;

o Graph each function and its tangent line
from parts a) and b).

Differentiation Rules for Sinusoidal
Functions

Differentiate with respect to the variable
indicated.

a) y=—cos?
b) y=sin26—2cos20

9 flO)= —g sin(26 — )
d) f(x)=sin(sinx)
e) f(x)=cos(cosx)

f) /(6) =cos76— cos50

X

Determine the derivative of each function with
respect to the variable indicated.

a) y=3xsinx

b) (¢) =2t2cos2t

Q) y=mtsin(nz — 6)

d) y = cos(sin 6) + sin(cos 6)

e) f(x)=cos?*(sinx)

f) £(6) =cos70— cos*56

a) Find an equation of a line tangent to the

curve f(x) = 2cos 3x whose slope is a
maximum.

b) Is this the only possible solution? Explain.
If there are other possible solutions, how
many solutions are there?

Applications of Sinusoidal Functions and
Their Derivatives

The voltage of the power supply in an

AC-DC coupled circuit is given by the function
V(t)=130sin 5¢ + 18, where ¢ is time, in
seconds, and V(¢) is the voltage, in volts, at
time ¢.

a) Find the maximum and minimum voltages,
and the times at which they occur.



1.

10.

b) Determine the period, T, in seconds, the
frequency, f, in hertz, and the amplitude, A,
in volts, for this signal.

A block is positioned on a frictionless ramp as
shown below.

F
[

The gravitational force component acting on
the block directed along the ramp as a function
of the angle of inclination, 6, is F = mgsin 6,
where 7 is the mass of the block and g is the
acceleration due to gravity.

a) For what angle of inclination, 0=6=T,
will this force be 2

i) a maximum?
ii) a minimum?
b) Explain how you found your answers in part
a). Explain why these answers make sense.

| CONNECTIONS

Force and momentum can both be modelled using vectors, and it is often
useful to express these vectors as a sum of vector components. You will
learn more about vectors and their components in Chapter 6 Geometric
Vectors and Chapter 7 Cartesian Vectors, and in physics.

CHAPTER

PROBLEM WRAP-UP

Use Technology Design a roller coaster that

consists of combinations of sine and cosine
functions. Include at least three different
segments. Your design must satisfy the
following criteria:

© Riders must be at least 2 m above the
ground throughout the ride, and never
higher than 20 m above the ground.

© There must be one segment in which the
maximum slope has a value between

3 and S.

Newton’s second law of motion was originally

dp

written as F = o where
t

e Fis the force acting on a body, in newtons

e p is the momentum of the body, in kilogram
metres per second, given by the equation
p =mv (where m is the mass of the body in
kilograms and v the velocity of the body in
metres per second)

e 1 is time, in seconds

a) Assuming a body’s mass is constant, use this
definition to show that Newton’s second
law can also be written as F = ma, where a
is the acceleration of the body.

b

~

Suppose a body is oscillating such that its
velocity, in metres per second, at time ¢

is given by the function v(¢) = 2cos 3¢, where
t is time, in seconds. Find the times when the
force acting on the body is zero.

¢ What is the speed of the body at these
times?

© The slope must never exceed 6.

© The segments must join together in a
reasonably continuous way (i.e., no sudden
bumps or changes in direction).

Werite equations to model each segment of
your roller coaster. Use algebraic and graphical
reasoning to show that your roller coaster
meets all of the design requirements.
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Chapter4 PRACTICE TEST

For questions 1 to 8, select the best answer.

1. Where do the minimum instantaneous rates of
change occur for the function shown here?

Y

1| y=-sinx

A 2k+1)m, keZ B 2km, keZ

C ngkn,keZ D §+2kn,keZ

2. If f(x) =sin3x + cos2x, then f"(x) =
B 3sinx +2cosx

D ScosSx

A cos3x —sin2x

C 3cos3x —2sin2x
3. If g(x) = 3cos2x, then g’ (x) =

A 6cosx B —6sinx

C —6sin2x D —6cos2x

4, If h(x) = xsinx, then /b'(x) =
A cosx B sinx —cosx

C sinx+x—cosx D sinx + xcosx

5. Which is the second derivative of the function
y = —cosx with respect to x?

dy _ . d*y .

A W =sinx B W = —sinx
2 2

C 3—321 =cosx D Z—z = —cosx
x x

6. What is the slope of the curve y = 2sinx

T
at x = =2
3

A 3 B 3 ¢ -1 D 1
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7. Which graph best shows the derivative of

the function y = sinx + cosx when the
window variables are x e [—2m, 2],

Xscl = g y e [—4, 4]?

A ( ~

B r r ™
e Ve
N A

(( ™

D ~
PN BN
" )

. Which is the derivative of y = cos 0 sin 8 with

respect to 6?

A dy _ cos20 + sin% @
do

B dy _ cos?6 —sin?6
de

C dy_ sinZ0 — cos?6
de

D dy _ —sin26 — cos% 6
de



10.

1.

12.

13.

14.

Differentiate with respect to the variable
indicated.

a) y=cosx —sinx
b) y=3sin26
=T os?
Q0 f(x) 2cos x
d) £(t)=3t*sint

Differentiate with respect to 6.

— n
a) y= sm(0+ 4)

T
b) v= 2
) ¥ cos(@ 4)

o y=sin*d
d) y=sin6*
Find the slope of the line tangent to the curve

. T
y=2sinxcosx at x = e

Find the equation of the line tangent to the
T
curve y =2cos’x at x = 3
The voltage signal from a standard European
wall socket can be described by the equation

V(t) = 325sin 1007z, where ¢ is time, in
seconds, and V(#) is the voltage at time .

a) Find the maximum and minimum voltage
levels, and the times at which they occur.

b) Determine
i) the period, T, in seconds
ii) the frequency, £, in hertz
iii) the amplitude, A, in volts
Refer to question 13. Compare the standard
wall socket voltage signals of Europe and
North America. Recall that in North America,

the voltage is described by the function
V(t)=170sin 120mt.

a) Repeat question 13 using the function for
the North American wall socket voltage.

b) Discuss the similarities and differences
between these functions.

15.

16.

17.

Differentiate both sides of the double angle
identity sin2x = 2sinx cosx to determine an
identity for cos2x.

Let f(x) =sinxcosx.

a) Determine the first derivative, f’(x), and the
second derivative, f”(x).

b) Determine the third, fourth, fifth, and sixth
derivatives. Describe any patterns that you
notice.

o Make a prediction for the seventh and
eighth derivatives. Calculate these and check
your predictions.

d) Write an expression for each of the
following derivatives of f(x):

i) [P (x),neN
i) f@"(x),neN
e) Use these results to determine
i) 12 (x)
i) f119)(x)
Use Technology Use The Geometer’s

Sketchpad®, other graphing software, or a
computer algebra system (CAS).

a) Find a function y = f (x) that satisfies the

dy _ &y
dx dx5’

is the fifth derivative of f(x).

Ly

dx’

differential equation where

b) Find two other functions that satisfy this
differential equation.

¢ How many solutions to this differential
equation exist? Explain your reasoning.

| CONNECTIONS

(an you think of a function that satisfies the following differential
equation: 1 (x) =1'(x)? You will study such a function in Chapter 5
Exponential and Logarithmic Functions.
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TASK
Double Ferris Wheel

Some amusement parks have a double Ferris wheel, which consists of two
vertically rotating wheels that are attached to each other by a bar that also
rotates. There are eight gondolas equally spaced on each wheel. Riders
experience a combination of two circular motions that provide a sensation
more thrilling than the classic single Ferris wheel. In particular, riders
experience the greatest sensation when their rate of change in height is the
greatest.

e FEach of the two wheels is 6 m in
diameter and revolves every 12 s.

e The rotating bar is 9 m long. The
ends of the bar are attached to the
centres of the wheels.

e The height from the ground to
the centre of the bar is 8 m. The
bar makes a complete revolution
every 20 s.

e A rider starts seated at the
lowest position and moves
counterclockwise.

e The bar starts in the vertical
position.

Consider the height of a rider who begins the ride in the lowest car.

a) Write a function f(#) that expresses the height of the rider relative to the
centre of the wheel at time # seconds after the ride starts. Write a second
function g(¢) that expresses the position of the end of the bar (the centre of
the rider’s wheel) relative to the ground at time ¢ seconds.

b) Explain how the sum of these two functions gives the rider’s height above
the ground after # seconds.

¢ Use technology to graph the two functions and their sum for a 2-min ride.
d) What is the maximum height reached by the rider? When does this occur?
e) What is the maximum vertical speed of the rider? When does this occur?

f) Design your own double Ferris wheel. Determine the position function for
a rider on your wheel. What is the maximum speed experienced by your
riders? Is there a simple relationship between the dimensions of the Ferris
wheel and the maximum heights or speeds experienced?
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Chapter 5

Exponential and Logarithmic
Functions

In this chapter, you will investigate the rate of change of exponential
functions and discover some interesting properties of the numerical
value e. You will find that this value frequently appears in the
natural sciences and business, and you will see how it is related

to a special type of logarithmic function. You will extend your
understanding of differential calculus by exploring and applying the

derivatives of exponential functions.

[ By the end of this chapter, you will

©

determine, through investigation using

technology, the graph of the derivative f’(x) or Z—y
x

of a given exponential function, and make
connections between the graphs of f(x) and f’(x)

dy
oryand —
y dx

determine, through investigation using
technology, the exponential function f(x) = a*
(a>0,a# 1) for which f'(x) = f(x), identify the
number e to be the value of a for which f'(x) = f(x),
and recognize that for the exponential function
f(x) = e* the slope of the tangent at any point on
the function is equal to the value of the function
at that point

recognize that the natural logarithmic function
f(x) = logex, also written as f(x) = Inx, is the
inverse of the exponential function f(x) = e, and
make connections between f(x) =Inx and f(x) = e¥

verify, using technology, that the derivative of the
exponential function f(x) = a*is f'(x) = a*Ina for
various values of a

©

©

©

©

©

solve problems, using the product and chain rules,
involving the derivatives of polynomial functions,
sinusoidal functions, exponential functions,
rational functions, radical functions, and other
simple combinations of functions

make connections between the graphical or
algebraic representations of derivatives and real-
world applications

solve problems, using the derivative, that involve
instantaneous rates of change, including problems
arising from real-world applications, given the
equation of a function

solve optimization problems involving
polynomial, simple rational, and exponential
functions drawn from a variety of applications,
including those arising from real-world situations

solve problems arising from real-world
applications by applying a mathematical model
and the concepts and procedures associated with
the derivative to determine mathematical results,
and interpret and communicate the results
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Prerequisite Skills

6. Express each logarithm in terms of common
logarithms (base-10 logarithms), and then use
a calculator to evaluate. Round answers to
three decimal places.

Graphing Exponential and Logarithmic
Functions

1. a) Graph the function y=2*,
b) Graph its inverse on the same grid, by

reflecting the curve in the line y = x. a) loga5 b) log, 66
¢) What is the equation of the inverse? Explain 9 log; 10 d) log,7
how you know.
Y e) log375 f) logs (i>
2. Identify the following key features of the 10
graphs of y=2% and its inverse from 1
question 1. 9 log% 4 h) logo.s 5

a) domain and range

b) any x-intercepts and y-intercepts Applying Exponent Laws and Laws of Logarithms

o intervals for which the function is increasing

7. Simplify. Express answers with positive
or decreasing

exponents.

d) the equations of any asymptotes a) (h3)(hk2) b) (a)(ab’)?
3. Use the graphs from question 1 to estimate the (x)(y%) 2 Sudy2

following values. ) 5o d) —

23 b 235 215 (x Y ) duv
a : g 2"
) ) ) e) (g%)(gh’)* f) x%xt + (x?)3
d) log, 10 e) log,7 f) log,4.5
x4y axblx

4. Check your answers to question 3 using a 9) e h) b

calculator.

8. Evaluate, by applying the laws of logarithms.
a) log5 +log2
b) log,24 —log, 3
9 logs50—logs0.08

Changing Bases of Exponential and Logarithmic
Expressions

5. Rewrite each exponential function using a

base of 2. d) log(0.01)°

a) y=8" e) log/1000 + log/100
b) y =4 f) 2log2 +2log5

9 y=162 . Simplify.

B 1 —2x
@>-(3)

|CONNECTIONS

Logarithms in base a can be converted to logarithms in base ¢ using

the formula log, b= Iog(b‘
0g.a
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a) loga —log2a

b) logab + loga — logab®
o 4loga®>—4loga

d) 3loga®b + 3logab?

e) log2a’b +log2b?



Solving Exponential and Logarithmic Equations

10. Solve for x.
a) 2% = 4x+1
b) 42x+1 = g4
g 3 S= \/ﬁ
d) logx —log2 =1log5
e) log5+logx=3
f) x —3log5 =3log2
11. Solve for x. Round your solution to two
decimal places where required.
a) 2=1.06% b) 50=35%*

ENIRS

9 10= (%) d) 75=2252)

Constructing and Applying an Exponential
Model

12. A bacterial culture whose initial population is
50 doubles in population every 3 days.
a) Determine the population after
i) 3 days
ii) 6 days
i) 9 days
b) Which of the following equations correctly

gives the population, P, as a function of
time, ¢, in days?

A P=50(2)
B P=50(2)%
PROBLEM

CHAPTER

t

¢ P=502)3

i

D P=50(1>3
2

t

E P=50(1>
2

3t

1

F P=50(—
)

¢ Use mathematical reasoning to justify your
answer to part b).

13. A radioactive substance with an initial mass of
100 g has a half-life of 5 min.

a) Copy and complete the following table.

Amount
Time (min) Remaining (g)
0 100
5 50
10
15
20

b) Write an equation that expresses the
amount remaining, A, in grams, as a
function of time, ¢, in minutes.

¢) Use the equation to determine the amount
of radioactive material remaining after

i) half an hour
i) half a day

Sheona is a second-year electrical engineering student at university. As part of a
cooperative education program she has been placed to work in the research and
development department of a high-tech firm. Her supervisor has assigned her
tasks that involve the testing and troubleshooting of various electrical circuits and

components. Sheona will be required to apply concepts related to exponential and

logarithmic functions during her work term. What other applications of exponential

and logarithmic functions might she encounter?
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5.1 Rates of Change and the
Number e

Exponential functions occur frequently in various
areas of study, such as science and business. Consider
the following situations.

Suppose the number of rabbits in the picture were
doubling every 7z days. The population of rabbits
t

could be expressed as P(t) = Py(2)n, where Py is

the initial population, and P(z) is the size of the
population after # days.

The mass of radioactive material remaining after

x half-life periods can be written as M = Mo(%) R

where M is the initial mass, and M is the mass remaining, in grams.

The value of a $500 investment earning 8% compound interest per year is given by the equation
A =500(1.08)%, where A is the value of the investment after ¢ years.

What do all of these functions have in common? Think about what happens to the dependent variable
each time you increase the independent variable by 1. How quickly do the dependent variables grow as
time passes?

As with other types of functions, the rate of change of an exponential function is an important concept.
Analysing this rate of change will lead to the development of the derivative of an exponential function and
its use in applications.

NZSIEYCY.M What is the behaviour of the rate of change of an exponential function?

Tools A: Find the Rate of Change of an Exponential Function
« computer with The Geometer’s 1. Graph the function f(x) = 2*.
Sketchpad®

2. Construct a secant that is almost tangent to the graph of f.
e Construct two points, P and Q, on f.
e Construct a line through P and Q.

e Drag the points so that they are very close together, but still far enough
apart to distinguish.
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N The Geomeler's Sketchpad

Bl Fle Edt Deplyy Construct Transform Messure Graph  Window ; & X
m T =
E fix)= 2%
7
A i
1 —
4 .
&l
A o
[« | P
[ A0 = | =

3. a) Measure and plot the rate of change of this function as a function of x.

b) Describe the shape of the function that gives the rate of change of fas a

Measure the Abscissa (x) of point P.
Measure the slope of the line passing through PQ.

Select these two measures, in order, and from the Graph menu,
choose Plot as (x, y).

From the Display menu, choose Trace Plotted Point.

Select points P and Q. Drag them along [ to trace out the rate of
change.

function of x.

4. a) Repeat steps 1 to 3 for a variety of functions of the form f(x) = b*.

flx)=1.5%
flx)=2.5%
flx) = 3*

flx)=3.5"

b) Focus on the first quadrant of the graphs you have just created. For
which of these functions is the rate of change a function.

below f?

above f?

Reflect Analyse the instantaneous rate of change of the function

f(x) = b~, and classify the instantaneous rate of change according to its
shape. What conclusion can you draw about the nature of the derivative
of an exponential function?

The Geometer’s Sketchpad® has a built-in feature that can calculate
derivatives, which can be used to verify these findings.

Technology Tip

Refer to the Technology
Appendix for instructions

on how to perform some

basic functions using The
Geometer’s Sketchpad®, such as
constructing points and lines.

CONNECTIONS

The x-coordinate of a point is
called the abscissa, and the
y-coordinate is called the
ordinate.

(2,-3)

/N

abscissa =2 ordinate =-3
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Technology Tip

Follow these steps to graph the
derivative of a function:

- Select the equation for f(x).

- From the Graph menu, choose
Derivative.

- From the Graph menu, choose
Plot Function.

Technology Tip

Follow these steps to create a
parameter:

- From the Graph menu, choose
New Parameter. Call the
parameter k.

« From the Graph menu, choose
Plot New Function.

« Plot the function
g =KF) The
The parameter k can be adjusted 2.
manually either by right-
dlicking on it and choosing Edit
Parameter or by selecting it and
pressing + or —.
The parameter & can be adjusted
dynamically by right-clicking
on itand choosing Animate
Parameter. This will enable the

Motion Controller.

B: Confirm the Nature of the Rate of Change

1. a) Do you think that the rate of change of an exponential function is

exponential? Justify your prediction.

b) Graph the function f(x) =2*. Graph its derivative.

™ The Geometer's Skefchpad

(5] Fis Edt Dipley Corsbruct Translhom Hesure Graph 'Window Help - 5N
T T a
X, / =
- FES !
fixy = 2% “
o0 =25 In(2) 7
1-/
i i .! . P ; * i } 5 i
<l
B o
| i I e 1 P el

unfamiliar constant number, In (2), will be investigated in the next section.

Can f(x) be stretched or compressed vertically onto f"(x)?
a) Multiply f(x) by an adjustable parameter, k.
b) Try to adjust the value of k so that kf(x) matches f’(x) exactly.

Repeat steps 1 and 2 for exponential functions having different bases. Can
functions of the form y = b* be mapped onto their derivatives by applying
a vertical stretch or compression? For what bases is a vertical stretch
needed? For what bases is a vertical compression needed?

Reflect Explain why this confirms that the derivative of an exponential
function is also exponential.

The

two parts of Investigate A seem to suggest that there exists a value for the

base b that is between 2.5 and 3 for which the rate of change of f(x) = b* as
a function of x is identical to f’(x). In the next Investigate you will determine

this
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value, known as e.
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INESIGEICR: M What is the value of the number e?

A: Rough Approximations of e.

1. Evaluate the expression (1 + 1) for

n
a) n=1
b) n=2
0 n=3
d n=4
e) n=10
f) »=100

2. Reflect What value do these expressions seem to be approaching?

B: Better Approximations of e.

The actual value of e can be determined by evaluating the following limit:

e = hm(l‘l’l)
n—00 n

1 n
1. How can the limit lim ( 1+ ;) be evaluated? Think about the following

n—>00

tools:

o The Geometer’s Sketchpad®
e spreadsheet

e scientific calculator

e g¢raphing calculator

e computer algebra system (CAS)

Choose two of these tools and write down a strategy for how you could use
each tool to determine a reasonably accurate approximate value of e.

2. a) Use one of the tools and strategies from step 1 to determine e, correct
to two decimal places.

b) Use a different tool and strategy to confirm your result. Be sure to
include at least one graphical approach and one numerical approach.

5.1 Rates of Change and the Number e -

Tools

- computer with The Geometer’s
Sketchpad®

+ graphing calculator

- computer algebra system (CAS)

Technology Tip

When working with The
Geometer’s Sketchpad®,
sometimes you can extend

the graph of a function that s
truncated. Make the cursor hover
over the arrow that appears

at the end of the function

until the cursor becomes a
multidirectional arrow, and then
clickand drag.

Sl
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3.

Reflect

a) Identify the advantages and disadvantages of each tool and strategy
you used to find an approximate value of e.

b) Using the strategy of your choice, determine the value of e, correct to
four decimal places.

o Explain how you know that your value is correct.

Reflect Verify this result by graphing the function y = ¢* using the value
of e you discovered, and then graphing its derivative. What do you notice?

KEY CONCEPTS

© The symbol e is an irrational number whose value is defined as
n

1
lim (1 + ;) . The value of this limit lies between 2.71 and 2.72.

n—0o0

© The rate of change of an exponential function is also exponential in

nature.

© The derivative of an exponential is a function that is a vertical stretch

or compression of the original function.

© The derivative of the function y = ¢* is the same function, i.e., y'=¢*.

Communicate Your Understanding

a

Q

(€]

a) List the features that are common to all exponential functions.

b) What features can be different among exponential functions?

Describe the nature of the rate of change of an exponential function.
Use an example to illustrate your answer.

a) What is the approximate value of the number e?

b) What is significant about the function y = ¢*?

» BT

graphs on the same axes.

1. Without using technology, sketch the following 3. a) What is the domain of each function?
fle) =2
a) flx)=2 Flx) =
b) f(x)=3*
9 flx)=5*
d) f(x) =10

2. Sketch the graphs of the derivatives of the

functions in question 1.

256 MHR - Calculus and Vectors -

b) Is it possible for 2* to equal a negative
number for some value of x?

) Is it possible for ¢* to equal a negative
number for some value of x?
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4. Match each graph with the graph of its derivative function. Justify your choices.

a)

b)

4]

d)

5. For what range of values of b is the graph of the derivative of f(x) = b*
a) a vertical stretch of f(x)?

b) a vertical compression of f(x)?

Function

Derivative Function

Y
4

2

Y
4

2

4| 2

o
o

-4 2 2

—4 2 /0

5.1 Rates of Change and the Number e -

MHR 257



6.

1.

1.

12
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3 Connect and Apply

a) Sketch the graph of y = ( %) .

b) Predict the shape of the graph that is the
rate of change of this function with respect
to x.

o Use graphing technology to check your
prediction.

What is different about the rate of change of

an exponential function of the form f(x) = b~

in cases where 0 <b <1, compared to cases

where b>1? Support your answer with

examples and sketches.

Use Technology

a) Graph the function f(x) = 4*.

b) Graph the derivative of f(x).

¢ Predict the shape of the graph of the

f'x)

flx)

d) Graph g(x) and compare its shape to the
one you predicted. Explain why this shape
makes sense.

combined function g(x) =

9.

Refer to question 8.

a) Will the shape of the graph of g change
if  has a base other than 4? Explain,
using words and
diagrams.

Reasoning.and Proving

Representing Selecting.Tools

b) What is special Problem Solving
about g(x) when

flx)=e*?

Connecting Reflecting

Communicating

vV Achievement Check

10.

Let f(x)=<%> for b>1, and let g(x) = f’(x)‘

a) Predict the shape of the graph of g(x).

b) Test your prediction by exploring two
specific cases.

¢ Summarize your findings, using words and
diagrams.

d) For what value of b will g(x)=—1?

(e Extend and Challenge

Let f(x) = b* for b>0, and let g(x) =

flx)
a) Predict the equation and shape of the
function g’(x).

b) Check your prediction using graphing
technology.

o Explain why this result does not depend on
the value of b.

e* .
where ¢ is a constant

Consider f(x)=

e*+c
greater than 0.
a) What is the domain of the function?
b) What is the range of the function?

¢) How does the value of ¢ affect the graph?

Chapter 5

13.

14.

15.

Carry out an Internet search on the number e.
Write a brief summary that includes

e which mathematician(s) the number has
been named for

¢ when it was first identified
e other interesting facts

Math Contest A function f satisfies the

property f(x)f(y) =f(x +y). If f(1) =k +#0,
then for any positive integer 7, f(—n) equals

A—kn BE™ Cnk D—-k" E —nt
Math Contest lim <1+§) =
n—00 n
Ae B e C 3 D &3 E 3¢3
e



5.2

The number e is an irrational number, similar in nature
to m. Its non-terminating, non-repeating value is
e=2.718 281 828 459 ...

Like T, e also occurs frequently in natural phenomena. In fact,
of the three most commonly used bases in exponential
functions—2, e, and 10—e is used most frequently. Why is
this? What could this unusual number have to do with such
things as a bacterial culture?

The symbols e and 7 are both examples of transcendental
numbers : real numbers that cannot be roots of a polynomial
equation with integer coefficients.

As it turns out, e has some interesting properties. For example,
the instantaneous rate of change of y = ¢* as a function of x
produces the exact same graph; therefore, every higher-level
derivative of y = e* also produces the same graph.

Example 1 | The Natural Logarithm

a) Graph the function y = ¢* and its inverse using technology.

b) Identify the key features of the graphs.
Solution
a) Use graphing technology.

Method 1: Use The Geometer’s Sketchpad®

Plot the function y = e*.

D The Geometer's Sketchpad =]
[ Pie [t Cuplay Cormtract Treneform Messurs Graph  Window o
|T. R s III| =]
5
7 /
», i
-t - I

2] | I|:‘
| AT 3 sloful ] 5
v o Salien Furction |

The Natural Logarithm

Technology Tip

You can access the value e from
the Values menu in the New
Function dialog box.

5.2 The Natural Logarithm « MHR 259



Construct a point on the graph and measure its abscissa (x-coordinate)
and ordinate (y-coordinate).

3 The Geometer's Skelchpad

[l Fle Ede Cwplyy Corinel Trarham Messe Gragh ‘Window Help
fix) = e* Il / D
Ky =118 o /
Ya=0.31 )f'f
X _.-"I
_-r'&-”’.
—t + A———t +————+ —t

ot 4

| A 3 sleful- |
Technology Tip - Select the graphs, and plot and trace the inverse.
You can graph a point on the e Click on the ordinate (y) and abscissa (x), in order.
inverse function by reversing the
roles of xandy. ® From the Graph menu, choose Plot as (x, y).

* From the Display menu, choose Trace Plotted Point.

* Click and drag the point on the function plot to trace out the inverse of

y=e*.
5 The Geomsier's Sheic il |
fad Fla Dt Dsplyy Corstnat  Trensform Mesnre  Graph Window  Help -
. i T ﬂ
|T. o) = 0% 'I.ﬁ.
o | xgm138 2l !'
¥a=399 /

[ A 3 sleful- | %

260 MHR - Calculus and Vectors - Chapter 5



Method 2: Use a Graphing Calculator

Graph the function y = ¢*.

The inverse of the exponential function is the

Fiotl FPlotz Flots
“WiBe™®

wWe=

wWe=

Sy =

“Yo=

logarithmic function. The log function on the Y-

graphing calculator graphs logarithmic functions

Gir=

with base 10. To graph y = log,x, rewrite this in

terms of base 10:

y = log,x
_ logx
loge

Graph this function.

Notice that these graphs are reflections of each
other in the line y = x, confirming that they are
indeed inverse functions of each other.

The logarithmic function having base e occurs very
frequently, and has a special name.

The natural logarithm of x is defined as

Inx =log,x.

Flotl Flot2 Flot2

The left side of this equation is the natural logarithm of x, and is read as

“lonx.”

You can confirm that y = Inx is the same function as y =log,x by
graphing both functions together, using different line styles:

Fletl Flokz Flets
RS 1= e
;'-r'z!lug-: E e Fal- 14

~

Y¥3B1n(xd t

y=¢e*
Domain:x e R
Range:{y|y >0,y e R}
Increasing on its domain
y-intercept =1
No x-intercept
Horizontal asymptote at y = 0 (x-axis)
No minimum or maximum point

No point of inflection

b) The following table lists the key features of each graph.

y=Inx
Domain: {x|x > 0, x € R}
Range:y e R
Increasing on its domain
No y-intercept
x-intercept =1
Vertical asymptote at x = 0 (y-axis)
No minimum or maximum point

No point of inflection

| CONNECTIONS

{ Recall that log, b= Iog(b.

log, a

CONNECTIONS

Natural logarithms are also
sometimes called Naperian
logarithms, named after the
Scottish mathematician and
philosopher John Napier
(1550-1617).

Napier is also famous for
inventing the decimal point, as
well as a very primitive form of a
mechanical calculator.
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Example 2 | Evaluate e*

Evaluate, correct to three decimal places.
3
a) e

b) e 2

Solution
Use a scientific or graphing calculator to find an accurate value. These
calculators have a dedicated button for e.

a) e3=20.086
1
b) e 2=¢09

=0.607

Example 3 | Evaluate Inx

Evaluate, correct to two decimal places.
a) In10  b) In(=5) ¢ Ine

Solution

Scientific and graphing calculators have a button that can be used to
evaluate natural logarithms, labelled (LN].

a) In10=2.30 Y
4

b) In(—35) is undefined. Recall that the
domain of all logarithmic functions, 2
including y =Inx, is {x|x >0, x € R}, so
natural logarithms can only be found for -4 -2 0 2
positive numbers. -2

¢ Recall that Ine =log,e and log;, b~ = x. 4
Therefore, Ine = 1.

Ine*=x and e"*=x

These properties are useful when you are solving equations involving
exponential and logarithmic functions.
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Example 4 | Bacterial Growth

The population of a bacterial culture as a function of time is given by the
equation P(¢) =200e%9%#, where P is the population after ¢ days.

a) What is the initial population of the bacterial culture?
b) Estimate the population after 3 days.
¢ How long will the bacterial culture take to double its population?

d) Rewrite this function as an exponential function having base 2.
Solution

a) To determine the initial population, set = 0.
P(0) = 200¢%-0940)
=200e°
=200(1)
=200

The initial population is 200.
b) Set #= 3 to determine the population after 3 days.
P(3) = 200¢0040)
=200e0-282

=200(1.3257...)
=265

After 3 days, the bacterial culture will have a population of
approximately 26S5.

o To find the time required for the population to double, determine # when
P(t) =400.

400 =200¢ 0-09%
Method 1: Use Graphical Analysis

Graph the function using graphing technology to identify the value of ¢
when P(z) = 400.

Pl Lt Cepley Corsbraci Pearsborms Msssos Gragh ‘Wiedos e - W
|7 A I 1 ) S % 5
* || oo = 200.4nemes A
@ ' A (738, 400,000
r'/r. wE
A
»' -
g
. o e
I == slrjul- | ¥

The graph shows that the population will double after about 7.4 days.
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Method 2: Use Algebraic Reasoning

Use natural logarithms to solve this equation algebraically.

400 = 2000094
2 = p0.094t

In2 =1ne%0%%  Take the natural logarithm of both sides.

In2 = 0.094¢
In2
0.094
t=7.4

Therefore, the bacterial culture will double after approximately 7.4 days.

d) Since the bacterial culture has an initial population of 200 and doubles
after 7.4 days, the relationship between population and time can be
approximated by the function

t
(t) = (200)27:4,

where P is the population after ¢ days.

Note that 7—t4 expresses time in terms of the number of doubling periods.

KEY CONCEPTS

The value of e, correct to several decimal places, is
e=2.718 281 828 459 ... .

Inx =log,x
The functions Inx and e* are inverses.

Many naturally occurring phenomena can be modelled using base e
exponential functions.

Communicate Your Understanding

a

Q

G

264 MHR - Calculus and Vectors -

How can you determine the inverse of the function y = ¢~
a) graphically? b) algebraically?

What is unique about the function f(x) = ¢* compared to exponential
functions having bases other than e?

The following two equations were used in Example 4:
t

P(£)=200e%0%  P() = (200)274

where P represents a population of bacteria after ¢ days. Why do these
two functions yield slightly different results?

Chapter 5




T

Use this information to answer questions 1 to 3.
Let f(x) = —¢* and g(x) = —Inx.
1. a) Use technology to graph f(x).

b) Identify the following key features of the
graph.

i) domain

ii) range
iii) any x-intercepts or y-intercepts
iv) the equations of any asymptotes

v) intervals for which the function is
increasing or decreasing

vi) any minimum or maximum points

vii) any inflection points

. Repeat question 1 for g(x).

. Are f(x) and g(x) inverse functions? Justify

your answer with mathematical reasoning.

. Estimate the value of each exponential

function, without using a calculator.

a) ¢t b) & Q e d) e2

. Evaluate each expression in question 4, correct

to three decimal places, using a calculator.

. Evaluate, if possible, correct to three decimal

places, using a calculator.

a) In7 b)) In200 o ln% d) In(—4)

. What is the value of In0? Why is this

reasonable?

3 Connect and Apply

8. Simplify.
a) In(e¥)
b) In(e¥) +In(e¥)
g el
d) (e"C¥)(In (&)
9. Solve for x, correct to three decimal places.
a) =35 .
b) 1000 =20e4
0 In(e¥)=0.442
d) 7.316 =2

10. a) Solve 3* =135 by taking natural logarithms

of both sides.

b) Solve 3* =135 by taking common logarithms

(base 10) of both sides.
¢ What do you conclude?

11. Chapter Problem Sheona’s supervisor has
given her some capacitors to analyse. When
one of the charged capacitors is connected to
a resistor to form an RC (resistor-capacitor)
circuit, the capacitor discharges according to

t
the equation V(t) = Vyce 4, where V is the
voltage, 7 is time, in seconds, and V,,, is the
initial voltage. Determine how long it will
take for a capacitor in this type of circuit to
discharge to

a) half of its initial charge
b) 10% of its initial charge

CONNECTIONS

(apacitors are useful for storing
and releasing electric charges. n
They can come in a variety of
shapes, styles, and sizes, and
are used in a number of devices, /
such as surge protectors, audio

amplifiers, and computer
electronics.

Resistors dissipate energy, often
in a useful form such as heat or
light. They also come in a variety
of forms.
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12.

13.

15.

266 MHR - Calculus and Vectors -

Use Technology Time Temperature
A pizza is (min) (°Q)
removed from the 0 200
oven at =0 min 1 173
2 150
at a temperature
of 200°C. The 3 130
4 113
temperature, T, s 08
n;leasu;edfat ) p g5
t .e end of eac 7 24
minute for the 8 64
next 10 min is 9 55
given in the table. 10 48

a) Using exponential regression, determine a

t
value of & so that T(¢) = 200e * models the
temperature as a function of time.

b) Show that your function correctly predicts
the temperature at =10 min.

¢ Predict the temperature at =15 min and
also after a long period of time.

a) Evaluate, using a calculator, In2 +In 3.
b) Evaluate In 6. Compare these results.

¢) What law of logarithms does this seem
to verify? Recall Reasoningand Proving
that In2 =log,2.
Rewrite this law of
logarithms using
natural logarithms.

Representing Selecting Tools and

Strategies
Problem Solving

Connecting Reflecting

Communicating

(&) Extend and Challenge

Use Technology If you study data
management or statistics, you will learn about
the normal distribution curve.

University exam scores
often follow a normal
distribution. The
normal distribution
curve is also sometimes
called the bell curve.

Exam Scores
a) Graph the function

I
7x2
y=e*.
b) Describe the shape of the graph.
¢) What is the maximum value of this

function, and where does it occur?

Chapter 5

14. Carbon-14 (C-14) is a radioactive substance

16.

17.

with a half-life of approximately 5700 years.

Carbon dating is a method used to determine

the age of ancient fossilized organisms,

by comparing the ratio of the amount of

radioactive C-14 to stable carbon-12 (C-12)

in the sample to the current ratio in

the atmosphere, according to the equation
(In2)z

N(t) = Nge 5700 , where N(¢) is the ratio of

C-14 to C-12 at the time when the organism

died, Ny is the ratio of C-14 to C-12 presently

in the atmosphere, and ¢ is the age of the fossil,

in years.

a) Calculate the approximate age of a
fossilized sample that was found to have a
C-14:C-12 ratio of

i) 10% of today’s level
ii) 1% of today’s level
iii) half of today’s level

b) Do you need the equation to find all of the
results in part a)? Explain your reasoning.

¢) Rearrange this formula to express it
explicitly in terms of # (isolate # on one side
of the equation).

d) Estimate the total area between the
curve and the x-axis. Use a trapezoid to
approximate the curve.

e) Estimate the fraction of this area that occurs
between x = —1 and x = 1.

Math Contest ¢'°82"=

x
B — D

5 NEY
Math Contest If log. (¢?) = log, e, where a# 1

is a positive constant, then x =
1 1
B — Ca® Da“ E as
a

A 2x C x? EInx

A a



5.3 Derivatives of Exponential

Functions

As you discovered previously in this chapter, the derivative of an
exponential function is also an exponential function. If y = b*, then

D

X

, where k is some constant. Furthermore, you found that when

y = e*, ﬂ = ¢*. In other words, when b =e, k =1. How can the value of

k be determined for other bases?

To explore this, apply the first principles definition of the derivative to
the exponential function.

What is the derivative of f(x) = b*?

Let f(x) = b* for some constant, b.

1. Copy each step of the following algebraic argument. Beside each step
write a brief explanation of what is happening. The first and last steps
have been done for you.

e~ i L6 D11

First principles definition.

h—0
I bx+h — bx
=<
bxbh — bx
= lim
h—0 b
L b1
= lim
h—0 b
. ("= -
b* ]lqm% p b* does not depend on h. It canbe factored out of the limit.
—

2. Explain how the limit in the last line is related to k in the equation
dy
dx

3. a) Explore this limit when b= 2.

= kb~, introduced in the section introduction.

® Open The Geometer’s Sketchpad® and begin a new sketch.

e Create a parameter, b, and use it to plot the graph of y =

Note that The Geometer’s Sketchpad® requires that x be the
independent variable; hence, x replaces b for now.

Tools

- computer with The Geometer’s
Sketchpad®

CONNECTIONS

Function notation is convenient
t0 use when you are determining
a derivative from first principles.
Itis wise to be comfortable in
working with various notations
for the derivative:

f'(x), d—y,y’and D,y areall
dx

notations that represent the first
derivative of a function.

b*—1
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Technology Tip

X

To plot the function y = 0
X

follow these steps.

- From the Graph menu, choose
New Parameter. Call it b and
set its initial value to 2.

- From the Graph menu, choose

Plot New Function and enter
X

,using
X

the equation y =

the parameter 0.

CONNECTIONS

The approximate value of
X

lim does not seem to
x—0 X

be a remarkable number until
we use a calculator and realize
thatitis close to In 2. Further
investigation would find other
natural logarithms appearing
as limits.

25=1

lim =12
=0 X

o B
==

Box-130%

2] 8] o] #] A _vim ]
Y
T 3 T Y
o] | x| %] ¢| _amen <]

wo | oo |5 ]

™ The Geometer's Skatchpad

o —

. .. 2
b) Approximate the limit lim
x—0 X

e Select the graph. From the Construct menu, choose Point on
Function Plot.

e From the Measure menu, choose Abscissa (x).
¢ From the Measure menu, choose Ordinate (y).

e Click and drag the point as close to the y-axis as possible.

X

What is the approximate value of lim ? Explain how

x—0

you can tell.

¢) What is the value of k in the equation % =k2*?
x
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b*—1

4. Explore the value of lim

for various values of the parameter b.
x—0

a) Copy and complete the following table.

lim - dl=kbx
b x—0 X y=b* dx
2
3
4
5

e

b) Describe any patterns that you see in the table.
5. Plot and trace the value of k for many different values of b.

¢ Select the Parameter b measure and the Ordinate (y) measure, in order.
From the Graph menu, choose Plot as (x, y). A point should appear.
Describe the significance of this point.

% The Geometer's Sheichped

il Fle Fdf Dopley Congirol Traealorm Mesoure Graph Window Help = ﬂ
.| b=200 T 2l
e | b 4 /
ol ™%
i ya=058
5:‘ __.A-r -
—— . | —
o
o
| e =1 ¥

e With the new point selected, from the Display menu, choose Trace
Plotted Point.

e Select and right-click on the Parameter b measure, and choose Animate
Parameter. When the Motion Controller comes up, use the control
buttons to trace the y-intercept as a function of b.

6. Reflect

a) Describe the shape of the traced curve that appears. This shape
corresponds to a function. What function do you think this is?

b) Plot the function from part a) to test your prediction.

¢) What does this suggest about the value of k in the equation ? =kb*?
x
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The derivative of the exponential function y = b~ is @ _ (Inb)b*.
x

Example 1 | Differentiate an Exponential Function

Determine the derivative of each function. Graph each function and its
derivative.

a) y=2~%

b) y=e*

Solution
a) y=2*

Apply the rule for the derivative of an exponential function.

To see the graphs of y =2* and its derivative, use graphing technology.

Flotl Flotz Flots [
Rl =P E
~Y2BC(lnC2) 27K ]

Y =
Yy =
Y=
Y=
Y2=

|

Which graph corresponds to which function? Evaluate In2.

b _ (In2)2%
X

=(0.693)2%
This is a vertical compression of the function y = 2*, so the derivative
must be the lower function.

b) y=e¢"
ﬂ = (Ine)e”
x
= (1)e*
= ex

This algebraic result confirms the earlier graphical discovery that the
instantaneous rate of change of y = ¢* produces the exact same function.
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Example 2 | Equation of a Tangent Line

Find the equation of the line tangent to the curve y=2¢* at x =1In 3.

Solution
Method 1: Use Paper and Pencil

To write the equation of the tangent line, we need to know the slope and the
coordinates of one point on the line. Substitute x = In 3 into the equation and
solve for y.

The point (In3, 6) is on the tangent line.

To find the slope, differentiate the function and evaluate the derivative at
x=In3.

y=2e*
y’ = 2e*  Applytheconstantmultiplerule.
When x =1In 3,
y = 2¢ln3
=2(3)
=6

The slope of the tangent line is 6. Substitute into the equation of a line and
simplify.

y—yi=m(x—x)
y—6=6(x—1n3)
y=6x+6—6In3

/
i -ﬁi'{‘_N

OBZFZ20493He = E00EE_
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Method 2: Use a Computer Algebra System (CAS)

Turn on the CAS. If necessary, press the key to go to the HOME
screen. Clear the variables and set the MODE.

e Clear the CAS variables by pressing to access the F6 menu.
o Select 2:NewProb. Press (ENTER].
e Press key. Scroll down to Exact/Approx, and ensure that AUTO is

selected.

Enter the function and store it as f(x).

e From the F4 menu, select 1:Define. Enter
the function f(x) =2%e”(x).

e Press (ENTER].

Determine the value of the derivative at
x=In3.

e From the F3 menu, select
1:d( differentiate.

® HewProb Done

e Enter f(x), x). Your screen will show "3';“"‘«‘ Flx)=2-0% Done
d(f(x), x). » == (F00) # 900 Done
. . ]

® Press the key. Store the derivative as :
g(x), and press . hb AUTE TENE [T,

e Enter g(In(3)), and press (ENTER).

The slope of the tangent is equal to 6 at
x=1In3.

ER

tE.“ET z;r;!u’l:]ﬂ[l?;' lrﬁlH‘lﬂ'bI T
L] %U‘(x)) # g} Done

=g lnC3)) 3
LE @l =y g
BeolvelEé =& Ir(3) + b, b)

bei=-6-1
solve{é=6+1n{3}+b, b}

] Eal AUTE Fulkif wrin/

Find the point of tangency.
e Enter f(In(3)) and press (ENTER).

The equation of a straight line is y = mx + b.
Substitute m =6, x =In3, and y= 6, and
solve for b.

e Press (F2) and select 1:solve(.

e Enter 6=6%In(3)+b, b)

iv 3 e -
Tt 15| ATk a| Calc| D R [ 3 ra | BC 16 am e

=g InC30 )
B {CInCE)) =

e Press -ENTER . ®zolvelt=6-1n{3) + b, b)
b=6-6-1n(3)

The equation of the tangent to the curve at = gi) 2-¢%

(In3, 6) is y=6x+6—6In3. WA RIS FURC 7750

To view the form of the derivative, enter g(x),

and press (ENTER).

272 MHR - Calculus and Vectors - Chapter 5



Example 3 | Insect Infestation

A biologist is studying the increase in the population of a particular insect in
a provincial park. The population triples every week. Assume the population
continues to increase at this rate. Initially, there are
100 insects.

a) Determine the number of insects present after 4
weeks.

b) How fast is the number of insects increasing
i) when they are initially discovered?

ii) at the end of 4 weeks?

Solution

a) Write an equation that gives the number of insects,
N, as a function of time, ¢, in weeks.

N(t)=(100)3?
To find the number of insects present after 4 weeks, substitute ¢ = 4.
N(4) = (100)3*
=(100)81
=8100
There are 8100 insects after 4 weeks.

b) To find how fast the insects are increasing at any time, differentiate the
function with respect to time.

N(t) = (100)3¢
N’(t) = (100)(In 3)3*

i) To find how fast the insects are increasing initially, evaluate N'(0).

The number of insects is increasing at a rate of approximately 110 per
week at the beginning of the first week.

i) To find how fast the insect population is growing at the end of
4 weeks, evaluate N'(4).

N’(4) = (100)(In 3)3*
= (100)(In3)81
= (8100)(In3)
= 8899

At the end of 4 weeks, the insects are increasing in number at a rate of
approximately 8899 per week.
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KEY CONCEPTS

¢ The derivative of an exponential function is also exponential.

d

—b*=(Inb)b*

Ir (Inb)

¢ Derivatives of exponential functions can be used to solve problems

involving growth of populations or investments.

Communicate Your Understanding
1 Letf(x)=¢" and g(x) = % Which of the following statements do you
x
agree or disagree with? Explain your answer in each case.
a) g(x) is a function.
b) g(x) is a linear function.
¢ g(x) is a constant function.
d) g(x) is the same function as its inverse.

2 Consider the function y = 2¢* and the point where x =In 3. What do you
notice about the y-coordinate and the slope of the tangent at this point?
Do you think this is always true for exponential functions? Explain your
thinking.

(3 Consider the function N(#) = (100)2’, where N(t) represents the number
of bacteria in a population after # weeks. Why is the initial growth rate
of the bacteria not 200 per week?

1 i

1. Determine the derivative with respect to x for 6. A fruit fly infestation is doubling every day.
each function. There are ten flies when the infestation is first
1Y discovered.
=4 b =11~ 0 y=|= . .
a) g(x) ) f(x) ) y (2) a) Write an equation Reasoning-and.Proving
d) N(x)=—3e* e) h(x)=¢" f) y=mn~ that relates the Representing Se'eg‘ti:‘aﬂt:;i"e':“"d
2. a) Find the first, second, and third derivatives n.umber of flies to Problem Sohving
of the function f(x) = e*. time. Connecting Reflecting
. S —
b) What is the nth derivative of f(x), for any b) Determine the e
neN? number of flies present after 1 week.

¢ How fast is the fly population increasing

3. Calculate the instantaneous rate of change of
after 1 week?

the function y = 5 when x = 2.
d) How long will it take for the fly population

4. Determine the slope of the graph of y = 16’“ at
2 to reach 500?

x=4. e) How fast is the fly population increasing at
5. Determine the equation of the line tangent to this point?

y = 8% at the point on the curve where x = %
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10.

1.

12.

13.

: 3 Connect and Apply

. Use Technology Consider the following

Refer to question 6.

a) At which point is the fly population
increasing at a rate of

i) 20 flies per day? ii) 2000 flies per day?

b) How can this information help to plan an
effective extermination strategy?

Determine the equation of the line perpendicular
. . 1
to the tangent line to the function f(x) = Ee" at

the point on the curve where x =1n 3.

| CONNECTIONS

The line perpendicular to the tangent line to a function is also called
the normal line .

Use Technology Refer to question 8. Solve
this problem using a computer algebra system.

Let f(x) = kb~ for some positive base b and
some constant k.

a) Predict the shape of the graph of g(x), where
g(x) is defined as

f)
f(x)

b) Provide mathematical reasoning for your
answer to part a).

glx) =

¢ What is the simplified equation for g(x)?
Explain.

Use Technology Refer to question 10. Use
graphing technology to verify your answers.

Refer to question 10.

a) What does your result in part a) simplify to
when b = e? Explain.

b) Use graphing technology to verify your
answer.

a) Determine a formula Reasoning and Proving
for finding the nth
derivative of the
function f(x) = b*,
where b is a constant
greater than zero.

Represénting Selecting Tools
Problem Solving

Connecting Reflecting

Communicating

b) Use mathematical reasoning to explain your
result.

5.3 Derivatives of Exponential Functions -

two functions over the restricted domain
{x|4=x=16,x eR}:

flox) =2

a) How similar are these functions over this
domain?

glx)=2*

b) Do you think their derivatives will be
similar? Explain.

o Use graphing technology to check your
prediction. Comment on what you
notice.

d) Assuming x € R, will there exist any
x-values at which the slope of f(x) is the
same as the slope of g(x)? If so, find the
x-value(s).

. Evangelista Torricelli (1608-1647) developed a

formula for calculating the barometric pressure
at various altitudes. The altimeter of an aircraft
uses a similar formula to determine the altitude
of the aircraft above sea level. The formula has
the form P=101.3¢ % for the atmosphere at
standard temperature and pressure, where P is
the barometric pressure, in kilopascals, 4 is the
altitude, in metres, and k is a constant.

a) If the barometric pressure at an altitude of
1000 m is 95.6 kPa, determine the value of k.

b) Show that the value of k from part a)

correctly predicts a pressure of 90.2 kPa at
an altitude of 2000 m.

¢ The vertical speed indicator on an aircraft
uses the change in barometric pressure with
respect to time to determine the rate of climb
of the aircraft. Determine the first derivative
of the barometric pressure formula.

d) Determine the rate of change of the pressure
with respect to height at an altitude of
1500 m.

| CONNECTIONS

Most of the time, the atmosphere is not at a standard temperature
of 20°Cand a sea-level pressure of 101.3 kPa. Pilots must obtain
correct values for temperature and pressure, and correct the readings
on their instruments accordingly.
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16.

The total number of visitors to a particular
Web site is doubling every week. When the
Web master starts monitoring, there have been
50 visitors to the site.

a) Write an equation that relates the number
of visitors to time. Identify the variables and
clearly explain what they represent.

(&) Extend and Challenge

17.

276

How fast is Earth’s human population
growing?

a) Collect data to answer this question.

b) Develop a model that expresses population

as a function of time. Express your model as

i) an equation i) a graph

¢) Using your model, predict the size of the
human population in the year

i) 2025 ii) 2500 i) 3000

d) Is your model sustainable over the long
term? Could other factors affect this trend?

e) How might the equation look if it accounts
for the factors you suggest in part d)?

| CONNECTIONS

To see population estimates from ancient times up to 1950 go to
www.megrawhillca/links/calculus 12 and follow the links to
Section 5.3.

CAREER CONNECTION

Katrina completed a 4-year Bachelor of Science honours
degree in geophysics at the University of Western Ontario.

As a petroleum geophysicist, she studies the structure and |
composition of Earth. Her goal is to find the location

of oil and natural gas deposits below Earth’s surface.

Katrina uses the seismic method to build a picture of where
deposits may be located. In this technique, shock waves

that are set off at Earth’s surface penetrate Earth like sonar.

18.

19.

20.

21.

b) How many visitors will there be after
i) 4 weeks? ii) 12 weeks?

¢ Find the rate of growth of visitors at each of
these times.

d) Will this trend continue indefinitely? Justify
your response using a graph.

Use Technology Refer to question 17.

a) Use regression analysis to estimate when
Earth’s population was

i) 1000 ii) 100 iii) 2

b) Do your answers seem reasonable?
Explain.

Use Technology Use graphing software to
explore the instantaneous rate of change and
the derivative of the function y =Inx. Write a
brief report on what you discover.

ax+h —a*
Math Contest If lim ——— = 4% (x #0),
h—0 h

then a=
A a B 1 Ce DOore Elore
Math Contest If f(x) = %,
then f/(In2) =
AO B2 C In2 D é E i

4 4

They reflect off various rock layers under Earth’s surface, and the returning echo or signal is
recorded using sophisticated equipment. Katrina spends her time processing and interpreting

these seismic data.
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54 Differentiation Rules for
Exponential Functions

Exponential models and their derivatives occur
frequently in engineering, science, mathematics, and
business studies. As the models become more complex,
it is important to remember and apply the rules of
differentiation as they are needed.

What could the chain rule and exponential modelling
have to do with the value of the motorcycle pictured
here?

Example 1 | Differentiation Rules

Find the derivative of each function.

a) y=xe* b) y=e>*"1 ) y=e*—e*

d) y=2¢cosx e) y=x210x

Solution CONNECTIONS
a) y=uxe* You explored the rules of
dy x differentiation in Chapter 2
g g + (1)e* Apply the product rule.
dx xe™+ (l)e ppiythe product rue Derivatives.
=e*(x+1) Product Rule
By et (g () =F g’ &) + F (g lx)
dy Chain Rule
i e2x+1(2) Apply the chain rule. Iff(x) =g(h(x)), then
_ et ) =gh01h' ()
Difference Rule
9 y=et—e* =9/ =Fl—-gKx
;1_3; =e*—(—1e™* Apply the difference rule and the chain rule.
=¥+ ¥

d y=2e*cosx

Z—Z = 2e*(—sinx) + cosx(2e*)  Apply the product rule.
= 2e*(cosx — sinx)
e) y=x210*
% = x21n10(10%) + (2x)10~ Apply the product rule.

= x10*(xIn10 + 2)
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The extrema of a function are the points where f(x) is at either a local
maximum or a local minimum.

Example 2 | Extreme Values
2 ,x

Identify the local extrema of the function f(x)= x?¢*.

Solution

To determine where the local extreme (maximum and minimum) values
occur, differentiate the function and set it equal to 0, because the slope of the
tangent at a maximum or minimum is equal to 0.

f'(x) = x%e* + 2xe*
= x2e* + 2xe*

Set the derivative equal to 0.

f(x)=0
xZeX + 2xe*=0
xe¥(x+2)=0

This equation has three factors whose product is 0. Consider cases to
determine possible solutions.

Case 1
x=0
The first factor gives x =0 as a solution.
Case 2
=0
The range of y=¢is y>0.
y
2| /Y=

Therefore ¢ =0 has no solution.

Case 3
x+2=0
x=-2
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Therefore, there are two solutions: x =0 and x = —2.

This divides the domain into three intervals: x < —2, =2 <x <0, and x> 0.
Test f’(x) with a point in each interval.

Evaluate the derivative of the function for a point to the left of x = —2,
say x = —3.
f'(x)=e* (x> + 2x)
f/(=3)=e[(=3)*+2(-3)]
=0.1
The slope of the tangent is positive.
Evaluate the derivative of the function for a point between x = —2 and x =0,
say x = —1.
f'(x) = x%e* + 2xe*
=e*(x2 + 2x)
f/(=1) =e "[(=1* + 2(-1)]
= 0.4
The slope of the tangent is negative.
Evaluate the derivative of the function for a point to the right of x =0,
say x = 1.
f'(x)=e*(x*+ 2x)
/(1) =e'[(1)* + 2(1)]
=8.2

The slope of the tangent is positive.

X<—2 —2<x<0 x>0
Test Values -3 -1 1
Sign of f'(x) + - +
increasing decreasing increasing

Nature of f(x) / \ /

Because the graph changes directions at x = —2 and x = 0, these points
represent local maxima or minima.

5.4 Differentiation Rules for Exponential Functions « MHR
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CONNECTIONS

Substitute x = 0 into the function to solve for its y-coordinate.

flx) = x2e*

£(0) = 02
= 0(1)
=0

Therefore (0, 0) is a local minimum.

Substitute x = —2 into the function to solve for its y-coordinate.

fx) = x*e
f(=2)=(=2)*e*
=4¢72
-4
2

Therefore (—2 4

,—2> is a local maximum.
e

The behaviour of the function can be summarized in a table.

Example 3 | Motorcycle Depreciation

Collision insurance provides
reimbursement for the repair or
replacement of your vehicle in
the event of an accident.

Laura has just bought a new motorcycle for $10 000. The value of the

motorcycle depreciates over time. The value can be modelled by function
t

V(t)=10 000e 4, where V is the value of the motorcycle after ¢ years.

a) At what rate is the value of the motorcycle depreciating the instant Laura
drives it off of the dealer’s lot?

b) Laura decides that she will stop insurance coverage for collision once
the motorcycle has depreciated to one quarter of its initial value. When
should Laura stop her collision coverage?

¢ At what rate is the motorcycle depreciating at the time determined in
part b)?
Solution

a) To find the rate of change of the value of Laura’s motorcycle, differentiate
the value function.

t
Vit = _10200;

4 Apply the constant multiple rule and the chainrule.

t
=—-2500e 4
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To determine the depreciation rate when Laura first drives her bike off the
lot, substitute £ =0 in the derivative.

0
V’(0)=—2500e 4
=-2500¢°
=-2500(1)
=-2500

When Laura drives off the dealer’s lot, her motorcycle is depreciating at a
rate of $2500 per year.

b) To determine when Laura should stop collision coverage on her insurance
plan, find the time when the value of her motorcycle reaches one quarter
of its original value, or $2500.

t
2500=10 000e 4
2500 —4
=¢ 4
10 000
_t
0.25=¢ 4

t
In0.25=1n e4) Take the natural logarithm of both sides.

~1.386=-1
4
t=-1.386(—4)
=355
Therefore, Laura should stop her collision coverage after approximately
5.5 years.
o To find the rate of depreciation at this time, evaluate V’(5.5).
_33
V’(5.5)=—-2500e 4
= —2500¢71373
=-2500(0.25)

=-632

After 5.5 years, Laura’s motorcycle is depreciating at a rate of
approximately $632 per year.
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KEY CONCEPTS

© The differentiation rules apply to functions involving exponentials.

© The first and second derivative tests can be used to analyse functions
involving exponentials.

o If y=el® theny” =ef™f(x).

Communicate Your Understanding

(1 Which differentiation rule(s) would you apply in order to determine the
derivative of each function? Justify your answers.

a) y=2e*+x?2 b) f(x)=e "3

2X 0e3

) y=e*x d) g(x)=e*sinx —e 3*

cosx
2 Consider an exponential function of the form y = b~

a) Is it possible to identify local extrema without differentiating the
function and setting the derivative equal to zero? Justify your answer
using both algebraic and geometric reasoning.

b) Does your answer to part a) depend on the value of b? Explain.

@3 In Example 3, the derivative of the function used to model the value of
t

Laura’s motorcycle is —2500e 4. What is the significance of each of the
negative signs in this expression?

T

1. a) Rewrite the function y = b* with base e. 3. Determine the derivative with respect to x for

b) Find the derivative of your function in part each function.

a) and simplify. a) y=e *sinx b) y=ecos*
2. Differentiate with respect to x. 9 flx)=e*(x?—=3x+2) d) g(x)=2x%e0s%
a) y=e b) f(x)=e*"3 4. Identify the coordinates of any local maximum
Q y=eX—e 2 d) y=2%+3 or minimum values of the function y = e* — e%*,
e) f(x)=3e2 —23% f) y=4xer 5. Use algebraic reasoning to explain why the

functi =e*+e*h local ext .
g) y=S5te* h) flx) = xed+ 26 unction y = e* + ¢** has no local extrema

6. Use Technology Use graphing technology
to confirm your results in questions 4
and 5. Sketch the graphs of these functions
and explain how they confirm your results.
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3 Connect and Apply

7. A bacterial colony’s population is modelled
by the function P(t) = 50, where P is the
number of bacteria after ¢ days.

a) What is the bacterial population after
3 days?

b) How long will it take for the population to
reach 10 times its initial level?

¢ Rewrite this function as an exponential
function having a base of 10.

d) Determine the bacterial population after 5
days using your equation from part c).

e) Use the function from the initial question
to find the bacterial population in part d).
Why do your answers differ?

. The value of an investment is modelled by
A(t) = Ape® 9% where A is the amount the
investment is worth after ¢ years, and Ay is the
initial amount invested.

a) If the initial investment was $3000, what is
that value of the investment after

i) 2years? i) 5 years? iii) 25 years?

b) How long will it take for this investment to
double in value?

¢) At what rate is the investment growing at
the time when its value has doubled?

. a) Determine the first, second, third, fourth,
fifth, and sixth derivatives of the function
f(x) = €*sin x.

b) Describe any patterns you notice.
¢) Predict the

i) seventh derivative ii) eighth derivative

Check your predictions by finding these
derivatives.

d) Write one or Reasoning.and Proving

two rules for
finding the nth
derivative of f(x).
(Hint: Consider
cases).

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

10.

1.

12.

Consider the rate of change function for the
value of Laura’s motorcycle in Example 3:
t

V’(t) = —2500e 4, where V'(2) is the rate

at which the value of Laura’s motorcycle
depreciates as a function of time, ¢, in years.
When does Laura’s motorcycle depreciate in
value the fastest? Justify your answer with
mathematical reasoning.

A pond has a population of algae of 2000.
After 15 min, the population is 4000. This
population can be modelled by an equation of
the form P = Py(a’), where P is the population
after ¢t hours, and Py is the initial population.

a) Determine the values of P and a.
b) Find the algae population after 10 min.

¢) Find the rate of change of the algae
population after

i) 1h i) 3h
Cheryl has missed a few classes and tried to

catch up on her own. She asks you for help
with differentiating the following function.

Cheryl’s solution =~ Reasoning

y=10* I remember the power
rule. I will apply that.
dy _ x10%-1 Multiply by the value of

x the exponent, and reduce
the exponent by 1.

Reasoning and Proving

a) What is the flaw in
Cheryl’s reasoning?

b) Why do you think

Representing Selecting Tools

Problem Solving

she has made this Connegting Reflecting
error? Communicating
o Explain how to correct her solution.
13. Find the points of inflection of y = ¢=*’,
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14.

15.

(&8 Extend and Challenge

16.

17.

18.

284 MHR - Calculus and Vectors -

a) How many local extrema occur for the
function y = e*cos x over the interval
0=x=2m

b) How do the coordinates of the local
extrema in part a) compare with those of
y = cosx over the same interval?

Chapter Problem Sheona is charging some
battery cells and monitoring the charging
process. A battery charger restores the voltage
of a battery cell according to the equation

The hyperbolic sine function, y = sinh x, is

defined by

ex — e_x
2

a) Graph this function using graphing

technology. Describe the shape of the
graph.

sinh(x) =

b) Predict the shape of its derivative. Sketch

your prediction.
The hyperbolic cosine function is defined by
e*+e ™
2

cosh(x) =

a) Graph this function using graphing
technology. Describe the shape of the
graph.

b) Predict the shape of its derivative. Sketch
your prediction.

Refer to questions 15 and 16.
a) Use algebraic reasoning to show that

i) the derivative of y =sinhx is

dy
—_— = h
7, coshx
ii) the derivative of y = coshx is
dy .
—_— = h
<, Sinhx

b) Compare these results Reasoning and Proving
to the predictions
that you made. How
close were your

predictions?

Representing Selecting Tools
Problem Solving

Connecting Reflecting

Communicating

Chapter 5

19.

20.

21.

t
V() = Vipax (1 - e_8> where V is the voltage of

the cell at time ¢, in hours, and V,,, is the cell’s
peak charge voltage.

a) Determine the time required to restore
a dead cell’s voltage to 75% of its peak
charge.

b) Determine an equation that expresses the
rate of charging as a function of time.

CONNECTIONS

Hyperbolic trigonometric functions have various applications in
areas of science and engineering, such as optics, radioactivity,
electricity, heat transfer, and fluid dynamics.

The St. Louis Gateway Arch is an architectural structure whose
shape can be modelled by a hyperbolic cosine function.

You will study hyperbolic trigonometric functions in more depth in
university mathematics, science, and/or engineering.

a) Given the function y = Inx, how would you
find its derivative? Hint: remember that
y=Inx can also be written x = ¢”

b) Find the derivative of y =Inx.

Math Contest If u is a root of the quadratic
equation ax?+ bx +c=0 and f(x) = e**, then
af”(x) + bf'(x) + cf (x) =

AO B 1

D e#*

C ux
E et

Math Contest If y=log.(ax + b), then ? =
X

A

c*lInc
1

c*lInc
1

ax+b

a
ax+b

__a
E (ax + b)Inc



5.5 Making Connections:
Exponential Models

\

Uranium-233 (U-233) is a commonly used radioactive
material in nuclear power generators, because when it
decays, it produces a wealth of harvestable energy. This
isotope, however, does not occur naturally. To produce
it, a series of nuclear reactions, called a breeding chain,
must be induced. Thorium-233 becomes protactinium-
233, which then becomes uranium-233. The following
illustrates part of this such breeding chain:

(Th-233) — (Pa-233) — (U-233)

Analysis of exponential decay functions is important
in helping us understand how nuclear reactors work.

The amount of a radioactive material as a function of time is given by the standard function N(¢) = Nge
where N is the number of radioactive nuclei at time ¢z, Ny is the initial number of radioactive nuclei, and 1
is the disintegration constant.

Example 1 | Medical Treatment CONNECTIONS

The Greek letter A (lambda) is
commonly used in physics. For
example, in wave mechanics,
A's often used to denote the
wavelength of a signal. In the
example shown, A indicates the
a) Determine the disintegration constant for Au-198. disintegration constant, which is

b) Determine the half-life of Au-198. latedls o it e
substance decays.

b

A radioactive isotope of gold, Au-198, is used in the diagnosis and
treatment of liver disease. Suppose that a 6.0-mg sample of Au-198 is
injected into a liver, and that this sample decays to 4.6 mg after 1 day.
Assume the amount of Au-198 remaining after # minutes is given by
N(#) = Nye ™,

¢ Write the equation that gives the amount of Au-198 remaining as a
function of time, in terms of its half-life.

d) How fast is the sample decaying after 3 days?

Solution

a) The amount of Au-198 remaining decays exponentially over time
according to the formula N(t) = Nge #, where ¢ is time, in days. At t=1,
the sample has decayed from its initial amount, Ny = 6.0, to N(1) =4.6.
Substitute these values into the equation and solve for A.

4.6 =6.0e" )
% =e¢ 4 Divide both sides by 6.

In (%) =lne % Take the natural logarithm of both sides.

-0.266=-1
A=0.266
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The disintegration constant is approximately 0.27. The equation for the
amount of Au-198 remaining as a function of time can be written as
N(t) = 6e 927, where t is time, in days.

b) To determine the half-life of Au-198, determine the time required for the
6.0-mg sample to decay to half of this amount. Set N(¢) = 3 and solve for .

3= 68—0.27t
0.5= e—0.27t
In0.5 =Ilne 027t
—0.693=-0.27¢
t=2.6

The half-life of Au-198 is approximately 2.6 days.
¢ The equation that gives the amount of Au-198 as a function of time, in

t
terms of its half-life, is N() =6 <% )2'6, where 7 is measured in days.

d) To find the rate of decay after 3 days, ; - ZPkEke"( ~L 20H3
differentiate the function modelling ~. T2BETEEETI
the amount of Au-198 remaining and
evaluate at = 3.

N(t) — 66—0.27t
N'(t) = —0.27(6)e 0-27¢
N'(3) = —0.27(6)e~0270)

=-0.72
After 3 days the sample of Au-198 is decaying at a rate of approximately

0.72 mg/day.

Composite functions involving exponentials occur in a variety of
engineering and scientific fields of study. The next example is related to
mechanical engineering.

Example 2 | Automotive Shock Absorbers

A pendulum is an example of a
harmonic oscillator; a moving object
whose motion repeats over regular

time intervals. When the amplitude of

a harmonic oscillator diminishes over
time due to friction, the motion is called
damped harmonic motion.

The vertical displacement of a sport
vehicle’s body after running over a bump is modelled by the function

h(t) = e~ %tsint, where b is the vertical displacement, in metres, at time #, in
seconds.
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a) Graph the function and describe the shape of the graph.

b) Determine when the maximum displacement of the sport vehicle’s body
occurs.

¢ Determine the maximum displacement.

Solution

a) Use graphing technology.

Flotl Flotz FIoks F
Y4 Bet - S ks E
A ]

The graph has no physical meaning for <0, since that represents the
time prior to when the car hit the bump. Zoom in on the graph to the
right of the vertical axis. Adjust the window settings to view as much of
the graph as possible.

THOOL
Amin=g
Amax=1a
Ascl=1
Ymin=-,2
Ymax=.69 — — .
Yecl=.1 M J

Zres=1

The graph is sinusoidal with diminishing amplitude.

b) To determine when the maximum vertical displacement occurs,
differentiate the function and set the derivative equal to zero.

h(t) = e 9t sint

b'(t) = e % cost + (—0.5¢79-3)sint
= e 5% (cost — 0.5sin?)

Set b’ (t) =0 and solve for ¢.

0=e"9%cost—0.5sint)

Set one of the factors equal to zero.

e 0:5t=0 This has no solution.

Set the other factor equal to zero.
cost —0.5sint =0
0.5sint = cost
0.5tant =1 Divide both sides by cos t and apply the identity st _ tant.
tant =2 cost
t=tan"1(2)  Make sure thatyour calculator is set to Radian mode.

=1.1
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There are actually an infinite number of
solutions to this trigonometric equation,
due to the periodic nature of the tangent
function.

From the graph of h(z), it is clear that r=1.1 is R J
when the vertical displacement is a maximum.

The maximum displacement occurs
approximately 1.1 s after hitting the bump.

¢) To determine the maximum displacement, find the value of h(1.1).

Method 1: Inspect the graph

Use a graphing calculator to determine the value of the local maximum
occurring at = 1.1.

e Press to access the CALCULATE menu.

e Choose 1:value.

e Press 1.1 (ENTER).

Following is another method for finding the local maximum.

e Press to access the
CALCULATE menu.

¢ Choose 4:maximum.

e Move the cursor to the left side of the local
maximum. Press (ENTER].

. Mov.e the cursor to the rlg.ht side of the local i -J
maximum. Press (ENTER] twice. \i=1.10714B7 V=.S1419838

The graph shows that the maximum vertical displacement is
approximately 0.51 m.

Method 2: Evaluate the function ?1 rl'ug 1. 10#%e™( = 5
Substitute = 1.1 into the displacement - 3141819174
function and evaluate.
h(1.1) =950 1sin(1.1)

=0.5142

The function equation verifies that the maximum vertical displacement is
approximately 0.51 m.
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KEY CONCEPTS

© Exponential functions and their derivatives are important modelling

© Exponential models can be represented in different ways. The choice

tools for a variety of fields of study, such as nuclear engineering,
mechanical engineering, electronics, biology, and environmental
science.

of representation can depend on the nature of the problem being
solved.

Communicate Your Understanding

a

Q

G

1.

Example 1 showed that both of the following equations represent the
amount of Au-198 as a function of time:

t

N(t) = 6e 027 N@)= 6<1>2'6

a) Are the two functions equivalent?

b) How could you verify your answer?
t
2.6 .
Can the function N(¢) =6 (%) ® be used to determine how fast a sample
is decaying after 3 days? How does this differ from the solution you
found in Example 1?

In Example 2, the motion of the shock absorber was modelled by the

function h(t) = e %3*sint.
a) Identify the factor that generates the periodic nature of the graph.

b) Identify the dampening factor that causes the amplitude to diminish
over time.

¢) What is the impact if the dampening factor is set equal to 1?

 EETEE—

A 100-mg sample of thorium-233 (Th-233) d) How fast is the sample decaying after
is placed into a nuclear reactor. After 10 min, 5 min?
the sample has decayed to 73 mg. Use the

. ) Use the following information to answer
equation N(¢) = Nye ** to answer the following f g inf

questions 2 to 4.

questions.
a) Determine the disintegration constant A for Radon-222 (Rn-222) is a radioactive element that
Th-233. spontaneously decays into polonium-218 (Po-218)

with a half-life of 3.8 days. The atoms of these
two substances have approximately the same mass.

9 Write the equation that gives the amount of Suppose that the initial sample of radon has a mass
Th-233 remaining as a function of time, in of 100 mg.

terms of its half-life.

b) Determine the half-life of Th-233.
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2. The mass of radon, in milligrams, as a 3. Asradon decays, polonium is produced. The
function of time is given by the function mass of polonium, Mp,, in milligrams, as
o a function of time is given by the function
Mg, (t) = M0<%>3'8, where M, is the initial

t

1) 3.8
Mp,(t)=My|1—( = here M, is th
mass of radon, and My, is the mass of radon rol?) 0|: ( 2 ) ]’ where Mo 1s the

at time #, in days. o . .
’ Y initial mass of radon and ¢ is time, in days.

a) How much radon will remain after
i) 1day? i) 1 week?

b) How long will it take for a sample of radon
to decay to 25% of its initial mass?

a) How much polonium is there
i) initially?
ii) after 1 day?

b) Find the first derivative of this

¢) At what rate is the radon decaying at each . : .
function. Explain what it means.

of these times?

3 Connect and Apply

4, Use Technology Refer to questions 2 and 3. l

a) Graph the two functions, Mg, (#) and Mp,(t),
on the same grid. Are these functions 5

inverses of each other? Explain your answer. /\ A A /\ /\ N
b) Find the point of intersection of these 0 \/ \/0.0KS/ \/ oy \J ¥

functions. Identify the coordinates and -2
explain what they mean.

¢ How are the derivatives of each function
related to each other at the point of
intersection? Explain why this makes sense
from a physical perspective.

CONNECTIONS

To perform a palm

d) Graph the sum Of Reasoning and Proving mute theguitarist

the two functions, Representing Selecting Tools ||ght|;/ places the palm

MR, (2) + Mpo(2). Problem Sobing of his or her picking

What is the shape Connecting Reflecting hand on the strings

of this graph? Communicating near the bridge of the

Explain why this makes sense from a quitar while picking

physical perspective. one or more strings.
Use the following information to answer This effect produce;a percussive, chugging sound that is used in
questions 5 to 7. many types of music.
The following graph shows the intensity of sound 5. a) Is the function in the graph an example of
produced when a certain guitar string is plucked damped harmonic motion? Explain how
and a palm-muting technique is used. you can tell.
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b) Determine the period, in
i) milliseconds
i) seconds
¢) Determine the frequency, £, in hertz.

d) Substitute the frequency and the initial
intensity into the equation
I(t) = Iycos(2mft) e *t.

| CONNECTIONS

The hertz is a unit of measurement of frequency, equal to one cycle
per second.

. a) Determine the value of the decay constant,
k, and substitute it into the equation.

b) Explain how you found the value of k.

¢ Graph the equation you produced in
part a) to see if it matches the given graph.

. Pitch decay occurs when the frequency of a
sound diminishes over time.

a) Explain how you can tell that the graph
shown above does not exhibit pitch
decay.

b) Sketch what the graph would look like for a
sound experiencing pitch decay.

8. a) Consider a car shock absorber modelled

by the equation h(t) = e %-*sint, where
h(t) represents the vertical displacement,
in metres, as a function of time, £, in
seconds. Determine when the maximum
vertical velocity, in metres per second,
occurs and its value, given that
. displacement
velocity = ———,
time
b) The greatest force felt by passengers riding
in the rear seat of the car occurs when
the acceleration is at a maximum. Use
the relationship F = ma to determine the
greatest force felt by a passenger whose
mass is 60 kg, where F is the force, in
newtons, 7 is the mass of the passenger,
in kilograms, and a is the acceleration, in

metres per second per second.

9.

10.

5.5 Making Connections: Exponential Models -

Use Technology Refer to question 8. Due
to wear and tear, after a couple of years, the
equation for the vertical displacement of the

shock absorber becomes h(t) = e %%sint.

a) Graph this function and compare it to the
one given in Example 2.

b) What does this suggest about the
automobile’s rear shock absorbers? Use
mathematical reasoning to justify your
answer.

o Explain why the equation modelling a new
shock absorber would change over time.

Rocco and Biff are two koala bears that are
foraging for food together in a eucalyptus tree.
Suddenly a gust of wind causes Rocco to lose
his grip and begin to fall. He quickly grabs a
nearby vine and begins to swing away from
the tree. Rocco’s horizontal displacement as a
function of time is given by the equation

x(t) =5 cos (%t e 01t

where x is Rocco’s horizontal displacement
from the bottom of his swing arc, in metres, at
time ¢, in seconds.

a) Is Rocco’s motion an example of damped
harmonic motion? Explain how you can tell.

b) Biff can grab Rocco if Rocco swings back
to within 1 m from where he started falling.
Will Biff be able to rescue Rocco? Explain,
using mathematical reasoning.

¢) The other option Rocco has is to let go of
the vine at the bottom of one of the swing
arcs and drop to the ground. But Rocco will

MHR 291



only feel safe doing this if his horizontal
velocity at the bottom of the swing is less
than 2 m/s. Assuming that Biff is unable
to save his friend, how many times must
Rocco swing back and forth on the vine
before he can safely drop to the ground?

d) Sketch a graph of this function.
11. Refer to question 10.

a) Determine the length of vine that Rocco
used to save himself.

b) How would the shape of Rocco’s position
graph change if the vine were

i) shorter?
ii) longer?

¢) Describe the potential impact each of these
conditions could have on Rocco’s conditions
for being saved.

| CONNECTIONS
Recall from Chapter 4 that the period of a pendulum is given by the

function T=2m -/, where Tis time, in seconds, /s the length of
the pendulum in metres, and g = 9.8 m/s? is the acceleration due
to gravity.

12. Chapter Problem Sheona is measuring the
current through a resistor-inductor (RL) circuit
that is given by the function

I=1y, |:1—e(12)t:|

where [ is the current, in amperes, as a
function of ¢, time after the switch is closed,

in seconds, I, is the peak current, R is the
value of the resistor, in ohms (Q), and L is

the value of the inductor, in henries (H). The
circuit Sheona is analysing has a resistor with a
value of 1000 Q and an inductor with a value
of 200 H.

a) Once the switch is closed, determine how
long it will take for the circuit to reach

i) 50% of its peak current
i) 90% of its peak current

b) Determine the rate at which the circuit is
charging at these times.
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v/ Achievement Check

13. One Monday, long ago, in a secondary school
far, far away, all the students in the Calculus
and Vectors class decided to start a rumour
about a new law called “The Homework
Abolishment Act”! The spreading of this
rumour throughout the school could be
modelled by the function

800
nit) = ————
1+ 397!

where 7 is the number of students who have

heard the rumour as a function of time, ¢, in

days.

a) Assuming that every student at the school
eventually hears the rumour, determine

i) the number of students in the Calculus
and Vectors class who started the rumour

i) the student population of the school

iii) how long it will take for the rumour to
reach half of the school’s population

iv) the day on which the rumour was
spreading the fastest

b) Sketch a graph of this function.

¢ Why do you think this curve has the shape
it does? Explain why the shape of the curve
is reasonable in the context of this question.
Why does it not keep rising exponentially?

CONNECTIONS

Certain types of growth
phenomena follow a pattern 5
that can be modelled by a
logistic function, which can
take the form

e

T+ ge="

where g, b, and ¢ are constants
related to the conditions of the
phenomenon. The logistic curve is sometimes called the S-curve,
because of its shape. Logistic functions occur in diverse areas such
as biology, environmental studies, and business, in situations
where resources for growth are limited and/or where conditions for
growth vary over time.

To learn more about logistic functions and their applications, go
to www.mcgrawhill.ca/links/calculus12 and follow the links to
Section 5.5.




(&) Extend and Challenge

Use the following information to answer questions ~ 15. Use Technology

14 to 17. a) Plot the function from question 14
The following table gives the rabbit population corresponding to the curve of best fit, using
over time in a wilderness reserve. The Geometer’s Sketchpad®.
—_— Population b) Graph the derivative of this function.
0 52 e Select the function equation.
1 78 e From the Graph menu, choose Derivative.
2 125 Describe the shape of this graph and explain
3 206 why it has this shape.
4 291 ¢ Determine the time at which the rabbit
5 378 population was growing the fastest.
6 465 d) How fast was the rabbit population growing
7 551 at this time?
8 620 16. Refer to your result from question 15
9 663 part b). Verify the equation of this derivative
10 701 algebraically.
11 726 17. Suppose that after 15 years, a small population
12 735 of wolves is introduced into the reserve, where
there previously were no wolves. Create some
14. Use Technology data for the wolf and rabbit populations to
a) Create a scatter plot of population versus model this situation.
time. Describe the shape of the graph. a) Sketch graphs of the wolf and rabbit
b) Perform a logistic regression analysis. populations over the next several years.
Record the equation of the curve of best fit. b) Explain the shapes of your graphs.
Technology Tip - ¢) Use regression analysis or a curve-fitting
To perform a logistic regression and store the equation with a process (e.g., use of sliders) to develop
graphing calculator curves of best fit for your sketches. Record
« Enter the data into L1 and L2. the equations of the curves of best fit, and

o explain what they mean.
« From the STAT menu, choose CALC, and then choose B:Logistic.

« Press (L1, (L2, (Y1) (ENTER). This will store the equation in Y1. 18. Math Contest £)(x) — ( d ( d ( d ( x)))))

The equation will appear. To view the scatter plot and curve of best dx \dx\"""dx
fit, press (Z00M ) and choose 9:ZoomStat. denotes the nth derivative of the function f(x).
If f(x) = e*sinx, then f1900)(x) =

i >
¢ How well does the curve fit the data? A 2500 prgin x

d) Extend the viewing window to locate

. i B 2°00¢*ginx
an asymptote for this curve. What is the
. . X Q1
equation of this asymptote? C efsinx
: . 1000 ,x o
e) What is the significance of the asymptote, as D 27" e*sinx
it relates to the rabbit population? E —21000pxginx
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5.1 Rate of Change of an Exponential Function

and the Number e

1. Each graph represents the rate of change of a

function. Determine a possible equation for the
function.

a) y

b) y

q) y

d) y

Chapter 5

REVIEW

2.

a) Describe one method that you could use
to estimate the value of ¢, assuming you
do not know its value, and without using
the (¢) button on a calculator. Use only the
following definition:
1 n
e= lim<1+—) ,me N
n—oo n
b) Use your method to estimate the value of e,
correct to two decimal places.

5.2 The Natural Logarithm

3.

a) Graph the function y=e"~.

b) Graph the inverse of this function by
reflecting the curve in the line y = x.

¢) What is the equation of this inverse
function? Explain how you know.

Evaluate, correct to three decimal places.
a) 3

b) In(6.2)

3
19} ln(e4>
d) eln(0.61)

Solve for x, correct to two decimal places.
a) 9=3¢"
b) Inx=-5

3
¢ x=10e 2

d) 10=100¢ 4

The population of a bacterial culture as a
function of time is given by the equation

P(t) = 50¢%12¢, where P is the population after
t days.

a) What is the initial population of the
bacterial culture?

b) Estimate the population after 4 days.

¢) How long will it take for the population to
double?

d) Rewrite P(¢) as an exponential having
base 2.



5.3 Derivatives of Exponential Functions b) What is its value after 1 year?

7. a) Differentiate each function with respect ¢ How long will it take for the computer’s

to x. f(x) =<%)xg(x) =—2¢"

b) Graph each function and its derivative from
part a) on the same grid.

. Find the equation of the line tangent to the

curve y=2(3*) atx = 1.

value to drop to half of its original value?

d) At what rate will the computer’s value be
depreciating at this time?

5.5 Making Connections: Exponential Models

15.

An 80-mg sample of protactinium-233
(Pa-233) is placed into a nuclear reactor. After

9. Find th tion of the line t t to th
c111rr1ve e:eglixl Zrtl;): hfzme angent to the 5 days, the sample has decayed to 70 mg.
Y ' The amount of protactinium remaining in the
10. An investor places $1000 into an account reactor can be modelled by the function

whose value increases according to the
t

function A =1000(2)?, where A is the

investment’s value after ¢ years.

a) Determine the value in the account after
S years.

b) How long will it take for this investment to
i) double in value?
ii) triple in value?

¢) Find the rate at which the investment is
growing at each of these times.

5.4 Differentiation Rules for Exponential

11.

12.

13.

14.

Functions
Determine each derivative.
b) f(x) = (x —1)e*
d) y=e*cos(2x)

3x2-2x+1

a) y=e
) y=3x+e™™

1 4x
e) g(x)=<§> — esin¥

Identify the coordinates of any local extreme

. 2 .
values of the function y = ¢*” and classify each
as either a local maximum or minimum.

Identify the coordinates of any local extreme
values of the function y =2e* and classify each
as either a local maximum or minimum.

A certain computer that is purchased today

depreciates in value according to the function
t

V(t)=$900e 3, where ¢ represents time, in
years.

a) What was the purchase price of the
computer?

16.

t
1\
NO=No( 5
where N(#) represents the amount of Pa-233,
in milligrams, as a function of time, #, in days,
Ny represents the initial amount of Pa-233,
in milligrams, and b represents the half-life of
Pa-233, in days.

a) Determine the half-life of Pa-233.

b) Write the equation that gives the amount of
Pa-233 remaining as a function of time, in
terms of its half-life.

¢ How fast is the sample decaying after
S min?

After Lee gives his little sister Kara a big
push on a swing, her horizontal position as
a function of time is given by the equation
x(t) =3 cos(t) e~ %05 where x(z) is her
horizontal displacement, in metres, from the
lowest point of her swing, as a function of
time, ¢, in seconds.

a) From what horizontal distance from the
bottom of Kara’s swing did Lee push his
sister?

b) Determine the highest speed Kara will reach
and when this occurs.

¢ How long will it take for Kara’s maximum
horizontal displacement at the top of her
swing arc to diminish to 1 m? After how
many swings will this occur?

d) Sketch the graph of this function.

Review « MHR 295



Chapter 5 PRACTICE TEST

For questions 1 to 4, choose the best answer.

1. Which of the following is the derivative of

2. What is the value of In(e=%*) when x =2?
A e
B In(—4)
C 4
D —2¢72

3. What is the derivative of f(x) =e *cos x?

A x=-4
B x=-1
( x=2In2
> o _In2
2

5. Differentiate each function.

1
a) y=—2¢ 2
b) f(x) = x3p2X% — x2p72x
6. Determine the coordinates of any local
extreme values of the function y = x*(e~2*) and

classify each as either a local maximum or a
local minimum.

7. An influenza virus is spreading according
t

to the function P(¢) = 50(2)2, where P is the
number of people infected after ¢ days.

296 MHR - Calculus and Vectors - Chapter 5

10.

11.

a) How many people had the virus initially?
b) How many will be infected in 1 week?

¢ How fast will the virus be spreading at the
end of 1 week?

d) How long will it take until 1000 people are
infected?

. a) Graph f(x) = —2¢" and its inverse on the

same grid.

b) Identify the key features of both graphs in
part a).

. Determine the equation of the tangent line that

meets f(x) = —2¢* when x =1In2.

A sample of uranium-239 (U-239) decays into
neptunium-239 (Np-239), according to the
standard decay function N(z) = Noe *. After
10 min, the sample has decayed to 64% of its
initial amount.

a) Determine the value of the disintegration
constant, A.

b) Determine the half-life of U-239.

¢) Write the equation that gives the amount of
U-239 remaining as a function of time, in
terms of its half-life.

d) Suppose the initial sample had a mass of
25 mg. How fast is the sample decaying
after 15 min?

The value of a treasury bond is given by the
function V=1000(1.05)’, where V is the
value, in dollars, after ¢ years.

a) What is the value of the bond after
10 years?

b) How long will it take the bond to double
in value? Round your answer to the nearest
tenth of a year.

¢) Determine the derivative of the value
function with respect to 2.

d) How fast is the value of the bond changing
at the end of 10 years?



12. Determine the derivative of each function with
respect to x.

a) y=e¥sin?

b) y=(x>+1)e*

X

C) y= x2 e sinx

13. Joel Schindall at the Massachusetts Institute of
Technology (MIT) has invented a supercapacitor
that can replace conventional chemical batteries.
It recharges in a few seconds, and has a lifetime
of at least a decade. The voltage in volts drops
as a function of ¢ in hours as the supercapacitor

is used to power a load, such as a laptop
t
computer, according to the relation V = 20e 16,

a) A laptop will fail if the voltage drops below
15 volts. How long will this take?

b) Determine the derivative of the voltage
function with respect to z.

¢ How fast is the voltage dropping after 1 h?

d) Predict whether the voltage will be dropping
faster, slower, or at the same rate as in
part c), after 2 h. Justify your answer.

e) Provide calculations to test your prediction
in part d).

14. A student grew bacteria in a petri dish as a
science project. He estimated the initial
population as 1000 bacteria. After 1 day,
the population N was estimated to be

1500 bacteria.

PROBLEM WRAP-UP

Sheona has finished her work term and
returned to university to learn more about
the theory and applications of electrical
engineering. Were you surprised by the
amount of mathematics required for Sheona’s
cooperative education placement?

Perform some research in the field of
electronics or in another area of science or
engineering of interest to you. Identify a
topic not treated in this chapter in which
exponential and/or logarithmic functions are

CHAPTER

15.

16.

a) Assume that the bacterial growth follows an
exponential relation of the form N = Ny ek,
Determine the values of Ny and k, assuming
that 7 is measured in days.

b) How long will it take for the population to
double to 2000 bacteria?

¢) Differentiate the population function with
respect to f.

d) How fast is the population growing at =35
days?

When an aircraft is properly trimmed, it will

return to its original flight path if displaced

according to the relation d = dye™!, where

t is the time in seconds, and d, is its initial

displacement, in metres.

a) Suppose that the aircraft is displaced by
5 m. Write the function that predicts d as a
function of 7.

b) Graph the function in part a) over the
interval 0=¢=10.

¢ What is the displacement after 1 s? 2 s?

d) Determine the derivative of the function in
part a) with respect to time.

e) How fast is the displacement changing at
t=1s?

A pulse in a spring can be modelled with the
relation A =15¢"*", where A is the amplitude
of the pulse in cm. How fast is the amplitude A
changing when x =1 cm?

used. Write a brief report of your findings that
includes

o the field of study and topic that you
researched

¢ a couple of equations that relate to the
topic, with explanations for all of the
variables and constants of the equations

¢ two problems, posed and solved, based on
the material you found
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Chapter 4

IVASRASIASEA
(VEVEEVE

1. a) Consider the graph of a function f(x)

shown. Write the equation of f(x) assuming
that f(x) is a cosine function.

b) Determine a point on the graph where the
instantaneous rate of change of f(x) is zero.
Justify your answer.

¢) Determine a point on the graph where the
instantaneous rate of change of f(x) is a
maximum. Justify your answer.

d) Determine a point on the graph where the
instantaneous rate of change of f(x) is a
minimum. Justify your answer.

e) Determine a point on the graph that is a
point of inflection. Justify your answer. If
there are no points of inflection, explain
how you know.

. a) Determine the derivative of the function
f(x) = x + sinx with respect to x.

b) Determine the equation of the tangent to
f(x)atx=m.

¢ Will the tangent to f(x) at x = 31 have the
same equation? Explain why or why not.

. a) Determine the derivative of f(x) =sin2x
with respect to x.

b

~—

Determine the derivative of g(x) = 2sinx cosx
with respect to x.

¢) Show that the derivatives in parts a) and b)
are equal.

d) Explain why the derivatives in parts a) and

b) should be equal.
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REVIEW

4. A musician has adjusted his synthesizer to

produce a sinusoidal output such that the
amplitude of the sound follows the function

A =sint+ 2cost. Show that the rate of change
of the amplitude never exceeds the maximum
value of the amplitude itself.

. A carousel has a diameter of 16 m, and
completes a revolution every 30 s.

a) Model the north-south position of a rider
on the outside rim of the carousel using a
sine function.

b) Differentiate the function in part a).

¢ Determine the maximum north-south speed
of the rider.

d) What is the position of the rider on the
carousel when this maximum north-south
speed is reached? If it occurs at more than
one position, determine all such positions in
one revolution.

. Sam has a cottage on the ocean. He measured

the depth of the water at the end of his dock,
and found that it reached a maximum of 11 ft

at 9:00 a.m., and a minimum of 7 ft at
3:00 p.m.

a) Assuming that the water depth as a function
of time can be modelled using a sinusoidal
function, determine a possible model.

b) Determine the derivative of the function in
part a).

o At what time is the depth increasing the
fastest? Justify your answer.

d) How fast is the water depth increasing at
the time in part c)?



7. Television consists of 30 complete pictures
displayed on the screen every second, giving
the illusion of motion. The video signal that
creates the picture must include a pulse
between pictures to synchronize one picture to
the next. This “sync” signal is modelled using

a function of the form A = 20sin?

10007’
where A is the amplitude in volts, and ¢ is the

time in seconds.

a) Determine the derivative of the sync
function with respect to .

b) What is the first value of # greater than zero
for which the derivative is equal to zero?

¢ Graph the function and a tangent to verify
your answer to part b).

Chapter 5

8. Consider the function f(x) = 2*.

a) Use a limiting process to estimate the rate of
change of the function at (0, 1).

b) Suppose that the base of the function is
increased to 3. Predict the effect on the rate
of change at the point (0, 1). Justify your
prediction.

o Use a limiting process to test your
prediction in part b).
9. Suppose that you deposit $1.00 into an

account that pays 100% interest annually.

a) How much will you have in the bank at the
end of 1 year?

b) Suppose that the interest is compounded
twice each year. How much will you have in
the bank at the end of 1 year?

10.

1.

12.

¢ Use technology to calculate the amount
in the bank at the end of 1 year with more
compounding periods: 3, 4, 5, ...
up to 100.

d) What number does the amount in part ¢)
seem to be approaching as the number of
compounding periods increases?

Simplify each expression.

a) In(esin®x)+ In (ecos> )
1
b) (Ine’¥) (eln(;»

A smoke detector
contains about

0.2 mg of
americium-241, a
radioactive element
that decays over

t years according
to the relation

t
m =0.2(0.5)4322,
where 71 is the
mass remaining in
milligrams after
¢ years.

a) The smoke detector will no longer work
when the amount of americium drops below
half its initial value. Is it likely to fail while
you own it? Justify your answer.

b) If you buy a smoke detector today, how
much of the americium will remain after
50 years?

¢ How long will it take for the amount of
americium to drop to 0.05 mg?

Differentiate each of the following functions
with respect to x.

a) f(x)=12~
3 X

b) g(x)= (Z)

Q) h(x)=—5¢"

d) i(x) = 6%, where 61is a constant
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TASK

Headache Relief? Be Careful!

Amount
Time After  of Codeine
Consumption  in Blood
(min) (mg)
30 27.0
60 235
90 21.2
120 18.7
150 16.6
180 14.5

Codeine phosphate is a drug used as a painkiller. Generally,
it is mixed with acetaminophen in tablet form. It is rapidly
absorbed into the bloodstream from the gastrointestinal tract
and is gradually eliminated from the body via the kidneys.

A common brand contains 30 mg of codeine. Since it is
physically addictive and has other unwanted side effects, it is
important to avoid an overdose while helping to relieve pain
symptoms such as those caused by a headache.

Samples of blood were taken at regular time intervals from a

patient who had taken a pill containing 30 mg of codeine. The

amount of codeine in the bloodstream was determined every

30 min for 3 h. The data are shown in the table below.

a) Create a scatter plot of the data and determine a suitable equation to model
the amount of codeine in the bloodstream ¢ min after taking the pill. Justify
your choice of models.

b) Use the model to determine the instantaneous rate of change in the amount
of codeine at each time given in the chart. How does it relate to the amount
of codeine in the blood?

o It is recommended that a second pill be taken when 90% of the codeine is
eliminated from the body. When would this occur?

d) Assume that the same model applies to the second pill as to the first. Suppose
the patient took a second pill one hour after consuming the first pill.

e Create a model for the amount of codeine in the patient’s bloodstream
¢t min after taking the first pill.

e Determine the maximum amount of codeine in the patient’s bloodstream.

e Determine when 90% of the maximum amount would be eliminated
from the body.

e) If the patient were to delay taking the second pill, how would it affect the
results from part d)?
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Geometric Vectors

In physics, the effects of a variety of forces

acting in a given situation must be considered.

For example, according to Newton’s second

law of motion, force = mass X acceleration.

If all forces act in the same direction, this

is a very simple rule. However, real life can

be much more complicated. The fall of a

skydiver is affected by the force of gravity

and the force of air resistance. A ship’s course

is affected by the speed and direction of the

water’s current and the wind. The design

Chapter 6 I

of a tall building must take into consideration both the forces of earthquakes from below the

surface and the velocity of the wind at high elevations. Problems like these can be solved using a

mathematical model that involves vectors.

In this chapter, you will investigate vectors, which are quantities with both magnitude and

direction.

[ By the end of this chapter, you will

©

recognize a vector as a quantity with both
magnitude and direction, and identify, gather,
and interpret information about real-world
applications of vectors

represent a vector in two-space geometrically as a
directed line segment, with directions expressed
in different ways (e.g., 320°, N40°W), and
algebraically (e.g., using Cartesian coordinates;
using polar coordinates), and recognize vectors
with the same magnitude and direction but
different positions as equal vectors

©

perform the operations of addition, subtraction,
and scalar multiplication on vectors represented
as directed line segments in two-space, and on
vectors represented in Cartesian form in
two-space and three-space

determine, through investigation with and
without technology, some properties (e.g.,
commutative, associative, and distributive
properties) of the operations of addition,
subtraction, and scalar multiplication of vectors
solve problems involving the addition,
subtraction, and scalar multiplication of vectors,
including problems arising from real-world
applications

301




Prerequisite Skills

Round lengths and angles to the nearest tenth, if
necessary.

Scale Drawings

1. Measure each side and angle, and sketch the
polygon using the scale 3 cm represents 1 cm.

2. Decide on an appropriate scale for drawing
a scale diagram of each line segment on an
eighth of a sheet of letter paper. Draw each
scale diagram.

a) 200 km
g 120 cm

b) 50 m
d) 4000 km

Transformations of Angles

3. The initial arm of each angle is on the positive
x-axis. Draw each angle. Then, find the
measure of the smaller angle between the
positive y-axis and the terminal arm.

a) an angle in standard position measuring 50°
b) terminal arm 10° below the positive x-axis

¢) terminal arm in the third quadrant and 20°
from the negative y-axis

d) an angle in standard position measuring 340°
4. Find the measure of the smaller angle between

the positive y-axis and the terminal arm of

each angle after a reflection in the origin.

a) an angle in standard position measuring 30°

b) terminal arm 170° clockwise from the
positive y-axis

¢ terminal arm in the fourth quadrant and
25° from the negative y-axis

d) terminal arm in the second quadrant and
60° from the positive y-axis
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Sine and Cosine Laws

C a B
Sine Law Cosine Law

sin(ZA) _sin(£B) _sin(£C) 2= b+ —2becos(LA)

a b c
or b%=a?+ ¢ —2accos(/B)
a b c

Z=a?+b%>—2abcos(,C)

sin(ZA) sin(ZB) sin(2C)

5. a) Use the sine law to find the length of side c.

C 3cm
40°

b) Use the sine law to find the measure of ~P.

15 cm
Q N p

7 cm
110°

R

¢) Use the cosine law to find the measure of ~E.

5 mm

D F

8 mm



6. a) Given AABC with b=10 cm, c=12 cm,
and £ A =25°, use the cosine law to
calculate the length of side a.

b) Given APQR with p =7 m, g =6 m, and
=9 m, use the cosine law to calculate the
measure of ZP.

o Given ADEF with e=6.9 km, f=4.0 km,

and ZE=120°, use the sine law to calculate
the measure of ZE

7. Given AABC, find the length of side b and the
measures of ZA and 2C.

8. Find the interior angles of the isosceles
trapezoid, to the nearest tenth of a degree.

3.8 cm
4.9 cm

4.5 cm

9. Solve APQR, with 2P =40°, ~Q =30°, and
PR =10 cm.

PROBLEM

10. A tower that is 200 m tall is leaning to one
side. From a certain point on the ground on
that side, the angle of elevation to the top of
the tower is 70°. From a point 55 m closer
to the tower, the angle of elevation is 85°.
Determine the acute angle from the horizontal
at which the tower is leaning, to one decimal
place.

Number Properties

11. The properties in the table can be used to
simplify expressions, where a, b, and ¢ € R.
Explain each property in your own words.
Give a numeric example for each property.

Property Addition Multiplication
Commutative at+tb=b+a axXb=bxXa
Associative (@a+b)+c (@axXb)Xc
=a+(b+c) =aXxX(bXc)
Distributive alb+c)=ab+ac

12. Explain how the properties in the table in
question 11 can be used to simplify each
expression, where a, b, c € R.

a) a+4+(—a) b) 3(b+10)
Q cX(—4)Xa d) (a+2)a—2)

13. Write an expression for which, in order to
simplify, you would have to use at least three
properties from the table in question 11. Trade
expressions with a classmate and simplify.
Explain each step.

In TV shows such as Star Trek Enterprise, you often see the flight officer discussing
the galactic coordinates of the flight vector with the commanding officer. This

chapter problem will investigate various situations where vectors are used in

CHAPTER

aeronautics. The engineers who design an airplane must consider the effects of forces
caused by air resistance. Pilots need to consider velocity when flying an airplane. Air
traffic controllers must consider the velocity and displacement of aircraft so they do
not interfere with each other.

Prerequisite Skills «+ MHR 303



Introduction to Vectors

Not all physical qualities can be expressed

by magnitude alone. Gravitational pull has
magnitude, but it also has downward direction.

A pilot needs to set both the speed and direction
of flight. Police at an accident scene need to
consider the momentum of cars of different masses
travelling in different directions.

A scalar is a quantity that describes magnitude
or size only (with or without units). It does not

include direction.

A vector is a quantity that has both magnitude and direction.

Scalars Examples Vectors Examples
numbers 1,32, 5,2
temperature —5°C, 72°F
area 24 m?, 15 cm?

. . 1 cm atan angle of 30°,
distance 1cm, 5.3 km displacement 5.3 km north
speed 10 m/s, 80 km/h velocity 10 m/s upward, 80 km/h west

10 N downward, 35 N to

mass 0.59,23 kg force the left

Example 1 | Vector or Scalar?

State whether each of the following is an example of a vector or a scalar
quantity.

a) a car travelling at 50 km/h to the east
b) a child pulling a wagon with a force of 100 N at 30° to the horizontal
¢ a man’s mass of 88 kg

d) a woman skiing at a speed of 25 km/h

e) a parachutist falling at 20 km/h downward
f) acceleration due to gravity on Earth of 9.8 m/s?> downward
g) the number 5

h) your weight on a bathroom scale
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Solution
a) The magnitude is 50 km/h, and the direction is east. This is a vector.

b) The magnitude is 100 N, and the direction is 30° to the horizontal.
This is a vector.

¢ The magnitude is 88 kg, but there is no direction. This is a scalar.

d) The magnitude is 25 km/h, but no direction is given. This is a scalar.

e) The magnitude is 20 km/h, and the direction is downward. This is a vector.
f) The magnitude is 9.8 m/s?, and the direction is downward. This is a vector.

g) The number 5 has magnitude only, so it is a scalar. It does not matter that
it has no units.

h) A scale uses the downward acceleration of gravity to calculate your
weight. So, weight on a scale is a vector. Weight is sometimes used as a
synonym for force. Your weight, in newtons, is your mass, in kilograms,
multiplied by the acceleration due to gravity, which is 9.8 m/s> downward
on Earth. Although your mass remains constant, your weight would be
different on another planet because gravity is different on other planets.

A vector can be represented in several ways:

e In words, for example, as 5 km at an angle of 30° to the horizontal

® In a diagram, as a geometric vector , which is a representation of a
vector using an arrow diagram, or directed line segment, that shows both
magnitude (or size) and direction. The length of the arrow represents, and
is proportional to, the vector’s magnitude.

CONNECTIONS

A position vector is a vector
whose tail is at the origin, 0, of

B a (artesian cogdinate system.
For example, OA is a position
vector. It describes the position of
the point A relative to the origin.
You will make extensive use of
. this concept in Chapters 7 and 8.
¢ In symbols, using the endpoints of the arrow: AB 7

Point A is the starting or initial point of the vector (also known as the A
“tail”).

Point B is the end or terminal point of the vector (also known as the
“tip” or “head”).

¢ In symbols, using a single letter: ¥

The magnitude , or size, of a vector is designated using absolute value

brackets. The magnitude of vector AB or 7 is written as |AB| or |7 ].

6.1 Introduction to Vectors -« MHR 305



A vector’s direction can be expressed using several different methods. In the
diagram of AB, it is expressed as an angle, moving counterclockwise with respect
to a horizontal line. In navigation, vector directions are expressed as bearings.

A true bearing (or azimuth bearing ) is a compass measurement where the
angle is measured from north in a clockwise direction.

True bearings are expressed as three-digit numbers, N

including leading zeros. Thus, north is a bearing of 000°, 040

east is 090°, south is 180°, and west is 270°. For example,

a bearing of 040° is an angle of 40° in a clockwise
direction from due north. For simplicity, we will use the
word bearing to refer to a true bearing.

Directions can also be expressed using a quadrant N
bearing , which is a measurement between 0° and .
90° east or west of the north-south line. The quadrant

bearing N23°W is shown in the diagram.

A quadrant bearing always has three components: the

direction it is measured from (north in this case), the angle S
(23°), and the direction toward which it is measured (west).

The quadrant bearing N23°W is read as 23° west of north, whereas S20°E is
read as 20° east of south. All quadrant bearings are referenced from north or
south, not from west or east.

Example 2 | Describe Vectors

Describe each vector in words.

a Q

14 cm

b) N 4] N

135°
) W

les]

98N /35"

2.3 km

<
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Solution

a) 14 cm at 110° to the horizontal

b) 2.3 km at a true bearing of 135°

¢ 9.8 N at a quadrant bearing of S35°W

Example 3 | Draw Bearings

each diagram.

a) 7 =2 km at a bearing of 020°

b) 7 =4 km at a bearing of 295°

¢ # =30 km/h at a quadrant bearing of N40°E
d) iz =40 km/h at a quadrant bearing of S70°W

Draw a geometric vector with each bearing. Show the scale that you used on

Solution
a) N b) N
v v
2km 4 km
1cm:1km 020° \1 cm:1 km
295°KJ
9 N i d N
40° 30 km/h
1 cm: 10 km/h 1 cm:10 km/h
W E W- E
7 o
40 km/h
i
S S

6.1 Introduction to Vectors « MHR
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CONNECTIONS

When a compass is installed

on an aircraft, it will often give
false readings due to magnetic
fields generated by radios and
other aircraft components. The
compass must be tested, and
a"compass correction card”

is attached to the instrument
panel. This process is known as
“swinging the compass.” True
bearings are used universally in
aviation, rather than quadrant
bearings. When planning a flight,
the pilot draws the route and
then determines the true track.
The local magnetic variation

is applied to the true track to
obtain the magnetic track. Since
the pilot steers the airplane using
a magnetic compass, the pilot
needs the magnetic track.

308 MHR - Calculus and Vectors -

Convert Between True Bearings and Quadrant
Example 4 .
Bearings

a) Write the true bearing 150° as a quadrant bearing.

b) Write the quadrant bearing N50°W as a true bearing.

Solution
a) N b) N
50°
o Va
W 0 E W- \D E
310°
30°
S S

360°—50°=310°

A quadrant bearing of N50°W
is equivalent to a true bearing
of 310°.

180°—150°=30°
A bearing of 150° is equivalent to
a quadrant bearing of S30°E.

Parallel vectors have the same or opposite direction, but not necessarily the
same magnitude.

In trapezoid PQRS, P—Q) I RS and m | SR.

P Q

S R

Equivalent vectors have the same magnitude and the same direction. The
location of the vectors does not matter.

Opposite vectors have the same magnitude but opposite direction. Again, the

e

location of the vectors does not matter. The

opposite of a vector AB is written as —AB.

Consider parallelogram ABCD. The table on
the next page shows the pairs of equivalent

and opposite vectors.

Chapter 6



Vectors Vector Equation

Equivalent AB and DC AB=DC
BA and CD BA=CD
AD and BC AD =BC
DA and CB DA=CB

Opposite AB and CD AB=—CD
BA and DC BA=-DC
AD and CB AD=—CB
DA and BC DA=—BC

Example 5 | Equivalent and Opposite Vectors

a) Draw a vector equivalent to AB, labelled EF.

B

A
b) Write an expression to show how AB and EF are related.
¢ Draw a vector opposite to AB, labelled GH.

d) Write an expression to show how AB and GH are related.

Solution
a) F

E
b) AB =EF, because they have the same direction and magnitude.

4] G

H

d) AB= —GH, because they have the same magnitude but opposite
directions.

6.1 Introduction to Vectors « MHR
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KEY CONCEPTS

© A vector is a quantity that has both magnitude and direction.
© A scalar is a quantity that describes only magnitude.
© A vector can be represented in words, in a diagram, or in symbols.

© A true bearing (or bearing) is a directed compass measurement,
beginning at north and rotating clockwise.

© A quadrant bearing is a compass measurement east or west of the
north-south line.

© Equivalent vectors are equal in magnitude and direction. In

parallelogram ABCD, AB=DC.

© Opposite vectors are equal in A > D
magnitude but opposite in direction.
In parallelogram ABCD, AB and CD

are opposite vectors, and AB=-CD. B > C

Communicate Your Understanding

(1 Friction causes an ice skater to slow down.
Explain why friction is considered a vector.

2 The curved arrow shows the path of a cyclist.
Which represents the displacement, the curved
arrow or the dotted arrow? Explain.

T

1. For which of the following situations would

2. State three examples of vectors and three

a vector be a suitable mathematical model?
Provide a reason for your decision.

a) A boat is travelling at 35 km/h east.
b) A boat is travelling at 10 knots.

¢) A line segment of length 6 cm is drawn at
30° to the horizontal.

d) A racecar goes around an oval track at
220 km/h.

e) A baby’s mass is 2.9 kg.
f) A box is pushed 10 m across the floor.
g) A chair has a weight of 50 N.

h) A cup of coffee has a temperature of 90°C.

i) A pulley system uses a force of 1000 N to
lift a container.

310 MHR - Calculus and Vectors - Chapter 6

examples of scalars that are different from
those in question 1.

. Copy and complete the table. Explain your

answers.

Quantity Vector or Scalar?



4. Describe the magnitude and direction of each 8. Name all the equivalent vectors in each

vector. Describe each vector in words and in diagram.
symbols. AP U S
a) < Scale
1 em:2 km square PQRS
b) T, U midpoints
Q T R
b) A
1 cm:S$ km/h \ \ \
--------- 9J N
q
M
Scale
1cm:10 N H
K L
v 9. State the opposite of each vector.

a) 200 km east
b) 500 N upward
¢) 25 km/h on a bearing of 060°

5. Convert each true bearing to its equivalent
quadrant bearing.

a) 070° b) 180° o 300°

d) 140° e) 210° f) 024° d) 150 km/h on a quadrant bearing of S50°W
6. Convert each quadrant bearing to its e) AB

equivalent true bearing. f) v

a) N35°E b) N70°W d S10°W 10. Describe a vector that is parallel to each vector

d) SS2°F ¢) SIS°E f) N87°W in parts a) to d) of question 9.

11. Use an appropriate scale to draw each vector.

7. a) Which vect llel to vector AB?
a) 1 vectors are paratiel to vector Label the magnitude, direction, and scale.

. . —)>
b) Which vectors are equivalent to vector AB? a) displacement of 40 m east

¢ Which vectors are opposite to vector AB? b) velocity of 100 km/h at a bearing of 035°
) force of 5000 N upward
\ / d) acceleration of 10 m/s?* downward
/ e) velocity of 50 km/h at a quadrant bearing of
S20°E

f) displacement of 2000 miles on a bearing of
/ 250°
/ / g) force of 600 N at 15° to the horizontal

h) two forces of 500 N at 30° to each other
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12.

13.

15.

16.

312 MHR - Calculus and Vectors -

3 Connect and Apply

The tread on a car’s tires is worn down. Which
is the most likely cause: distance, speed,
displacement, or velocity? Explain.

Given parallelogram ABCD, what is the
relationship between
a) ABand DC?  b) BC and DA?

D A

C B

Justify your response.

14.

Chapter Problem Air traffic control (ATC)
will often assign a pilot a velocity to fly,
known as an approach vector, such that the
aircraft arrives over a point known as the final
approach fix (FAF) at a particular time. From
this fix, the pilot turns toward the runway

for landing. Suppose that an aircraft is 60 km
west and 25 km north of the FAF shown. ATC
would like the aircraft to be over the FAF in
10 min. Determine the approach vector to be
assigned.

N

O L ]

Final Runway

Approach
Fix

(&) Extend and Challenge

The standard unit of
measurement of force is
the newton (N). It is the
force needed to accelerate
a mass of 1 kg at 1 m/s”.
On Earth’s surface, a mass of 1 kg requires a
force of 9.8 N to counteract the acceleration due
to gravity of 9.8 m/s> downward. Multiplying
the mass by this acceleration gives the weight.
On the Moon, the acceleration due to gravity is
1.63 m/s> downward.

a) A person has a mass of 70 kg. What would
this person weigh on Earth? on the Moon?

b) A truck has a mass of 2000 kg. What would
it weigh on Earth? on the Moon?

Reasoning and Proving
Representing Selecting Tools

Problem Solving

Connecting Reflecting
Communicating

¢ When a certain object is floating in water
on Earth, 75% of it is submerged. If water
were found on the Moon, and the same
object was floating in it, how much of it
would be submerged?

Prove or disprove each statement.
a) Ifa=b, then || =|b|.
b) If || =|b|, then = b.

Chapter 6

17.

18.

19.

20.

Reasoning.and.Proving
Representing

The diagram below is a
parallelepiped.

Selecting Tools

Problem Solving
a) State one equivalent

vector and one opposite
vector for each of the B C

Connecting Reflecting
Communicating

following.
i) AB ii) ED H G
i) BD  iv) FB

E H

b) Does AG = CE? Explain.
| CONNECTIONS

T A parallelepiped is a solid whose six faces are parallelograms.

Math Contest Which expression is equivalent
to the zero vector?

a) QB+YW+BY  b)CK-Kj—]JC

o EU—-EP-PU d) Kj -KC—]C

Math Contest The centroid of a triangle is
where the three medians of a triangle meet.
ADEEF has vertices D(1, 3) and E(6, 1), and

centroid at C(3, 4). Determine the coordinates
of point F.

Math Contest Quadrilateral ABCD has
vertices at A(13, 9), B(14, 2), C(7, 1), and
D(5, 5). Show that ABCD is cyclic; that is, all
four points lie on a circle.



u Addition and Subtraction of
Vectors

When you add two or more vectors, you are

finding a single vector, called the resultant , that
has the same effect as the original vectors applied
one after the other. For example, if you walk
north 800 m and then west 600 m, the result is
the same as if you walked N37°W for 1000 m.
The resultant vector is often represented by the
symbol R.

600 m

Z
A
>

1000 m 800 m

37°

For another example, in a tug-of-war, four people pull to the left with forces of 100 N, 87 N, 95 N, and
102 N. The total force is 100 N+ 87 N+ 95 N+ 102 N =384 N to the left.

NHSIGEICEE How can you add vectors?

1. Consider two students moving an audiovisual cart in a classroom.

a) If they both push the cart, one with a force of 100 N, and the other
with a force of 120 N, in the same direction, describe the magnitude
and direction of the total force.

120 N

Y

100 N

b) If one student pushes the cart and one student pulls the cart in the same
direction, using the same forces as in part a), describe the magnitude
and direction of the total force.

100 N 120 N

Y
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o If both students pull the cart in the same direction, using the same
forces as in part a), describe the magnitude and direction of the total
force.

120 N

Y

100 N

d) Reflect Describe vector addition for parallel forces.

. If the students each pull the cart, using the same forces as in step 1a),

but in different directions, would the cart move as fast as if they were
both pulling in the same direction? Explain.

100 N

120 N

Suppose you walk 200 m to the southeast and then walk 300 m to the
northeast.

a) Draw a scale diagram to illustrate this situation.

b) How could you determine how far you are from your starting point? In
other words, how could you determine your displacement?

o Reflect Explain how this situation is an example of vector addition.

Reflect If you are given two vectors, @ and b, how would you find the
resultant a + b?

Vector Addition

Consider two vectors, @ and b.

a

i

Think of G + b as d followed by b. Translate b so that the tail of b touches the
head of 4.

314 MHR - Calculus and Vectors -
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Find the sum by drawing and measuring from the tail of  to the head of b.
This new vector is the resultant d + b.

a+b

This is called the head-to-tail (or triangle) method.

Another method can be used when the vectors are tail to tail. Consider the
same two vectors as above, 4 and b.

Translate b so that the tail of b touches the tail of 4.

Because of the properties of parallelograms, b and 7 are equivalent vectors.

Thus, @+ b=a+ v. Use the head-to-tail method above to find d + 7.

PN
a+v N
/? CONNECTIONS
x /,:’/ Go to www.megrawhill ca/links/
oY calculus12 and follow the links
10 6.2. Download the file Vector
The resultant @ + b is the indicated diagonal of the parallelogram. This is Addition.gsp, an applet for
called the tail-to-tail (or parallelogram) method. adding vectors.
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Adding Parallel Vectors

Vectors d and b are parallel and have the same direction.

>

a
_— >
S km/h east >
¢ b
7 km/h east

To find G + b, place the tail of b at the head of 4.

i b
S km/h east 7 km/h east

The resultant is the vector from the tail of the first vector, 4, to the tip of the
second vector, b.

a+b
Resultant = 12 km/h east
S km/h east 7 km/h east
a b

From the diagram, you can see that to add parallel vectors having the same
direction, add their magnitudes. The resultant has the same direction as the
original vectors.

Vectors ¢ and d are parallel, but have opposite directions.

d
15 N southwest
37.5 N northeast

>

c

To find ¢ + d, place the tail of d at the head of Z.

z A 15 N southwest

37.5 N northeast

The resultant is the vector from the tail of ¢ to the head of d.
A N southwest
d

Resultant =22.5 N northeast
c+d

37.5 N northeast
I}
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From the diagram, the magnitude of the resultant is equal to the magnitude
of ¢ minus the magnitude of d. The direction of the resultant is the same as
the direction of ¢, or northeast.

In general, for parallel vectors @ and b having opposite directions, and
their resultant, R,

o If |d|>]|b], then |R|=|d|—|b], and R has the same direction as 4.

o If |b|>|a|, then |R|=|b| — ||, and R has the same direction as b.

Subtracting Vectors

The relationship between addition and subtraction with vectors is similar to
the relationship between addition and subtraction with scalars. To subtract
# — U, add the opposite of 7 to #. In other words, # — ¥ is equivalent to

i+ (—0), or u followed by —v.

Adding Opposite Vectors and the Zero Vector

When you add two opposite integers, the result is zero. A similar result occurs
when you add two opposite vectors. Consider vector p and its opposite
vector, —p. They have the same magnitude, but opposite directions.

=y
|
)

To add these vectors, place them head to tail.

s
|
=

The vector from the tail of p to the tip of —p has no magnitude. This is the
zero vector , which is written as 0. It has no specific direction.

6.2 Addition and Subtraction of Vectors « MHR
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Example 1 | Add and Subtract Vectors

a) Find 22 + 0. \17‘

b) Find i — 7.

m

Solution
a) Method 1: Use the Head-to-Tail Method

Translate 7 so that its tail is at the head of 7.

Draw the resultant # + o from the tail of # to the head of v.

]
Method 2: Use the Parallelogram Method

Translate 7 so that # and ¢ are tail to tail.

v

N

Construct a parallelogram using vectors equivalent to # and .

The resultant # + v is the indicated diagonal of the parallelogram.
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b) Method 1: Use the Head-to-Tail Method

Draw the opposite of 7, —. Then, translate —7 so its tail is at the head
of iz, and add # + (—v).

/m

I
|
<
Il
N
+
|
Sj
N\

Method 2: Use the Parallelogram Method

Draw the opposite of 7 and place # and ¥ tail to tail. Complete the
parallelogram, and draw the resultant # + (—v).

The resultant is the indicated diagonal of the parallelogram.

Method 3: Use the Tail-to-Tail Method

Translate 7 so that # and v are tail to tail and draw a vector from the
head of v to the head of . Call this vector .

v

Y

#— v can be drawn from the head of 7 to the head of # when # and 7 are
placed tail to tail.
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Example 2 | Vectors in Parallelograms

Consider parallelogram EFGH with diagonals EG and FH that intersect at ].

E F
i > J < ;

H G
a) Express each vector as the sum of two other vectors in two ways.

i) HF ii) FH i) GJ
b) Express each vector as the difference of two other vectors in two ways.

i) HF i) FH i) GJ
Solution
There are several possibilities for each vector. Two examples are shown for
each.
a) i) ﬁ = Iﬁ + ﬁ Use the head-to-tail method.

or
HE =HE +HG Use the parallelogram method.

i) FH=FE + EH
or

FH =FE + FG

i) GJ =GH + HJ
or

GJ=GF+FJ

b) i) Iﬁ =ﬁ + ﬁ Express HF as sum, and then convert to subtraction.
=HE-FE
or
Iﬁ= @ - ﬁ Subtract from the head of GH to the head of GF.
i) FH =FE +EH
—FE—-HE
or
FH=GH - GF
i) GJ =GH +H]
=GH-JH
or
G] =FJ-FG
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Example 3 | Solve a Bearing Problem

In an orienteering race, you walk 100 m due east and then walk N70°E for
60 m. How far are you from your starting position, and at what bearing?

Solution
Method 1: Use Paper and Pencil

Draw a diagram with scale 1 cm:20 m. Draw a 5-cm arrow to represent
the vector 100 m due east. Use a protractor to draw a 3-cm arrow at N70°E
with its tail at the head of the first vector. Label the triangle as shown.

N
A
1
1
1
R | B
/R7'
' _70° 60 m
A Nl
100 m C

Measure the length of the resultant, R=AC+ @, and then measure ZA.
|R|=15.8 cm, which represents 158 m, and ZA =7°.
Z A is relative to east. Convert to a quadrant bearing: 90° — 7° = 83°.

You have travelled about 158 m from your starting position, at a quadrant
bearing of about N83°E.

Method 2: Use Trigonometry

Use the cosine law to find the magnitude of R. From the diagram in
Method 1, ZACB=90°+ 70° = 160°.

|R]?=|ACJ?+|BC —2|AC||BC|cos (~LACB)
=100%+ 602 —2(100)(60) cos 160°
|R|=157.7
Use the sine law to find ZBAC.
sinZBAC _ sinZBCA

|BC| IR|
sin Z/BAC = IBC |31£14BCA
R|
_ 60sin160°
157.7
/BAC =sin~! [60sin160°
157.7

/BAC is relative to east. Convert to a quadrant bearing: 90° —7.5° = 82.5°.

You have travelled about 158 m from your starting position, at a quadrant
bearing of about N83°E.
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Method 3: Use The Geometer’s Sketchpad ®

O The Geometer's Sketchpad
el Fle Edit Display Construct Transform Measure Graph Window Help

W mBA=780cm
L]
= m2CAR = T.48°
mBA20= 15772 cm —

® s

== e -

A 5 .

A

ed
1. Choose a scale.
2. Turn on automatic labelling of points. Draw point A.
3. From the Transform menu, choose Translate, and ensure that

Polar is selected. Translate A 100 m at an angle of 0° using the
scale. Label the translated point C.

4. Translate C 50 m at an angle of 20°. Label the translated point B.
5. Join points to complete the diagram.

6. Measure the magnitude and direction of the resultant.

NZSIEI-I Properties of vector addition and subtraction

Method 1: Use Paper and Pencil

A: Commutative Property for Vector Addition
Does order matter when you are adding or subtracting two vectors?
1. a) Draw any vectors # and . Translate ¢ so that its tail is at the head
of u. Find u + 0.
b) Now translate # so that its tail is at the head of 7. Find v + #.

¢ Measure the magnitude and direction of % + ¢ and of 7 + # using a
ruler and a protractor. What do you notice?

2. Repeat step 1 for several different pairs of vectors.
3. Draw #z — ¥ and also # — #z. How do these two resultants compare?

4. Reflect The commutative property for vector addition says that for any
vectors # and ¢, # + U = v +#. How do your results from steps 1 and 2
demonstrate that this property is true?

5. Reflect What can you say about a commutative property for vector
subtraction?
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B: Associative Property for Vector Addition
How do you add three vectors at a time? What is the meaning of p+ g+ 72

1. a) Draw any vectors p, g, and 7. Translate vectors to add g+ 7, and then
add p.
b) Now translate vectors to add p+ g, and then add 7.
¢ Measure the magnitude and direction of p+(g+7) and (p+g) +7
using a ruler and a protractor. What do you notice?
2. Repeat step 1 for several different groups of three vectors.

3. Does the associative property work for vector subtraction? Is either of the
following true? Explain.

p—q-F=(p—q—-Forp—g—F=p—(q—7)
4. Reflect The associative property for vector addition says that for any

vectors p, g, and 7, p+ (§+7) = (p— ) + 7. How do your results from
steps 1 and 2 demonstrate that this property is true?

Method 2: Use The Geometer’s Sketchpad ® Tools
A: Commutative Property for Vector Addition + computer with

1. Go to www.mcgrawhill.ca/links/calculus12 and follow the links to 6.2.
Download the file Commutative Addition of Vectors.gsp. Open the
sketch.

2. Look at the black vector. Explain why this vector represents # + .
3. Explain why the black vector also represents  + .

4. Does this relation depend on the magnitude and direction of i or v/?
Drag point A. What happens? Then, drag point B. What happens?

5. Reflect What conjecture can you make about the relation between # + 7
and ¢ + #? What would happen if the vector operation were subtraction
rather than addition?

B: Associative Property for Vector Addition

1. Go to www.mcgrawhill.ca/links/calculus12 and follow the links to 6.2.
Download the file Associative Addition of Vectors.gsp. Open the sketch.

2. Look at the magenta vector. Explain why this vector represents (i + #/) + 2.
3. Explain why the magenta vector also represents # + (7 + ).

4. Does this relation depend on the magnitude and direction of i, , or w?
Drag point A. What happens? Then, drag point B. Note what happens.
Finally, drag point C. What happens?

5. Reflect What conjecture can you make about the relation between
(#+7)+w and i + (v +w)? Which of these expressions can be used to
add three vectors at a time?

Just as with integer addition, there is an identity property for vector
addition. It says that for any vector #, # + 0= = 0+ #. This parallels the
identity property for scalar addition of integers.

6.2 Addition and Subtraction of Vectors -

The Geometer’s Sketchpad®
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Example 4 | Simplify Vector Expressions

Simplify each expression.

a) (u+0v)—u

b) [(p+q) —Pl—q

Solution
a) (u+v)—u=W+u)—iu Commutative property
= (U +u)+(—u) Add the opposite.
=v+(u+(—u)) Associative property
=540 Opposites add to the zero vector.
=0 dentity property
b) [(p+3) —Pl—G=1G+p)—Pl—q
=[(g+p)+(=pP]—q
@+p+=p-q
=(G+0)-g

KEY CONCEPTS

© Vectors in different locations are equivalent if they have the same
magnitude and direction. This allows us to construct diagrams for the
addition and subtraction of vectors.

© Think of adding vectors as applying one vector after the other.

© You can add two vectors using the head-to-tail (triangle) method or
the parallelogram method.

© If two vectors, # and 7, are parallel and in the same direction, then
| +0|=|u|+ ||, and # + v is in the same direction as # and .

© If % and © have opposite directions and |#|> |7 |, then
|t +v|=|u|—|v| and 4 + U is in the same direction as .

© Subtract vectors by adding the opposite: # — 0 =u + (—v).

© The zero vector, 0, is defined as having zero magnitude and no specific
direction. It is the resultant of adding two opposite vectors.

© For any vectors i, v, and w:
U+v=0+i (commutative property)
(4 +0)+w=i + (U + 1) (associative property)
7+0=0=0+0 (identity property)

© Simplifying vector expressions involving addition and subtraction is
similar to simplifying expressions involving integers.
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Communicate Your Understanding

a

Q

G

«“

Two non-parallel vectors have magnitudes of 5 km/h and 9 km/h. Can
the sum of the vectors have a magnitude of 14 km/h? Explain.

Suppose you are given the resultant and one vector in the addition of
two vectors. How would you find the other vector?

Example 3 described three methods of solving a bearing problem: pencil
and paper, trigonometry, and geometry software. Which method is the
most accurate? Explain.

Suppose you and a friend run to school using different routes. You run
2 km north and then 1 km west. Your friend runs 1 km west and then
2 km north. How is this an illustration of the commutative property of
vector addition?

TN

1.

Draw a diagram to illustrate each vector sum 3. Express the shortest vector in each diagram as
or difference. the sum or difference of two other vectors.
a) Scm - Scm o a) i b) A
b)  10kmh . < 20 km/h
q 20N o ISN
d)
q R d)
1ISN| + |8N
P Q
Y
. 4. ABCD is a parallelogram, and E is the
The diagram represents the path of an obstacle intersection point of the diagonals AC and
course. BD. Name a single vector equivalent to each
—> expression.
Y A > D A
- Y E
Y _
AT Scale
) 1cm:3m C B
> 3 a) AE +EB b) BC +BA
o AE+AE d) AD +AB
Y > e) BA+AE+ED+DC f) AB—DB
a) Determine the distance travelled and the 9) AB-CB-DC h) AE —EB—BC
displacement.

b) Are the distance and the displacement the
same or different? Explain.
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5. ABCDEF is a regular hexagon, and O is its
centre. Let = OA and b= OB. Write E, &3,
C_O), and AE in terms of 4 and b.

F A

D C

6. Use the following set of vectors to draw a

diagram of each expression.

i f\ I
a) a+b+é
b) G+b—¢
) a—-b—c¢

: 3 Connect and Apply

7. Niki, Jeanette, and Allen are playing a
three-way tug-of-war. Three ropes of equal
length are tied together. Niki pulls with a force
of 210 N, Jeanette pulls with a force of 190 N,
and Allen pulls with a force of 200 N. The
angles between the ropes are equal.

a) Draw a scale diagram showing the forces on
the knot.

b) Determine the magnitude and direction of
the resultant force on the knot.

Reasoningand Proving

. AABC is an equilateral
triangle Wlth O itS Representing Selecting Tools
]

centroid. Problem Solving

Connecting Reflecting
a) Show that

OA + OB+0C=0.

b) Is it also true that AO + BO +CO = 0?
Justify your answer.

Communicating

. The diagram shows a cube. Let iz = AB,
# = AD, and 1 = AE. Express vectors AH,
ﬁ}, TG, @, and BH in terms of vectors

i, U, and w.

E H
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10. Chapter Problem The force of the air moving

past an airplane’s wing can be broken

down into two forces: lift and drag. Use an
appropriate scale drawing to approximate the
resultant force acting on the airplane wing

in the diagram. Go to www.mcgrawhill.ca/
links/calculus12 and follow the links to 6.2.
Download the file Vector Addition.gsp and use
it to check your measurements.

| CONNECTIONS

Lift is the lifting force that is perpendicular to the direction of travel.
Drag is the force that is parallel and opposite to the direction of
travel. Every part of an airplane contributes to its lift and drag. An
airplane wing also uses flaps to increase or decrease lift and drag.

A
Lift = 4500 N
Drag = 1800 N

| CONNECTIONS

NASA has experimented with “lifting bodies,"where all of the lift
comes from the airplane’s fuselage; the craft has no wings. Go to
www.mcgrawhill ca/links/calculus 2 and follow the links to find out
more about lifting bodies .



1.

a) Let A and B be any two points on a
plane, and let O be the origin. Prove that

AB=O0B-OA.

YA

A

Y

o

Y

b) Let X be any other point on the plane.
Prove that AB = XB — XA.

12. a) Prove that the sum of D E

15. When would each expression be true? Support

16.

17.

the vectors from the
vertices to the centre of
a regular octagon is the
ZEro vector.

C

b) Is this true for all A H
regular polygons?
Explain.

(&) Extend and Challenge

18.

your answer with diagrams.

a) |lu+o|>|u—v|

b) |[u+v|<|u—v]

 lu+v|=|a—0v]

ABCD is a parallelogram, with P, Q, R, and S
the midpoints of AB, BC, CD, and DA,

respectively. Use vector methods to prove that
PQRS is a parallelogram.

Prove that the statement |z + 0 |<|u|+ |7 ] is
true for all vectors.

—
w
w
=
o
=
-t
=
o
-t
&Y
_|_
=
+
Y
+
=
+
oY

+5)=AG.

v Achievement Check

14. In a soccer match, the goalkeeper stands on

19.

6.2 Addition and Subtraction of Vectors -

the midpoint of her goal line. She kicks the
ball 25 m at an angle of 35° to the goal line.
Her teammate takes the pass and kicks it 40 m
farther, parallel to the sideline.

a) Draw a scale diagram illustrating the
vectors and resultant displacement.

b) What is the resultant displacement of the ball?

o If the field is 110 m long, how far must
the next player kick the ball to take a
good shot at the centre of the goal, and in
approximately which direction?

>

Math Contest If 4, b, and ¢ are non-zero
vectors with 2= b+ ¢, then which statement
is true?

a) dand b are collinear or  and ¢ are collinear.

b) || is larger than H;| and |a| is larger than
2l %

o |a|is larger than |b| + |¢|.

d) None of the above.

Math Contest Show that the functions

y=x3+24x and y= —x3+ 12x”> + 16 intersect
at exactly one point.
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6.3

Multiplying a Vector by a Scalar

A variety of operations can be performed with vectors. One of
these operations is multiplication by a scalar. What happens
when you double your speed? What about doubling your
velocity? If a car part has half the mass of another car part, is
the force needed to install it halved? In this section, you will
learn how multiplying by a number, or scalar, affects a vector
quantity.

Scalar Multiplication

Given a vector ¥ and a scalar k, where ke R, the scalar multiple of k& and 7,
kv, is a vector | k| times as long as 7. Its magnitude is | k|| 7 |

If k>0, then kv has the same direction as 7.
If k<0, then kv has the opposite direction to 7.
A vector and its scalar multiple are parallel.

Vector 27 has double the magnitude of vector 7 and has the same direction.

Vector —31 has triple the magnitude of vector #, but has the opposite direction.

I

Example 1 | Scalar Multiples

a) Which of these vectors are scalar multiples of
vector v? Explain.

b) Find the scalar k for each scalar multiple in
part a).

o For those vectors that are not scalar multiples of

vector U, explain why they are not.
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Solution

a) 4, ¢, Zi, and ]? are all scalar multiples of 7, because they are all parallel
)

—
<y

b) 4 is three times as long as ¥ and has the same direction as 7, so k = 3.

¢ has the same length as ¥ and the same direction as 7, so k= 1.

> - T . R 1
d is half as long as ¥ and has the opposite direction to 7, so k = S
f is twice as long as 7 and has the opposite direction to 7, so k= —2.

¢ band é are not parallel to 7, so they are not scalar multiples of 7.

Example 2 | Represent Scalar Multiplication

Consider vector # with magnitude |#| =100 km/h, at a quadrant bearing of
N40°E.

N

N

4077100 km/h
W

es}

S

Draw a vector to represent each scalar multiplication. Describe, in words,
the resulting vector.

a) 3u b) 0.5z o —2u
3ii

Solution
a) Draw an arrow three times as long

as i, in the same direction as 7.

N
The velocity is 300 km/h at a 300 km/h
quadrant bearing of N40°E.
40°
Y
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b) Draw an arrow half as long as #, and in the same direction as #.
N

40°¢ 0.5%

W Sokmh o

S
The velocity is 50 km/h at a quadrant bearing of N40°E.

¢ Draw an arrow twice as long as #, but in the opposite direction to .
N

200 km/h

—2i

The velocity is 200 km/h at a quadrant bearing of S40°W.

Collinear Vectors

CONNECTIONS Vectors are collinear if they lie on a straight line when arranged tail to tail. The

Three or more points are vectors are also scalar multiples of each other, which means that they are parallel.
collinear if they lie on the same
line.
y
4 = i 2U
H fuo
4] D [qg 2 x
(=1-2) $2 v
(24 ¢ —4
The following statements about non-zero vectors # and ¢ are equivalent:
The points (-2, -4), (-1, ~2), e i and U are scalar multiples of each other; that is, # = ki for k e R.
and (1, 2) are collinear because e i and # are collinear.

they all lie on the line y = 2x.

e jiand 7 are parallel.
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The distributive property

Method 1: Use Paper and Pencil

The following is a sketch of the proof of the distributive property for vectors.
Copy the table, and then explain each step. The first explanation is filled in

for you.
Explanation
Construct vector i and
% vector V.
—_—
I}
kv
7
I _/_)>
i ki
ki + kv
u+v kv
v
] ki
F
C ki + kv
u+v kv
v
A B D ki £

The two triangles are similar.

DF _EF

AC BC

ki +kv| _ |kV|
li+v|  |v|

|k + kv | _ [k|IV|
|d +V| vl
ki + kv

%:W
|d+v|

ki + kv|=Ik||d + V|
|kii + kv |=|k(T +7V)|
The magnitude of kii+ kv is the same as the magnitude of

k(G+ V), and ki + kvand k(i + V) are collinear and have the
same direction.

Thus, k(ii+ V) = kii+ kv, and the distributive property for
vectors holds.
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Tools Method 2: Use The Geometer’s Sketchpad®

- computer with 1. Draw a line segment AB and a second line segment BC.
The Geometer’s Sketchpad®

O The Geometer's Sketchpad
[8] Fle Edit Display Construct Transform Measwre Graph Window Help

[x,
I "¢
(o] ,/'/
e /

A "B

¥ >

2. Mark point A as centre.

3. Using the Transform menu, dilate both segments and points A, B, and C
by a 3:1 factor.

Dilate 3
Dilste By
i Fomd Flatic
|1.
[
Ahout Cantar A
teo | Cows | [Coiwe |

Label the image points B’ and C’.

Draw a segment from point A to the image point C’ of the dilation.

Draw a segment from point A to point C.

Which segment represents the vector sum AB + BC?

Write AB’ in terms of AB and B'C’ in terms of BC.

. Which segment represents the vector sum 3AB + 3BC?

10. Measure the ratio of AC’ to AC.

1. IsAC parallel to AC?

12. Write AC in terms of AC.

13. Does the distributive property for scalar multiplication of vectors hold in
this case? That is, does 3(AB+BC) =3AB + 3BC?

14. Repeat steps 1 to 13 for different dilation factors, k. Replace the

number 3 in steps 3, 9, and 13 with your choice of k.

© ® N o v s

15. Try a negative dilation factor. Describe your results.

16. Reflect How does this investigation demonstrate that the distributive
property for scalar multiplication of vectors holds?
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Vector Properties for Scalar Multiplication

Distributive property : For any scalar ke R and any vectors # and 7,
k(i +0)= ki + kv.
Associative property : For any scalars a and b € R and any vector 7,

(ab)y = a(bv).

Identity property : For any vector v, 10 = 7.

Linear Combinations of Vectors

Given two vectors # and v and scalars s and ¢ € R, the quantity si + tU is

called a linear combination of vectors # and v.

For example, 24 — 77 is a linear combination of vectors # and v, where s =2
and t=—7.

Example 3 | Linear Combinations of Vectors

In trapezoid ABCD, BC||AD and AD = 3BC.

Let AB=ii and BC =7. Express E, B—D), and
CD as linear combinations of # and 7.

A

Solution
AD =37 D
BD =BA + AD
=—u+30
CD=CB+BA +AD
=—0+(—u)+30
=(—u)+ (—v)+ 30  Commutative property

=—u+20 Associative property

KEY CONCEPTS

© When you multiply a vector by a scalar, the magnitude is multiplied by
the scalar and the vectors are parallel. The direction remains unchanged
if the scalar is positive, and becomes opposite if the scalar is negative.

© For any vectors # and ¢ and scalars k, me R:
k(i +0) = kit + kv (distributive property)
k(mit) = (km)it (associative property)
lu=i (identity property)
© Linear combinations of vectors can be formed by adding scalar
multiples of two or more vectors.
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Communicate Your Understanding

(1 Why does the direction not change when you multiply a vector by a
positive scalar? Explain.

@2 Explain how the vectors #, 5i, and —5ii are related.
@3 Explain why these three sentences are equivalent.

e i and ¥ are scalar multiples of each other.

e 1 and v are collinear.

e i and v are parallel.

Y Procise

1.

334

Let |#|= 500 km/h, at a quadrant bearing of 5. Copy vector .

S30°E. Draw a scale diagram illustrating each

related vector. ii

a) 2v b) 0.40

Q =30 d —5v Show geometrically that (k + )i = kit + mii for
Simplify each of the following algebraically. a) k=2andm=3 b) k=Sandm=-1

a) utiti O k=—4andm=2 d) k=-3andm=-2

b) 2u—3v —3u+v
0 3a+v)—3—10)
)

d) 3u+20—2(v —u)+(-30) /
e) —(i+v)—4(u—20)

6. Copy vector p.

f) 2(+0)—2@a+0) Show geometrically that (ab)p = a(bp) for
Draw a vector diagram to illustrate each a) a=0.5and b=4
combination of vectors in question 2. b) a=3and b= -2
In hexagon ABCDEEF, opposite sides are ) a=—6and b= %
parallel and equal, and FC=2AB. Let AB = i d a=—2and b=-5
and FA=7. 7. Draw vectors # and ¢ at right angles to each
A B other with |#|=3 cm and || =4.5 cm. Then,
draw the following linear combinations of
F C i and 7.
a) u+v b) 2ii—v
E D N N N
o 0.52+2v d v—u
Express each vector in terms of # and v. .
Simplify. 8. What is the magnitude of ﬁﬁ for any
. . — - v
a) CF b) FB d FD vector U?
d) CA e) EB f) BE
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9.

10.

1.

12.

13.

: 3 Connect and Apply

Five people push a disabled car along a road,
each pushing with a force of 350 N straight
ahead. Explain and illustrate how the concept
of scalar multiplication of a vector can be
applied to this context.

Newton’s second law of motion states that the
force of gravity, ﬁg, in newtons, is equal to the
mass, m, in kilograms, times the acceleration

due to gravity, g, in metres per square second,
or ﬁg =m X g. On Earth’s surface, acceleration
due to gravity is 9.8 m/s> downward. On the

Moon, acceleration due to gravity is 1.63 m/s?

downward.

a) Write a vector equation for the force of
gravity on Earth.

b) What is the force of gravity, in newtons, on
Earth, on a 60-kg person? This is known as
the weight of the person.

¢) Write a vector equation for the force of
gravity on the Moon.

d) What is the weight, on the Moon, of a
60-kg person?

PQRS is a parallelogram with A and B the
midpoints of PQ and SP, respectively. If
U= QTX and 7 = DB, express each vector in
terms of % and 7.

a) PS b) AP 9 RS
d) AB e QS f) AS
g) BR h) PR i) RP

Show that the definitions of vector addition
and scalar multiplication are consistent

by drawing an example to show that

i+ u+u+u=4u.

If # is a vector and k is a scalar, is it possible
that # = ki? Under what conditions can this
be true?

14.

15.

16.
17.

18.

19.

An airplane takes off at Reasoning and Proving

130 km/h at 15° above
the horizontal. Provide
an example to indicate
scalar multiplication
by 3.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

Describe a scenario that may be represented by
each scalar multiplication.

a) 30, given |5 |=10 N

b) 2u, given || =40 km/h

J %IIJ, given || = 9.8 m/s?

d) 104, given |a@|=100 km

Show geometrically that (—1)kiz = k(—i).
Three points, A, B, and C, are collinear, such

that B is the midpoint of AC. Let O be any
non-collinear point. Prove that

OA +0C=20B.

A

From the given information, what can you say
about the vectors # and v in each case?

a) 2u=23v

b) ii—9=0

QO 3u+0)—2u—v)=u+50

Decide whether each statement is true or false.
Explain your decision in each case.

a) SAA=—2AA

b) —3AB=3(-BA)

0 —2(3BA)=6AB

d) 2AB and —3BA are collinear

e) 2AB and —3BA have the same direction
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(&8 Extend and Challenge

20. fFOA+0OC= 2@, prove that A, B, and C are 2. 1f OA = 1@ + %(Yf, then prove that
collinear and B is the midpoint of AC. This is 3 3 . o
the converse of the result in question 14. A, B, and C are collinear and that A divides

the segment BC in the ratio of 2:1.

21. APQR is an equilateral Q P
triangle, and O is the 27. ABCDEF is a hexagon with opposite sides
centroid of the triangle. equal and parallel. Choose the midpoints of
Let i = ﬁj and # =PR. two pairs of opposite sides. Prove that the
Express PO, Q—O, 1nd RO quadrilateral formed by these four midpoints is

R a parallelogram.
in terms of # and 7.
22. Vector AB has endpoints A(4, 3) and B(-5, 1). 28. Math Contest T}le an%l§ bet:veen tVXO .
Determine the coordinates of point C if non-zero vectors & and b is 30° and || >b].
— Which statement is true?
a) AC=S5AB o ) o _
— — a) |a|+|b|<|a+b| b)) |a—bl<|a+b]
b) AC=—-2AB N -
) o |a—b|>|a+b| d) None of the above
Explain your strategy.
. ) . . 29. Math Contest A circle is inscribed in a

23. Given two perpendicular vectors # and 7, . . .

i B D triangle, as shown. Determine the radius of the
simplify |# + v |> + |4 — ¢ |*. Tllustrate the results circle
geometrically. 6 em

24, The diagonals of quadrilateral ABCD bisect 6 cm .
each other. Use vectors to prove that ABCD is a o
parallelogram.

25. a) Prove that the diagonals of a cube intersect S em

at a common point.

7 cm
b) Show that this point also bisects the line

segment joining the midpoints of any two 7 cm

opposite edges of the cube.
CAREER CONNECTION
David completed a 4-year bachelor of Applied Science degree in
mechanical engineering at the University of Toronto. He now designs
machinery, such as automotive power trains, using computer-aided
design (CAD) and analysis software. Using this software, he can run
simulations on his finished design and analyse the results. A knowledge
of vectors is the basis of understanding CAD systems. David knows
how the CAD system uses graphics and geometry, and, because he also
knows Java, he can customize his CAD tools and design a more effective
product.
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6.4

Applications of Vector Addition

Ships and aircraft frequently need to steer around
dangerous weather. A pilot must consider the direction and
speed of the wind when making flight plans. Heavy objects
are often lifted by more than one chain hanging from a
horizontal beam. Velocity directions are often expressed

in terms of a compass quadrant. Vector situations such

as these can be modelled using triangles. Knowing the

net effect of a number of forces determines the motion of
an object. The single force—the resultant—has the same
effect as all the forces acting together. You will use vector

addition, the Pythagorean theorem, and trigonometry to
solve vector problems involving oblique triangles.

Two vectors that are perpendicular to each other and add together to give a vector v are called the
rectangular vector components of 7.

Example 1 | Resultants of Rectangular Components

Draw the resultant for each set of rectangular components. Then, calculate l CONNECTIONS
the magnitude and direction, relative to the horizontal vector, of the resultant. You will everse this process and
a) A sailboat’s destination is 8 km east and 6 km north. find the rectangular components

of a vector in Section 6.5.

6 km north

8 km east

b) In a numerical model of the Bay of Fundy, the velocity of the water is
given using rectangular vector components of 2.5 m/s northwest and
3.5 m/s southwest.

2.5 m/s NW

3.5 m/s SW
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Solution

a) Keep the vectors head to tail. The resultant, R, is the hypotenuse of the
right triangle.

=

6 km

8 km

Use the Pythagorean theorem to calculate the magnitude of the resultant.
|R[’= 62+ 82
IR| =10

Calculate the angle the sailboat makes with the direction east.

0 =tan! (é)
8

=36.9°

Since this situation involves navigation, calculate the direction as a
bearing.

90°—36.9°=53.1°

The resultant displacement is 10 km at a bearing of about 053.1°.

b) Use the parallelogram method to draw the resultant.

Use the Pythagorean theorem to calculate 25 m/s NW
the magnitude of the resultant. d
|R[’=3.52+2.52

IR|=4.3
Find the value of 6.

6 =tan! <£>
3.5

=35.5°
Since the 3.5-m/s vector is 45° below the
horizontal, R is 45° —35.5° or 9.5° below
the horizontal. This is 90° — 9.5° or 80.5°
west of south. The water velocity is about 4.3 m/s S80.5°W.

3.5 m/s SW

An equilibrant vector is one that balances
another vector or a combination of vectors. It
is equal in magnitude but opposite in direction
to the resultant vector. If the equilibrant is

added to a given system of vectors, the sum of
all vectors, including the equilibrant, is 0.
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Example 2 | Find a Resultant and Its Equilibrant

A clown with mass 80 kg is shot out of a cannon with a horizontal force
of 2000 N. The vertical force is the acceleration due to gravity, which is
9.8 m/s?, times the mass of the clown.

a) Find the magnitude and direction of the resultant force on the clown.

b) Find the magnitude and direction of the equilibrant force on the clown.

Solution

a) Draw a diagram of the situation. The vertical force is 9.8 X 80 or 784 N

downward.
1784 N

To find the resultant force, f, add the vectors.
2000 N

\1784 N
7

Since the forces are perpendicular, use the Pythagorean theorem to find

2000 N

the magnitude of the resultant, |£|.

£ ’=20007+ 784"
=4614656
f]=2148
The magnitude of the resultant is about 2150 N.

To find the direction of the resultant force, use trigonometry.
Let O represent the angle of f to the horizontal.

784
tan@ = ——
2000
0 = tan-1 784
2000
=21°

The resultant has a magnitude of about 2150 N and a direction of 21°
below the horizontal.

b) Draw the equilibrant on the diagram.

2150 N 159° 2000N
21°
784 N
2150 N

The equilibrant has magnitude of about 2150 N and a direction of 159°
counterclockwise from the horizontal.
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A heading is the direction in which a vessel is steered to overcome other
forces, such as wind or current, with the intended resultant direction being the
bearing.
Heading
Wind or current

-

>
Bearing = direction of the resultant

Ground velocity is the velocity of an object relative to the ground. It is the
resultant, or bearing velocity, when the heading velocity, or air velocity , and
the effects of wind or current are added.

Air velocity

Wind or current velocity

>

Ground velocity = resultant

Example 3 | Solve a Flight Problem

An airplane is flying at an airspeed of 500 km/h, on a heading of 040°.
A 150-km/h wind is blowing from a bearing of 120°. Determine the ground
velocity of the airplane and the direction of flight.

Solution

Draw a diagram illustrating the velocities and resultant vector. Use a
compass quadrant graph.

500 km/h
N

40°
Y
120°

150 km/h

Redraw the diagram, showing the resultant.
500 km/h

=

80°
150 km/h
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Use the cosine law to solve for |R|.

R| = + - cos80°
R[*=1502+ 5002 — 2(150)(500)cos 80
|R| = 496.440

Use the sine law to calculate 6.

sin@ _ sin80°
500 496.440
0=82.689

so its tail is at the origin of the compass
quadrant.

is 60° off 360°.

o=82.689°—60°
=22.689°

The airplane is flying at a ground velocity of
about 496 km/h on a bearing of about 023°.

Example 4 | Solve a Tension Problem

Let R be the resultant ground velocity of the airplane.

Let 6 be the angle the resultant makes with the wind direction.

To determine the bearing, translate the resultant

The head of the original wind vector is 60° off
180°. So, the head of the translated wind vector

83
150 km/h

CONNECTIONS

The E6B Flight Computer, also
known as a“whiz wheel,"is used
in flight training to calculate fuel
burn, wind correction, time in
the air, and groundspeed.

500 km/h
N
R
80° o

A traffic light at an intersection is hanging
from two wires of equal length making

angles of 10° below the horizontal. The traffic
light weighs 2500 N. What are the tensions in
the wires?

Solution

light at equilibrium.

Let Ty and T; represent the two
equal-magnitude tensions.

| CONNECTIONS

Tension is the equilibrant force in
arope or chain keeping an object
in place.

Draw a vector diagram so that the two tension vectors are keeping the traffic

2500 N

The 2500-N downward force of the traffic light is the equilibrant vector.

Find the resultant of the tensions in the wires.
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CONNECTIONS

Rectangular components are
used to analyse voltage and
current relationships in electronic
circuits, such as those found in
televisions and computers.

Redraw the diagram to show the sum of the tension vectors with a resultant
of 2500 N upward.

o T
N="A 2500N
10° T

The equal angles at the base of the isosceles triangle each measure
(180°—20°) ~2=80°.

ITy] _ 2500
sin80° sin20°
= | _ 2500sin80°
|Ty|=——"77——
_ sin20
IT,| = 7198

The wires each have a tension of about 7200 N at 10° below the horizontal.

KEY CONCEPTS

© Two vectors that are perpendicular to each other and add together to
give a vector ¥ are called the rectangular vector components of 7.

© When two vectors act on an object, you can use vector addition, the
Pythagorean theorem, and trigonometry to find the resultant.

© An equilibrant vector is the opposite of the resultant.

N R
E

N %3

© Directions of resultants can be expressed as angles relative to one of
the given vectors, or they can be expressed as bearings.

Communicate Your Understanding

(1 Rolly determined the resultant of the vector
diagram as shown. Describe the error in his 40N
thinking. ]

=l

60 N
|R[= 402+ 602
IR|=72.1N

6 =tan! (ﬂ>
60

0=233.7°

The resultant force is 72.1 N at 33.7° vertically from the left.
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1.

affects the vector diagram.

Explain the difference between the following two statements, and how it

¢ A 15-km/h wind is blowing from a bearing of 030°.
¢ A 15-km/h wind is blowing at a bearing of 030°.

Describe how you would draw a vector diagram to illustrate the

following statement. Include the resultant and equilibrant.
“Forces of 100 N and 130 N are applied at 25° to each other.”

Describe the differences between airspeed, wind speed, and groundspeed

when solving vector problems associated with airplane flight.

T

Determine the resultant of each vector sum.
a) 34 km/h east and then 15 km/h north
b) 100 m/s south and then 50 m/s west

0 45 km/h vertically and then 75 km/h
horizontally

d) 3.6 m/s horizontally and then 2.3 m/s
vertically

e) 10 N at 045° and then 8 N at 068°
f) 1200 N at 120° and then 1100 N at 300°
g) 300 m east and then 400 m northeast

h) 15 m/s? at 80° above the horizontal and
then gravitational acceleration of 9.8 m/s?

An airplane is flying at 550 km/h on a heading
of 080°. The wind is blowing at 60 km/h from
a bearing of 120°.

a) Draw a vector diagram of this situation.

b) Find the ground velocity of the airplane.

3.

A boat with forward velocity of 14 m/s is
travelling across a river directly toward the
opposite shore. At the same time, a current of
5 m/s carries the boat down the river.

a) What is the velocity of the boat relative to
the shore?

b) Find the direction of the boat’s motion
relative to the shore.

o Go to www.mcgrawhill.callinks/calculus12
and follow the links to 6.4. Download the
file Vector Addition.gsp and use it to check
your answers to parts a) and b).

A box weighing 450 N is hanging from two
chains attached to an overhead beam at angles
of 70° and 78° to the horizontal.

a) Draw a vector diagram of this situation.

b) Determine the tensions in the chains.

: 3 Connect and Apply

5. Nancy is a pilot in Canada’s North. She needs

to deliver emergency supplies to a location that
is 500 km away. Nancy has set the aircraft’s

velocity to 270 km/h on a northbound heading.

The wind velocity is 45 km/h from the east.

a) Determine the resultant ground velocity of
the aircraft.

b) Will Nancy be able to make the delivery
within 2 h, at this ground velocity? Justify
your response.

6.

Reasoning-and Proving

A golfer hits a golf ball
with an initial velocity

of 140 km/h due north.
A crosswind blows at

25 km/h from the west.

a) Draw a vector diagram of this situation.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

b) Find the resultant velocity of the golf ball
immediately after it is hit.
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1.
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A rocket is fired at a velocity with initial
horizontal component 510 m/s and vertical
component 755 m/s.

a) Draw a vector diagram of this situation.
b) What is the ground velocity of the rocket?

A small aircraft, on a heading of 225°, is
cruising at 150 km/h. It is encountering a wind
blowing from a bearing of 315° at 35 km/h.

a) Draw a vector diagram of this situation.

b) Determine the aircraft’s ground velocity.

A cruise Ship’S captain Reasoning-and Proving

sets the ship’s velocity
to be 26 knots at a
heading of 080°. The
current is flowing
toward a bearing of
153° at a speed of 8 knots.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) Draw a vector diagram of this situation.

b) What is the ground velocity of the cruise
ship?

Two astronauts use their jet packs to
manoeuvre a part for the space station into
position. The first astronaut applies a force of
750 N horizontally, while the second astronaut
applies a force of 800 N vertically, relative to
Earth.

a) Determine the resultant force on the
part.

b) What would be the effect of doubling the
vertical force?

¢ What would be the effect of doubling both
forces?

Emily and Clare kick a soccer ball at the
same time. Emily kicks it with a force of

120 N at an angle of 60° and Clare kicks it
with a force of 200 N at an angle of 120°.
The angles are measured from a line between
the centres of the two goals. Calculate the
magnitude and direction of the resultant
force.

Chapter 6

12.

13.

14.

15.

A reproduction of a Group of Seven painting
weighs 50 N and hangs from a wire placed on
a hook so that the two segments of the wire
are of equal length, and the angle separating
them is 100°. Determine the tension in each
segment of the wire.

Chapter Problem Tanner is a pilot hired to
transport a tranquilized bear 200 km due
south to an animal preserve. The tranquilizer
lasts for only 1 h, 45 min, so the airplane must
reach its destination in 1.5 h or less. The wind
is blowing from the west at 35 km/h. Tanner
intends to fly the airplane at 180 km/h.

a) Draw a vector diagram of this situation.

b) Determine the heading Tanner needs to
set in order to arrive within the allotted
time.

¢) Explain your choice of strategies.

Andrea flies planes Reasoning-and-Proving

that drop water on
forest fires. A forest

fire is 500 km away, at

a bearing of 230°. A
72-km/h wind is blowing
from a bearing of 182°.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) Determine the heading that Andrea should
set, if the airplane will be flying at

i) 230 km/h i) 300 km/h
b) Explain the difference in results.

In a collision, a car with a momentum of
18 000 kg-m/s strikes another car whose
momentum is 15 000 kg-m/s. The angle
between their directions of travel is 32°.

a) Draw a vector diagram of this situation.

| CONNECTIONS

I Momentum is the product of mass and velocity.

b) Determine the resultant momentum of the
cars upon impact. Round your answer to
the nearest thousand.



16.

17.

18.

19.

Two forces act on an object at an angle of 40° to
each other. One force has a magnitude of 200 N,
and the resultant has a magnitude of 600 N.

a) Determine the angle the resultant makes
with the 200-N force.

b) Determine the magnitude of the second
force.

A car is stopped on a hill that is inclined at 5°.
The brakes apply a force of 2124 N parallel
to the road. A force of 9920 N, perpendicular
to the surface of the road, keeps the car from
sinking into the ground.

a) Explain why the rectangular components
are not vertical and horizontal.

b) The weight of the car is the sum of the
forces. What is the weight of the car?

A jet’s take-off velocity has a horizontal
component of 228.3 km/h and a vertical
component of 74.1 km/h. What is the jet’s
displacement from the end of the airstrip after
3 min?

While on a search and rescue mission for a
boat lost at sea, a helicopter leaves its pad

and travels 75 km at N20°E, turns and travels
43 km at S70°E, turns again and travels 50 km
at $24°W, and makes a final turn and travels
18 km at N18°W, where the boat is found.
What is the displacement of the boat from the
helicopter pad?

20.

A supply boat needs to cross a river from
point A to point B, as shown in the diagram.
Point B is 1.5 km downstream. The boat can
travel at a speed of 20 km/h relative to the
water. The current is flowing at 12 km/h. The
width of the river to 500 m.

a) Determine the heading the captain should
set to cross the river to point B.

b) Determine the heading the captain must set
to return to point A.

B

Current 12 km/h
-

v/ Achievement Check

21.

(¢88 Extend and Challenge

22,

23.

Three mutually perpendicular forces (in
three dimensions) are applied to an object:
|Fy|=35 N, |Fy|=45 N, and | F,| =25 N.
Determine the magnitude of the resultant

force.

A ball is thrown horizontally at 15 m/s from
the top of a cliff. The acceleration due to
gravity is 9.8 m/s> downward. Ignore the
effects of air resistance.

a) Develop a vector model to determine the
velocity of the ball after ¢ seconds.

b) What is the velocity of the ball after 2 s?

24.

A barge is heading directly across a river at

3.5 km/h, while you are walking on the barge at
4 km/h toward the opposite shore. The current
is flowing downstream at 1.4 km/h.

a) What is your actual velocity relative to the
shore?

b) What would your velocity be relative to the
shore if you were walking toward the shore
you just left? Interpret the results of your
calculations.

Flight-training manuals simplify the forces
acting on an aircraft in flight to thrust
(forward horizontally), drag (backward
horizontally), lift (vertically upward), and
weight (vertically downward). Find the
resultant force acting on an airplane with

a mass of 600 kg when its engine produces

12 000 N of thrust, its wings produce 8000 N
of lift, and its total drag is 9000 N.
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26.

27.

28.

29.
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While starting up, a wheel 9.0 cm in diameter
is rotating at 200 revolutions per minute (rpm)
and has an angular acceleration of 240 rpm
per minute. Determine the acceleration of a
given point on the wheel.

A party planner has suspended a 100-N crate
filled with balloons from two equally long
ropes, each making an angle of 20° with the
horizontal, and attached at a common point
on the crate.

a) What is the tension in each rope?

b) If one rope were 1.5 times as long as the
other rope, how would this affect the vector
diagram? Assume the distance between the
ropes and the total length of rope is the
same as in part a).

A vector joins the points (3, 5) and (=2, 7).
Determine the magnitude and direction of this
Vector.

When you are doing push-ups, which situation
requires a smaller muscular force? Justify your
response.

a) Your hands are 0.25 m apart.

b) Your hands are 0.5 m apart.

In the glass atrium at the entrance to the city
aquarium, a designer wants to suspend a 2400-N
sculpture of a dolphin. It will be secured by

three chains, each of length 4 m. The chains are

anchored to the ceiling at three points, spaced
3 m apart, that form an equilateral triangle.

a) Determine the magnitude of the tension in
each chain.

3

b) Why would the designer choose to use three
anchor points rather than just one or two?

Chapter 6

30. A ladder is supported by four

31.

32

33.

legs that are braced with two
crosspieces. The angle separating
the legs at the top of the ladder
is 20°. When a heavy object of
mass 180 kg is placed on the top
platform, what is the tension in
each crosspiece?

How can a sailboat sail
upwind? The

wind exerts a

force that is

approximately Force on

erpendicular the keel
perp . Force on
to the sail, as the sail
shown. The

keel of the boat
prevents it from sliding sideways through

the water, such that the water exerts a force
perpendicular to the long axis of the boat, as
shown. The vector sum of these forces points
in the direction that the boat will move.

Note that this is a simplification of the actual
situation. In reality, other forces are involved.
The wind is blowing from the north. The
force on the sail is 200 N from a bearing of
100°. The force on the keel is 188 N from a
bearing of 300°. Determine the vector sum of
these forces, and show that the boat will move
upwind.

Math Contest If 4 and b are perpendicular,
|a|=2|b|, and |a— b| =12, then the angle
between @+ b and @ — b is closest to

A 23°

B 33°

¢ 43°

D 53°

Math Contest The curves

x> +y>—4x+8y+11=0and

x?> —4x — 4y — 24 =0 intersect at three distinct

points, A, B, and C. Determine the area of
AABC.



Resolution of Vectors Into
Rectangular Components

We often think of just a single force acting on an object, but a lifting
force and a horizontal force can act together to move the object. In
Section 6.4, you added two rectangular components to determine the
resultant vector. In this section, you will investigate how to determine
the rectangular components of a given vector. This process is needed
in order to understand the method of expressing vectors in Cartesian
form in Chapter 7.

N7HIEI-M Horizontal and vertical components of a force

A girl pulls on the rope attached to her sled with
a 50-N force at an angle of 30° to the horizontal.
This force is actually the sum of horizontal and
vertical forces, which are pulling the sled forward
and upward, respectively.

1. Draw a vector diagram breaking down the 50-N force into unknown
horizontal and vertical components.

2. Explain why the 50-N force is the resultant.

3. Use trigonometry to find the length of each of the two unknown sides of
the triangle.

4, Reflect Write a sentence to describe the horizontal and vertical forces.

A vector can be resolved into two perpendicular vectors whose sum
is the given vector. This is often done when, for example, both vertical
and horizontal forces are acting on an object. These are called the
rectangular components of the force.

Consider a vector ¢ at an angle of 0 to the horizontal. It can be resolved
into rectangular components 7, (horizontal component) and 7, (vertical
component), where U = 7, + 7,

<

[
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Example 1 | Find the Rectangular Components of a Force

A tow truck is pulling a car from a ditch. The tension in the cable is
15 000 N at an angle of 40° to the horizontal.

a) Draw a diagram showing the resolution of the force into its rectangular
components.

b) Determine the magnitudes of the horizontal and vertical components of

the force.
Solution E, 000N
a) The tension can be resolved into two rectangular ]

components: vertical, F,, and horizontal, Fj,. i
b) M=15 000 .|F”| =15000

cos40° sin40°

|F,] =15 000cos40° |F,| =15 000sin40°
=11490 =9642

The magnitude of the horizontal component is about 11 500 N, and the
magnitude of the vertical component is about 9600 N.

Exambple 2 Find Rectangular Components That Are Not
P Horizontal and Vertical

A box weighing 140 N is resting on a ramp that is inclined at an angle
of 20°. Resolve the weight into rectangular components that keep the
box at rest.

Solution 7
The box is being held at equilibrium by two

rectangular components: a force, #, perpendicular

ya 140 N >
to the ramp, and a force of friction, f, parallel to the l \”
surface of the ramp.

20°

Redraw the diagram showing the sum of the vector

components. 7
|7i| = 140c0s20°  |f|=140sin20°

=131.6 =47.9 7\ |140N
The box is kept at rest by a force of 131.6 N 20°

perpendicular to the surface of the ramp and by
friction of 47.9 N parallel to the surface of the ramp.
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KEY CONCEPTS

Any vector can be resolved into its rectangular (perpendicular)
components.

The given force, F, is the resultant of the rectangular components F,
and F,.

The horizontal component can be calculated using | Ej,| = | F|cos 6.
The vertical component can be calculated using | F,| = | F|sin 6.
A

i
"

Communicate Your Understanding

(1 Draw a diagram resolving a 500-N force at 15° counterclockwise from
the horizontal into its rectangular components.
2 Explain how you would solve the following problem using rectangular
components. Your friend swims diagonally across a 25 m by 10 m pool
at 1 m/s. How fast would you have to walk around the edges of the pool
to get to the same point at the same time as your friend?
| CONNECTIONS
@3 An airplane is flying at an airspeed of 150 km/h and encounters a —
. . R A crosswind is a wind that blows
crosswind. Will the plane’s groundspeed be more than, equal to, or less 2190° o the headin
than 150 km/h? Explain. )
1. Determine the horizontal and vertical 2. Calculate the rectangular components of each
components of each force. velocity.
a) magnitude 560 N, 6= 21° counterclockwise a) N b) N
from the horizontal 15 km/h
349
b) magnitude 21 N, 8= 56° counterclockwise 125°
from the horizontal 120 m
¢ magnitude 1200 N, 6=43°
counterclockwise from the horizontal
d) magnitude 17 N, 6= 15° clockwise from the ) 880 km/h at 70° to the horizontal
vertical d) 135 m/s? at 40° to the vertical

e) magnitude 400 N, 8= 12° clockwise from
the vertical
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: 3 Connect and Apply

a) Resolve a 100-N force into two equal
rectangular components.

b) Is there more than one answer to part a)?

Explain.

WELCOME!

A sign is supported
as shown in the
diagram.

The tension in
the slanted rod
supporting the sign is
110 N at an angle of
25° to the horizontal.

a) Draw a vector diagram showing the
components of the tension vector.

b) What are the vertical and horizontal
components of the tension?

A 35-N box is resting on a ramp that is
inclined at an angle of 30° to the horizontal.
Resolve the weight of the box into the
rectangular components keeping it at rest.

It is important for aerospace engineers to know
the vertical and horizontal components of a
rocket’s velocity. If a rocket is propelled at

an initial velocity of 120 m/s at 80° from the
horizontal, what are the vertical and horizontal
components of the velocity?

A space probe is returning to Earth at an angle
of 2.7° from the horizontal with a speed of

29 000 km/h. What are the horizontal and
vertical components of the velocity? Round
your answers to the nearest 100 km/h.

An airplane is climbing at an angle of 14° from
the horizontal at an airspeed of 600 km/h.
Determine the rate of climb and horizontal
groundspeed.

A jetis 125 km from Sudbury airport at
quadrant bearing N24.3°E, measured from the
airport. What are the rectangular components
of the jet’s displacement?

The curator of an art gallery needs to hang a
painting of mass 20 kg with a wire, as shown.
The nail is at the midpoint of the wire. Find
the tension in each part of the wire. Remember

Chapter 6

1.

12.

13.

that tension is the force
counteracting the force of
gravity, so that you must
multiply the mass of the
painting by the acceleration
due to gravity.

. .

The handle of a lawnmower you are pushing
makes an angle of 60° to the ground.

a) How could you increase the horizontal
forward force you are applying to the
lawnmower without increasing the total
force?

b) What are some of the disadvantages of your
method in part a)?

Anna-Maria is pulling a wagon loaded with
paving stones with a total mass of 100 kg. She
is applying a force on the handle at an angle of
25° with the ground. The horizontal force on
the handle is 85 N.

a) Draw a diagram of the situation.
b) Find
i) the total force on the handle

ii) the vertical component of the force on

the handle
Round your answers to the nearest tenth of
a newton.

Chapter Problem A pilot is set to take off
from an airport that has two runways, one at
due north and one at 330°. A 30-km/h wind is
blowing from a bearing of 335°.

a) What are the components of the wind
vector for each runway?

b) An airspeed of 160 km/h is required for
takeoff. What groundspeed is needed for
each runway?

) Pilots prefer to take off into the wind, where
possible. Which runway should be used?
Explain.

d) The aircraft manual mandates a maximum
crosswind component of 20 km/h. Could
the pilot safely select either runway for
takeoff? Justify your answer.



14. A force of 200 N is resolved into two 16.

15.

17.

18.

19.

components of 150 N and 80 N. Are these
rectangular components? Justify your response.
If they are not, determine the directions of the
components.

Resolve a 500-N force into two rectangular
components such that the ratio of their
magnitudes is 2: 1. Calculate the angle between
the greater component and the 500-N force.

(«88 Extend and Challenge

A 50-N box is placed Reasoning and Proving 20.
on a frictionless ramp  Representing Selectingligols

as shown. Three Problem Solving

positions of the box Conneting Reflecting

are shown in different Communicating 2
colours.

a) Draw vector diagrams of the components 22.

of the weight vector as the box slides down
the ramp.

b) In which position will the box have greatest
acceleration? Use your vector diagrams to
justify your conjecture.

In the absence of air resistance, the horizontal
component of projectile motion remains
constant, but the vertical component is

constantly changing. Explain why this would 24,

occur.

A road is inclined at an angle of 5° to the
horizontal. What force must be applied at a
further 5° to the roadbed in order to keep a
15 000-N car from rolling down the hill?

6.5 Resolution of Vectors Into Rectangular Components -

23.

Two cars, one travelling north and one
travelling west, collide at an intersection. The
resulting momentum of the two cars together
after the collision is 32 000 kg-m/s N30°W.
Find the momentum of each car before the
collision.

A box with mass 10 kg is on a frictionless
ramp that is inclined at 30°. Determine the
acceleration of the box as it slides down the
ramp.

. For the horizontal components of projectile

. . 5> _ = 1.
motion, the equations X = o, # + —d,t* and
2
Uy =10, +dyt are used. For the vertical

components, the equations y = i, + —d,t*

N | =

and U, = U;, + a,t are used.

a) Explain each part of the equations.

b) Relate these equations to the calculus
applications of projectile motion.

A football is kicked with an initial velocity of

30 m/s at an angle of 30° to the horizontal.

Determine the total time of the flight of the

ball, the horizontal displacement when it

lands, and the maximum height of the ball.

Use vector methods from question 21 and

calculus to solve this problem.

Math Contest Given |¢|= 10, |d|=21, and

|Z—(ji| =17, determine |Z+Zi|.

Math Contest Determine all acute angles x

such that log ;(sinx) — log ;5(cosx)=1.
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Chapter 6 REVIEW

6.1 Introduction to Vectors 5. A camera is suspended by two wires over a
football field to get shots of the action from
above. At one point, the camera is closer to
the left side of the field. The tension in the wire
on the left is 1500 N, and the tension in the

a) A car is travelling at 70 km/h northeast. wire on the right is 800 N. The angle between
b) A boy is walking at 5 km/h. the two wires is 130°.

1. For which of the following situations would
a vector be a suitable mathematical model?
Provide a reason for your decision.

o A rocket takes off at an initial speed of
800 km/h at 80° from the horizontal.

d) An airplane is sighted 20 km away.

e) A man’s height is 180 cm.

2. Convert each true bearing to its equivalent a) Draw a vector diagram of the forces,
quadrant bearing. showing the resultant.
a) 130° b) Determine the approximate magnitude and
b) 080° direction of the resultant force.
g 250°

6.3 Multiplying a Vector by a Scalar
3. Use an appropriate scale to draw each vector.

Label the magnitude, direction, and scale. 6. Exp ress ea§h sentence in terms of scalar
‘ multiplication of a vector.
a) velocity of 140 km/h due west .
a) An apple has a weight of 1 N, and a small

b) acceleration of 20 m/s? at a bearing of 105° car has a weight of 10 000 N.

9 force of 100 N upward b) A boat is travelling at 25 km/h northbound.

It t dandt Is at 5 km/h
6.2 Addition and Subtraction of Vectors LIS around and tavess 4 m

southbound.
4. The diagram shows a A B o Acceleration due to gravity on Earth is
regular octagon. Write 9.8 m/s%, and on the Moon it is 1.63 m/s2.
. - '
2 smg!e vector that ¢ 7. ABCDE is a pentagon A
is equivalent to each SR B
vector expression. G D such;hat AB:DC
a) HA + AB and AC=2 ED. Write E
b CH_TC F E each vector in terms of
) . AB and AC. D C
¢ FE+BA — —
- a) EC b) CE
d GA-EH+DG _ —
o CB d) AE
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6.4 Applications of Vector Addition

8. Find the resultant of each pair of vectors.

9. During a wind storm,
two guy wires supporting
a tree are under tension.
One guy wire is inclined
at an angle of 35° and is

CHAPTER

a)

b)

q)

300 N
500 N
N
300 km/h_
0 Ll
240 km/h
Y
N
2
/127 km
16.1 km

NP hose

under 500 N of tension.

The other guy wire is inclined at 40° to the
horizontal and is under 400 N of tension.
Determine the magnitude and direction of the
resultant force on the guy wires.

PROBLEM WRAP-UP

A small plane is heading north at 180 km/h.
Its altitude is 2700 m.
a) Draw a labelled scale vector diagram of the

effects of a 90-km/h wind from the west.
Include the resultant in your diagram.

b) Determine the ground velocity of the airplane.

¢) The airplane descends to 2000 m over a
period of 2 min, still flying at the same
groundspeed. What is the horizontal
component of the change in displacement?

10. Three forces act on a body. A force of 100 N

acts toward the north, a force of 120 N acts

toward the east, and a force of 90 N acts at
N20°E.

a) Describe a method for finding the resultant
of these three forces.

b) Use your method to determine the resultant.

6.5 Resolution of Vectors Into Rectangular

Components

11. In basketball, “hang time” is the time a player

remains in the air when making a jump shot.
What component(s) does hang time depend
on? Explain.

. A 1000-kg load is suspended from the end of

a horizontal boom. The boom is supported by
a cable that makes an angle of 35° with the
boom.

a) What is the weight of the load?
b) What is the tension in the cable?
¢) What is the horizontal force on the boom?

d) What is the vertical equilibrant component
of the tension in the cable?

35°

1000
kg

d) The airplane then enters turbulent air,
which is falling at 30 km/h. The turbulence
does not affect the groundspeed of the
airplane. What is the airplane’s resultant
velocity?

e) The airplane then enters more turbulent air.
The air mass is moving upward at 20 km/h
and moving N30°W at 60 km/h, while the
plane maintains its airspeed. Determine the
vectors that represent the turbulent air and
the resultant velocity of the airplane.
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Chapter 6 PRACTICE TEST

For questions 1 to 4, choose the best answer.

1. Why is speed considered a scalar quantity and
velocity a vector quantity?

A Speed has both magnitude and direction
associated with it.

B Velocity and speed are the same thing.

C Velocity has both magnitude and direction
associated with it.

D Velocity has only magnitude associated
with it.

2. You are driving on a curved highway on-ramp.

Assuming you are driving at the speed limit of
70 km/h, which is the correct statement?

A You are driving at a velocity of 70 km/h.

B Your speed is constantly changing as you
drive along the ramp.

C Your velocity is constantly changing as you
drive along the ramp.

D None of the above.

3. Which is correct?

A
455 75°
™ 120° ~
+ > =
B
455
120° 165°
+ Y = 4
C
455
120°
+ —
75°

D The resultant depends on the magnitude of
the vectors.

354 MHR . Calculus and Vectors « Chapter 6

4. A package is dropped from an airplane

travelling horizontally at 160 km/h to accident
victims on a desert island. The package will
land

A directly below where it was dropped

B at a point depending on both the force of
gravity and the velocity of the airplane

C at a point depending only on the velocity of
the airplane

D at a point depending on the force of gravity,
the wind velocity, and the velocity of the
airplane

. True or false? If the only force acting on a

projectile is gravity, the horizontal component
of its velocity is constant. Explain.

. Convert each quadrant bearing to its

equivalent true bearing.
a) NSO°W b) N10°E ¢ S40°E

. Use an appropriate scale to draw each vector.

Label the magnitude, direction, and scale.
a) momentum of 50 kg-m/s south

b) velocity of 15 km/h at a quadrant bearing of
N30°E

o displacement of 120 m at a bearing of 075°

. The diagram shows a regular hexagon. Write

a single vector that is equivalent to each vector

expression.
A B
F C
E D
a) AE +EB b) AC—BC

g CE+DB+AD d) DB—EA —DE



9.

10.

11.

12.

13.

14.

The diagram shows a square-based right
pyramid. State a single vector equal to each
expression.

A
B
E
C
D
a) CB b) AB + BD
9 AB—AD d) AE—CD+BD —AD

In a soccer game, two opposing players kick
the ball at the same time: one with a force of
200 N straight along the sidelines, and the
other with a force of 225 N directly across the
field. Calculate the magnitude and direction of
the resultant force.

A ship’s course is set at a heading of 143° at
18 knots. A 10-knot current flows at a bearing
of 112°. What is the ground velocity of the
ship?

A 150-N crate is resting on a ramp that is
inclined at an angle of 10° to the horizontal.

a) Resolve the weight of the crate into
rectangular components that keep it at rest.

b) Describe these components so that a
non-math student could understand them.

An airplane is flying at an airspeed of

400 km/h on a heading of 220°. A 46-km/h
wind is blowing from a bearing of 060°.
Determine the ground velocity of the airplane.

Devon is holding his father’s wheelchair

on a ramp inclined at an angle of 20° to

the horizontal with a force of magnitude

2000 N parallel to the surface of the ramp.
Determine the weight of Devon’s father and his
wheelchair and the component of the weight
that is perpendicular to the surface of the
ramp.

15.

16.

17.

18.

19.

Given vectors p, g, and 7,

such that [p|=|g|=|7|=3

units, and p bisects the %
angle formed by g and 9
7, express p as a linear
combination of g and 7. S

7
The Victoria Day

fireworks at Daffodil Park are fired at an angle
of 82° with the horizontal. The technician
firing the shells expects them to explode about

100 m in the air, 4.8 seconds after they are
fired.

a) Find the initial velocity of a shell fired from
ground level.

_Q

a2

b) Safety barriers will be placed around the
launch area to protect spectators. If the
barriers are placed 100 m from the point
directly below the explosion of the shells,
how far should the barriers be from the
point where the fireworks are launched?

¢) What assumptions are you making in
part b)?

A hang-glider loses altitude at 0.5 m/s as

it travels forward horizontally at 9.3 m/s.

Determine the resultant velocity of the

hang-glider, to one decimal place. Explain

your result.

The force at which a tow truck pulls a car has
a horizontal component of 20 000 N and a
vertical component of 12 000 N.

a) What is the resultant force on the car?

b) Explain the importance of knowing these
components.

A 100-N box is held by two cables fastened
to the ceiling at angles of 80° and 70° to the
horizontal.

a) Draw a diagram of this situation.
b) Determine the tension in each cable.

¢) If the cable hanging at 70° to the horizontal
were lengthened, what would happen to the
tensions? Justify your response.
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TASK

Taxi Cab Vectors

T 7
NT | | 4

> @ — —
-——

= = =
Y/ ot
T./l oo

A taxi has three passengers when it starts at A. It must drop off two people at
B and the third at C. The arrows represent one-way streets.

a) Using vectors, find two different routes that go from A to C via B.
b) Show that the total displacement is equal in each case.

In the taxi, travelling northbound takes 12 min per block, travelling
southbound takes 5 min per block, travelling westbound takes 6 min per
block, travelling eastbound takes 8 min per block, and travelling northeast or
southwest takes 10 min per block.

¢ Which of your routes takes less time?
d) Is there a best route? Is it unique?
e) Identify which vector properties are used in your solution.

f) If the taxi charges for mileage are $0.50/rectangular block and the time
charges are $0.10/minute, what is the cheapest route from A to C? How
much should each passenger pay?
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Cartesian Vectors

Simple vector quantities can be expressed
geometrically. However, as the applications
become more complex, or involve a third
dimension, you will need to be able to express
vectors in Cartesian coordinates, that is,

x-, y-, and z-coordinates. In this chapter, you

will investigate these Cartesian vectors and

develop a three-dimensional coordinate system.

You will also develop vector products and

explore their applications.

[ By the end of this chapter, you will

© represent a vector in two-space geometrically
and algebraically, with directions expressed in
different ways, and recognize vectors with the
same magnitude and direction but different
positions as equal vectors

© determine, using trigonometric relationships,
the Cartesian representation of a vector in
two-space given as a directed line segment, or
the representation as a directed line segment of a
vector in two-space given in Cartesian form

© recognize that points and vectors in
three-space can both be represented using
Cartesian coordinates, and determine the distance
between two points and the magnitude of a
vector using their Cartesian representations

© perform the operations of addition, subtraction,
and scalar multiplication on vectors represented
in Cartesian form in two-space and three-space

© determine, through investigation with and
without technology, some properties of the
operations of addition, subtraction, and scalar
multiplication of vectors

Chapter 7 I

solve problems involving the addition, subtraction,
and scalar multiplication of vectors, including
problems arising from real-world applications

perform the operation of dot product on two
vectors represented as directed line segments and
in Cartesian form in two-space and three-space,
and describe applications of the dot product

determine, through investigation, properties of
the dot product

perform the operation of cross product on two
vectors represented in Cartesian form in
three-space, determine the magnitude of the
cross product, and describe applications of the
cross product

determine, through investigation, properties of
the cross product

solve problems involving dot product and cross
product, including problems arising from
real-world applications
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Prerequisite Skills

Visualize Three Dimensions

1. Four views of the same alphabet block are
shown. Study these views and decide which

letter belongs on the blank face and which way

the letter should face. Then, draw a net of the
block.

| CONNECTIONS

A netis a flat diagram that contains the faces of a polyhedron. The
net can be folded up to form the solid.

D I ¥ A

m ( B

2. Given the front and top views of the building,
draw the back, left, and right views.

7

Convert a Bearing to an Angle in Standard Position

3. Convert each bearing to an angle in standard
position on a Cartesian graph. Sketch each

angle.

a) 072° b) 168° g 90°

d) 180° e) 210° f) 300°
g) 360° h) N20°E i) S15°E
j) S50°W k) N8O°W ) S10°W
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Distance Between Two Points

4. Find the distance between the points in each
pair.
a) A(S, 6),B(3,1)
4] E(_ls 0)> F(_Sa 8)

b) C(_4a 3)9 D(69 7)
d G(5, =2), H(=3, -9)

Properties of Addition and Multiplication

5. Use an example to verify each property of
real-number operations, given that a, x, y, and
z € R. Describe each property in words.

a) Commutative property for addition:
x+y=y+x

b) Commutative property for multiplication:
xXy=yXx

¢) Associative property for addition:
(x+y)+tz=x+(y+2)

d) Associative property for multiplication:
(x Xy)Xz=xX(yXz)

e) Distributive property of multiplication over
addition: a(x +y) =ax + ay

f) Non-commutative property of subtraction:
X—yFy—x

Solve Systems of Equations

6. Solve each linear system by elimination.
a) Sx+3y=11
2xty=4
b) 2x + 6y=14
x—4y=—-14
0 3x—S5y=-S§
—6x+2y=2
d —1.5x+3.2y=10
0.5x+0.4y=4

7. Which of the following is #ot equivalent to
Ix—6y=18?

2

a) 3x—2y=6 b)y=§x—3

0 2y—3x—6=0 d) x—§y=2



Evaluating the Sine and Cosine of an Angle Simplifying Expressions

8. Evaluate. Leave in exact form. 12. Expand and simplify.
a) sin30° b) cos60° ¢ cos30° a) (a1 +b)?
d) sin45° e) cos45° f) cos90° b) (ay +b1)(a1 — by)
g) cos0° h) sin 180° i) cos120° Q (a2 +a?)(b} +b3)
j) sin300° k) sin90° 1) cos180° d) (a1b1 + axby + asbs)?

9. Evaluate using a calculator. Round your 13. Suppose a pentagon has vertices (x1, y1),
answers to one decimal place. (x25 ¥2), (35 ¥3), (%4, v4), and (x5, ys). It can
a) sin20° b) cos48° J cos127° be shown that the area of the pentagon is
d) sin245° e) sinS50° f) cos35° A= % |(1y2 = %21+ X2Y3 — X35 + X34

Sides and Angles of Right Triangles X4y xays ~xsya+xsyr — xs)|

10. Find the indicated side length in each triangle. Find the area of each pentagon.

Round your answers to one decimal place, if a) ABCDE with A(0, 0), B(0, 2), C(2, 2),
necessary. D(3, 1), and E(3, —1)
a) b) y
T
Sem 13 cm 4

_ o _ 0 VWXYZ with V(4, —10), W(5, —7),
1. Express b in terms of the given information. It X(3,2), Y(0, 5), and Z(—2, 3)

is not necessary to simplify.

a) Y O b)

14. Refer to question 13. Are there similar
formulas for triangles and hexagons? If so,
state them and give an example for each. If
not, explain why not.

PROBLEM

Automobiles have many moving parts, and are moving
objects themselves. Vectors can be used to analyse their
design and motion. How can vectors help us to understand

CHAPTER

what happens to momentum in a car accident or what
mechanical work is done by the tow truck as it removes a

disabled vehicle?”
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7.1

Cartesian Vectors

The mathematicians René Descartes and Pierre de Fermat
linked algebra and geometry in the early 17th century to
create a new branch of mathematics called analytic geometry.
Their ideas transform geometric concepts such as vectors
into an algebraic form that makes operations with those
vectors much easier to perform. Without this new geometry,
also called Cartesian or coordinate geometry, it would not
have been possible for Newton and Leibniz to make such
rapid progress with the invention of calculus.

Suppose # is any vector in the plane y
with endpoints Q and R. We identify P(a, b)
Q—R) as a Cartesian vector because
its endpoints can be defined using R
Cartesian coordinates. If we translate #

. o .. i=|a,b]
so that its tail is at the origin, O, then

N\

its head will be at some point P(a, b).

Then, we define this special Cartesian 0 %
vector as the position vector [a, b].
We use square brackets to distinguish
between the point (a, b) and the
related position vector [a, b]. [a, b] is

also used to represent any vector with
the same magnitude and direction as OP.

The unit vectors i and j are the building blocks for
Cartesian vectors. Unit vectors have magnitude 1unit. 7 and
/ are special unit vectors that have their tails at the origin.
The head of vector i is on the x-axis at (1, 0) and the head
of vector j is on the y-axis at (0, 1). In the notation for

Cartesian vectors, i= [1, 0] and ; =10, 1].

If we resolve # into its horizontal and vertical vector components, we get two
vectors that add to #.

y
__________ P(a, b)
bA :
|
I
|
ii=la,b] i
|
0 “a x
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From the graph on the previous page, the magnitude of the horizontal vector
is a, and it is collinear to i. Similarly, the magnitude of the vertical vector is b,
and it is collinear to ;.

Thus,
i=ai+bj

Also, from the graph, ai = [a, 0] and bj = [0, b]. Since i =[1, 0] and
/=10, 1], we also have [a, 0] =a[1, 0] and [0, b] = b[0, 1]. This will be
important in later proofs.

Thus,

i =1[a, 0] + [0, b]

Since # = [a, b],

la, b]=[a, 0] + [0, b]

Thus, any vector [a, b] can be written as the sum of its vertical and horizontal

vector components, [a, 0] and [0, b].

Magnitude of a Vector

y
Any Cartesian vector ¥ = vy, v»] can be
translated so its head is at the origin, (0, 0)
and its tail is at the point (v1, ;). To find the 53 (v, 1)
magnitude of the vector, use the formula for the
distance between two points. 5
5] = (1= 0>~ (v~ O
— 2 2 0 v X
= 1/1 + 1/2 1

Adding Vectors

To add two Cartesian vectors # = [#1, u,] and ¥ = [vy, v2], use the unit vectors

n+v= [141, 142] + [Ula UZ]
=[uy, 0]+ [0, 2t ] + [v1, 0] +[0, v,]  Write 7 and ¥ as the sum of their horizontal
and vertical vector components.

= ulf + uzf + v1;+ z/z;' Write the vector components in terms offandf.
=(u;+1q )z?+ (r+ vy )f Collect like terms and factor.
= (uy + v1)[1, 0] + (113 + v,)[0, 1] Substitute [1, 0] and [0, 1] for / and;.
=[u+ vy, 0] +[0, uy + v5 ] Expand.
=[u1+ vy, up+ v, Write the sum as a single vector.

The steps in this proof depend on the properties of geometric vectors that
we proved in Chapter 6 involving addition, scalar multiplication, and the
distributive property for vectors.

7.1 Cartesian Vectors « MHR
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Multiplying a Vector by a Scalar

Let iz =[uy, uy] and k e R.

Then,

kit = Ry, u; |
= k([q, 0] + [ u]) Write & as the sum of its horizontal and vertical vector components.
= (ulz +uyj ) Write the vector components as multiples of the unit vectors i andf.
= kuyi + kuz Expand.
= kuy[1, 0] + kuy [0, 1] Substitute [1, 0] and [0, 1] for  and .
= [kuy, 0] + [0, ku, | Expand.
= [kuy, ku, | Write the sum as a single vector.

The product of a vector # = [uy, u,] and a scalar k € R is kit = [kuy, ku,].

Remember from Chapter 6 that any scalar multiple ki of a vector i is
collinear with .

Subtracting Cartesian Vectors

In Chapter 6, you learned that to subtract vectors, add the opposite. Thus, for
i =uy, up] and v = [vy, v,],
u—v=u+(—0)

= [u1, wa] + (=[v1, v2])

= [1, wa] + [—v1, —va]

= [+ (=v1), up + (—v3)]

=[u1— vy, uy — ]

Example 1 | Operations With Cartesian Vectors

Given the vectors =[5, —7] and b= [2, 3], determine each of the following.

a) an expression for 4 in terms of its horizontal and vertical vector
components

b) an expression for b in terms of ; and ;
Q 3a

d) a+b

e) 2i—4b

f) two unit vectors collinear with 4

o) |a—b|
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Solution
a) a=[5,0]+[0, =7]
b) b=2, 3]
=2i+3]
9 3a=3[s, —7]
[3(5), 3(=7)]
=15, —21]
d a+b=[5,-7]+2,3]
—[5+2,—7+3]
=17, —4]
e) 23— 4b=2[5, —7] - 4[2, 3]
=[10, —14] —[8, 12]
—[10—8, —14—12]
—[2, —26]
f) A vector collinear with 4 is ka, where k € R. Find a value for k so that ka
has magnitude one.

1=|[5k, —7k]|
1= (5k)?> + (~7k)2
1=74k?
1,
74
kthL
74
: . . 5 7
Thus, two unit vectors collinear with 4 are | -—, ——— | and
Focl
_i, —7_|. Check that the two vectors have magnitude one.
74 74
[&Z-
V747 74 74 J74
7 7
=1
Similarly, the magnitude of |:—i, / is one.
NZANG

9 |d—b|=15-2,-7 -3
=13, -10]]
=32+ (—10)?

_ Ji09

7.1 Cartesian Vectors
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Cartesian Vector Between Two Points

Let Py(x1, y1) and P,(x,, ¥2) be two points
on the coordinate plane.

Then,

PP, =P;0+OP,
=0P, - 0P,
= [Xz, )’2] - [xla yl]
=[x —x1, Y2 — ¥1]

To find the magnitude of P{P,, use the
formula for the distance between two points:

|ITP2)| = \/(xz— x1)*+ (2= y1)?

Pi(x, )

PZ(XZ’ yZ)

a) AB, for A(1, 3) and B(7, 2)
b) CD, for C(—10, 0) and D(0, 10)
o EE for E(4, —3) and F(1, —7)

Solution
a) AB =[x~ x1,y,~ 1]
=[7-1,2-3]
= [63 _1]
[AB] =62+ (1)

=37

b) CD=[x,— x1, Y2~ 1]
=0~ (~10),10 — 0]

=110, 10]

CD| = J10>+10*
=200

9 EF =[x,— %1, y,— y1]

=[1—4,-7—(-3)]
=[-3,-4]

|EF| = (=37+ (47
=425
=35
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To write a geometric vector ¥ in Cartesian form, y
you need to use trigonometry. A

In Chapter 6, we found that the magnitude of
the horizontal component is |#7|cos 6, and the |7sin@ -
magnitude of the vertical component is |7 |sin 6,
where 0 is the angle 7 makes with the horizontal, or
the positive x-axis. Thus, 7 =[|7|cos 6, | 7|sin 8].

/

(=]

|17|cos6' x

Example 3 | Force as a Cartesian Vector

Write a force of 200 N at 20° to the horizontal in Cartesian form.

Solution

E=[|F|cos 6, |F|sin 0]
=1200c0s20°, 200sin20°]
= [187.9, 68.4]

The force can be written in Cartesian form as approximately [187.9, 68.4].

Example 4 | Velocity and Bearings

A ship’s course is set to travel at 23 km/h, relative to the water, on a heading
of 040°. A current of 8 km/h is flowing from a bearing of 160°.

a) Write each vector as a Cartesian vector.

b) Determine the resultant velocity of the ship.

Solution

Headings and bearings are measured clockwise from north, which is
equivalent to clockwise from the positive y-axis. These have to be converted
to angles with respect to the positive x-axis.

a) The ship is travelling on a N
heading of 040°, which is
40° clockwise from the positive

$=[23c0s50°, 23sin 50°]

y-axis. This is equivalent to an 40°
angle of 50° from the positive S0
x-axis. Let S represent the 0

velocity of the ship.

The velocity of the ship can be
expressed as s =[23cos 50°, 23sin 50°].

7.1 Cartesian Vectors « MHR
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The current is flowing from a ¢=[8cos110° 8sin110°]
bearing of 160°, which is equivalent
to an angle of 110° with the
positive x-axis. Let ¢ represent the

velocity of the current. 110°
3
The velocity of the current can be O 160°
expressed as ¢ =[8cos110°, 8sin110°].
b) Let firepresent the resultant velocity.

R=3+¢

=1[23¢c0s50°, 23sin50°] + [8cos110°, 8sin110°]

=1[23¢c0s50°+ 8cos110°, 23sin50° + 8sin110°]

=[12.048, 25.137]
Find the magnitude of the resultant y
velocity R. | 12048 _
|R| = {/12.0482+25.137>

=27.875
The bearing is the angle, S, the vector 25137 R =[12.048,25.137]
makes with the positive y-axis. From
the graph,
B
B = tan! 12.048
25.137

=25.6° 0 X

The ship is travelling at a velocity of

approximately 27.9 km/h at a bearing
of 025.6°.

KEY CONCEPTS

¢ The unit vectors ; = [1, 0] and = [0, 1] have magnitude 1 unit and
tails at the origin and point in the directions of the positive x- and
y-axes, respectively.

¢ A Cartesian vector is a representation of a vector on the Cartesian
plane. Its endpoints are defined using Cartesian coordinates.

¢ If a Cartesian vector # is translated so that its tail is at the origin,
(0, 0), and its tip is at the point (1, #,), the translated vector is called
the position vector of #. The position vector, and any other vector
with the same magnitude and direction, is represented by the ordered
pair [uq, u,].

¢ The magnitude of # = [uy,u, ] is | #t| = \Jui2 + uy?> .

¢ Any Cartesian vector [uy, ;] can be written as the sum of its vertical
and horizontal vector components, [#1, 0] and [0, u,].
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For vectors u = [uy, uy] and v = [v4, v5] and scalar k e R,

o u+v=|u+uv,u+uv;

* u—U=[uy— vy, uy—v;]

o k= [/Ql/l, kl/z]

¢ The Cartesian vector between two points, Py(x1, y1) and P (x5, y,), is

PP, = [x5 —x1, ¥ — y1]. Its magnitude is |ﬁ| = \/(xz— x1)2+ (y2 — y1)2.

¢ A geometric vector ¥ can be written in Cartesian form as

v =[||cos B, |v|sin 8], where 8 is the angle 7 makes with the
positive x-axis.

Communicate Your Understanding

a

Q
a
“4

(&)

Given two points, A(5, 3) and B(—7, 2), describe how to find the
coordinates and the magnitude of the Cartesian vector AB.

What are the coordinates of the zero vector, 0?

How does a position vector differ from a Cartesian vector?

Which is easier: adding vectors in Cartesian form or adding vectors in
geometric form? Explain.

What is the difference between [2, 3] and (2, 3)?

T

3. Write the coordinates of each Cartesian vector.

1. Express each vector in terms of i and ;.

a) [2,1] b) [3, =53]

q9 [-3, —6] d) [5, 0]

e) [9, ~7] f) [0, —8]

9) [-6, 0] h) [-5.2, —6.1]

. Express each vector in the form [a, b].

a) i+ b) —4i

9 2 d) 3i +8;

&) —5i—2j f) 7i—4j

g9 —8.2/ h) —2.5i+3.3]

y
H 61 A
4
D
C 2 F
ail
-6 -4 -2 0 2 4

E

4. Determine the magnitude of each vector in

question 3.
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5.

9.

10.

1.

12.

368 MHR - Calculus and Vectors -

You are given the vector v =[5, —1].

a) State the vertical and horizontal vector
components of 7.

b) Find two unit vectors that are collinear
with 7.

¢) An equivalent vector PQ has its initial
point at P(—2, —7). Determine the
coordinates of Q.

d) An equivalent vector LM has its terminal
point at M(5, 8). Determine the coordinates
of L.

;3 Connect and Apply

13.

Write each force as a Cartesian vector.

a) 500 N applied at 30° to the horizontal

b) 1000 N applied at 72° to the vertical

¢ 125 N applied upward

d) 230 N applied to the east

e) 25 N applied downward

f) 650 N applied to the west

A ship’s course is set at a heading of 192°, with
a speed of 30 knots. A current is flowing from
a bearing of 112°, at 14 knots. Use Cartesian

vectors to determine the resultant velocity of
the ship.

Let G=[4, 7] and b=[2, —9].
a) Plot the two vectors.
b) Which is greater, |d + b| or |a| + | b]?

¢) Will this be true for all pairs of vectors?
Justify your answer with examples.

Leta=[-1, 6] and
b=17,2].

a) Plot the two vectors.

Reasoning and Proving

Representing Selecting Tools
Problem Solving

Connecting Reflecting

Communicating

b) Which is greater,
|a+b|or|a—b|?

¢ Will this be true for all pairs of vectors?
Justify your answer with examples.

Chapter 7

8.

14.

15.

16.

Given the points P(—6, 1), Q(—2, —1), and
R(—3, 4), find

a) @

b) |RD|

o the perimeter of APQR

If i =[4, —1] and #=[2, 7], find
a) 8u b) —8u

d v—u e) Su—3v

J utv

f) —4u+7v
Which vector is not collinear with =6, —4]?
A b=([3, -2] =[-6, —4]

d (-9, 6]

B ¢
¢ d=[-6,4] D ¢

Let u = [uy, uy], ¥ = [v1, 2], and
w = [wy, ws], and let k € R. Prove each
property using Cartesian vectors.

| CONNECTIONS

In Chapter 6, these properties of vectors were proved geometrically.

A person pulls a sleigh, exerting a force of
180 N along a rope that makes an angle of
30° to the horizontal. Write this force in
component form as a Cartesian vector.

A person pushes a lawnmower with a force

of 250 N. The handle makes an angle of 35°
with the ground. Write this force in component
form as a Cartesian vector.

An airplane is flying Reasoningiand Proving
at 550 km/h on a
heading of 080°.
The wind is blowing
at 60 km/h from a
bearing of 120°. Determine the ground velocity
of the airplane. Compare your answer to that

of Section 6.4, question 2.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating



17.

18.

20.

Emily and Clare kick a soccer ball at the same
time. Emily kicks it with a force of 120 N

and Clare kicks it with a force of 200 N. The
angle between the forces is 60°. Calculate the
magnitude and direction of the resultant force.
Compare your answer to that of Section 6.4,
question 11.

Three basketball players are fighting over the
ball. Sam is pulling with a force of 608 N,
Jason is pulling with a force of 550 N, and
Nick is pulling with a force of 700 N. The
angle between Sam and Jason is 120°, and

the angle between Jason and Nick is 150°.
Determine the resultant force on the basketball.

19.

Chapter Problem In a collision, a car has
momentum 15 000 kg-m/s* and strikes another
car that has momentum 12 000 kg-m/s?. The
angle between their directions of travel is 15°.
Determine the total resultant momentum of

these cars after the collision. (Hint: Place one of
the momentum vectors along the x-axis.)

(«88 Extend and Challenge

Cartesian vectors are also used to represent
components in electric circuits. The tuner in a
radio selects the desired station by adjusting
the reactance of a circuit. Resistive reactance
is represented by a vector along the positive
x-axis, capacitive reactance is represented by a
vector along the positive y-axis, and inductive
reactance is represented by a vector along the
negative y-axis. You can determine the total
reactance by adding the three vectors.

Consider a radio circuit with a resistive
reactance of 4 Q (ohms), a capacitive reactance
of 2 Q, and an inductive reactance of 5 Q.

a) What is the magnitude of the total
reactance of the circuit?

b) What is the angle between the total
reactance and the positive x-axis?

21.

22

23.

24.

25.

A boat’s destination is 500 km away, at a
bearing of 048°. A 15-km/h current is flowing
from a bearing of 212°. What velocity
(magnitude and direction) should the captain
set in order to reach the destination in 12 h?

Solve for x.
a) u=[x,3x], |u|=9

b) u=[2x, x|, ¥ =[x, 2x],

Is it possible for the sum of two unit vectors to
be a unit vector? Justify your response.

Math Contest The circle

(x —7)>+ (y —4)>=25 and the parabola

y =3x%—42x + k have the same x-intercepts.
Determine the distance from the vertex of the
parabola to the centre of the circle.

Math Contest Prove (without using a
calculator) that sin 20° + sin 40° = sin 80°.
(Hint: One method starts with an equilateral
triangle.)
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7.2

Dot Product

The operations you have performed with vectors are
addition, subtraction, and scalar multiplication. These
are familiar from your previous work with numbers
and algebra. You will now explore a new operation,
the dot product, that is used only with vectors. One of
the applications of the dot product is to determine the
mechanical work (or, simply, the work) performed.
Mechanical work is the product of the magnitude

of the displacement travelled by an object and the
magnitude of the force applied in the direction of

motion. The units are newton-metres (N-m), also

known as joules (]).

CONNECTIONS

James Joule (1818—1892)
studied heat and its relationship

Example 1 | Find the Work Performed

Max is pulling his sled up a hill with a force of

to mechanical work. The unit of
energy, the joule, is named after
him. Go to www.mcgrawhill
ca/links/Calculus 12 and follow
the links to discover more about
James Joule.

CONNECTIONS

Energy and work use the same
units because energy is the
capacity for doing work. To do
50J of work, you must have
expended 50 J of energy.

120 N at an angle of 20° to the surface of the
hill. The hill is 100 m long. Find the work that
Max performs.

Solution A

There are two vectors to consider: the force, }? , on the sled and the
displacement, 3, along the hill. To find the work, we need the magnitude of
the component of the force along the surface of the hill. Label the endpoints
of vector ]? as A and B. Draw a perpendicular from B to the surface of the
hill at C. Then, the length of AC is equal to the magnitude of the force along
the surface of the hill.

From the triangle,

A—C =co0s20°

AB

AC= ABcos20°
=120co0s20°

From the definition of work,

work = [3|(AC)
=(100) (120 cos20°)
=11276

The work done by Max in pulling his sled up the hill is 11 276 J.

The new product for geometric vectors in Example 1 is called the dot product .
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The Dot Product

For two vectors d and l;, the dot product
is defined as d-b=|a||b|cos 6, where
0is the angle between 4 and b when

the vectors are arranged tail to tail,

and 0= 0 =180°. The dot product is

a scalar, not a vector, and the units
depend on the application.

If either 4 or b is the zero vector, then a-b=0.

Example 2 | Dot Products

Determine the dot product of each pair of vectors.

b)  |m|=60

|ii| =75

4]

A

5] =85

Solution

a) a-b=|d||b|cos O
=(20)(30) cos40°
=459.6

b) #71-7n1=|m||7|cos @
=(60)(75)cos90°
=0

Q u-v=|u||v|cosO
=(100)(85)cos 120°
=—4250
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NESIGEICEE How can you prove some properties of the dot product?

Tools Investigate the properties of the dot product using paper and pencil, geometry
(optional) software, or a tool of your choice.
» Computer with The Geometer$ 1. Investigate the dot product for different angles 0° =< 6 = 180° between

Sketchpad®

vectors d@ and b. What happens when 6 <90°? What happens when
6>90°?

What happens when the vectors g and b are perpendicular? Outline the
steps you would take to find the dot product.

Is Ehe Slot product commutative? That is, for any vectors 4 and l;, does
a-b=b-a hold? Outline the steps you would take to prove or disprove
this property.

What happens when you take the dot product of a vector with itself? That
is, for a vector d, what does d-a equal?

Is there an associative property for the dot product?

a) Can you find the dot product of three vectors? Explain.

b) Explore the associative property with two vectors  and b and a scalar
k e R. That is, does (ka)-b= k(a-b) hold?

o Explore whether k(a- l;) =q- (kl;) holds.

Explore the distributive property for dot product over addition. That i,

for vectors 4, b, and ¢, what does a- (b + ¢) equal?

Reflect Summarize your findings in steps 1 to 6.

Properties of the Dot Product

1. For non-zero vectors # and 7, # and v are perpendicular if and only
if #-0=0. That is, if # and ¥ are perpendicular, then #-v = 0, and if

>

iU =0, then # and ¥ are perpendicular.

2. For any vectors # and 0, %0 = v -u. This is the commutative
property for the dot product.

3. For any vector i, i -1 =i |*.

4, For any vectors # and v and scalar k e R, (ki) -0 = k(i1 -0) =0 - (kD).
This is the associative property for the dot product.

u-w and, because
+ww-i. This is the

=

of the commutative property, (U +1w) -4 =10-
distributive property for the dot product.

5. For any vectors #, v, and w, u- (U +w)=u-0 +
i
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Example 3 | Properties of the Dot Product

Use the properties of the dot product to expand and simplify each expression.

a) (ku)- (o2 +0) b) (7+3)-(7—3)

Solution

a) (ki) (2 +0)=(kir)-u+ (kit)-v Distributive property
=k(i-u)+k(i-v) Associative property
=k|ul+k(u-v)

b) (7+3)-(F—3)=(F+3)-7+ (7 +3)-(—3) Distributive property
=7 7r+s-7+7-(—5)+5-(—3) Distributive property
=7 +35-7—1(7-3) — 1(3-3) Associative property
=|7?+75—73—|3] Commutative property
=[P - 5P

The Dot Product for Cartesian Vectors

The dot product can also be defined for Cartesian vectors.

Let a=[ay, a>] and b= [b1, b,]. Then, from the geometric definition of the dot
product,
G-b=|a||b|cos @

From the triangle,

>
-

c=a—->b
=la1 — by, a, — bs]
By the cosine law,
|ER=|dP+|b2-2|d||b|cosO
21d||b|cos® = |a P+ |b|>—|E?

| P+ B2~ ¢

|@||b]|cos 6=
2
5= JaP+1blP—1e)?
2

_aitay+ b+ bi— (= b))+ (@ — b))

2
:%+/§+}9?+j/§—/f+ 2a1b1—}/15—;/21+ Zazbz—}/{
2

_ 2ﬂ1b1+ 2[12[72
2
= (11b1+ ﬂzbz

Thus, the dot product of two Cartesian vectors d = [a1, a,] and b= [b1, by] is
a-b= Lllbl + dzbz.
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Example 4 | Calculate Dot Products of Vectors

Calculate z

7
a) u=|[5, =3],v=1[4,7]
b) ﬁ:[_239]35:[_1>0]

Solution

a) u-v= u vy + urvy
=5(4)+(=3)(7)
-1

b) ;l'l-;:btll/l +M2U2
=-=2(—1)+9(0)
=2

Example 5 | Prove a Dot Product Property

a) Use an example to verify the property that G-a=|a|? for any vector a.

b) Prove the property algebraically.

Solution
a) Leta=12, 5].

LS.=d-d R.S.=|df
=12, 5]-[2, 5] =|[2, S]]
Cavas W
=29 _ \/5)2
=29
L.S.=R.S.

Thus, a-a=|al? fora=[2, 5].

b) Let a=[aq, as].

LS.=a-a R.S.=|af?
=lay, az][a1, a2 ] =|lay, a2 I
=al+a3 2
L = (w/alz-i-a%)
=al+a2
L.S.=R.S.

Thus, a-a=|al* for any vector a.
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KEY CONCEPTS

¢ The dot product is defined as
a-b=|a||b|cos 6, where 1is the angle
between d and b, 0 =6 =180°.

¢ For any vectors i, v, and @ and scalar
keR,

e i17#0 and v #0 are perpendicular if
and only if #7-0=0

>

® -y =v-i (commutative property)
o (kit)-v=k(un-0)=1u- (kD) (associative property)

> -

e u-(v+w)=u-v+u-wand (0+w)-u=0v-u=1w-u (distributive

property)
o =il
e i1-0=0

¢ Ifu=[uy, uy] and 0 = [v4, v1], then &t - ¥ = uvy + uyv,.

Communicate Your Understanding

(1 In the dot product definition, 0 = 6 = 180°. What happens if 6 >180°?
Explain.

Q Explain why the dot product of any vector with the zero vector, 0, is
equal to zero.

@ Does the equation # -7 = w make sense? Explain.

(4 What does the dot product measure?

I

1. Calculate the dot product for each pair of q A
vectors. Round answers to one decimal place.

a) |b|=115 .
i~ IF1=150

|a|=70

\
-

12| =200

d)

1g]=5000

|| = 4500
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2.

: 3 Connect and Apply

6. a) Calculate the dot product of the unit vectors 9.

376

Calculate the dot product for each pair of
vectors. 0 is the angle between the vectors
when they are placed tail to tail. Round
answers to one decimal place.

a) |it|=6,|7|=10, 6=30°

b) |3|=30,|7|=15, 6=120°

9 |f]=58,]g|=13.4, 0=180°
d) [§|=4.0,]7|=6.1, 6 =90°

e) |d| =850, |b| =400, 6 =58°

f) || =16, |p|=2|m|, 6=153°

Use the properties of the dot product to
expand and simplify each of the following,
where k, [ e R.

a) i~ (kii + )
b) (kii—)- (1)

i and j, first using geometric vectors and
then using Cartesian vectors.

b) Explain the results.

Letu= [3 _5] Reasoning and Proving
17 — [ 6 ] and Representing Selecting Tools
w= [4, 7] Evaluate Problem Solving

each of the following,  Connecting Reflecting
if possible. If it is not

possible, explain why not.

Communicating

a) u-(v+w) b) u-v+v-w

O (@+v)(n—0) d) u+v-w

e) —30-(2w) f) Su-(20 —w)

9) i -U-w h) (i +20)- (3w —u)
i) #-i ) v-v+w-w

a) Which of the following is a right-angled
triangle? Identify the right angle in that
triangle.

e AABC for A(3, 1), B(—2,
e ASTU for S(4, 6), T(—3,

Describe another method for solving the
problem in part a).

3), and C(5, 6)

b

~—
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7), and U(=35, —4)

10.

1.

12.

13.

14.

Calculate the dot product of each pair of
vectors.

a) i=[2,4],5=[3, —1]
b) 1 =[S, —7],7i=10, 7]
9 =09, -3],i=[3, 3]
d) p=[-6,2],4= [9 1]
e G=2i+3],b=9—7]
f) §=4?+7,t=—z‘—7

v

State whether each expression has any
meaning. If not, explain why not.

b) |5 o wi-@)

e) 2 f) (@-0)

a) i+ (0 -10)
d) |af?

a) Compare the vectors s =[7, —3] and =3, 7.
b) Make a hypothesis from your observation.

o Verify your hypothesis using algebra,
construction, or logical argument, as
appropriate.

Find a vector that is perpendicular to
i =[9, 2]. Verify that the vectors are
perpendicular.

Determine the value of k so that z=[2, 5] and
U = |k, 4] are perpendicular.

Determine the value of k so that iz =[k, 3] and
v = |k, 2k] are perpendicular.
Use an example to verify each property of the

dot product for vectors d and b.

a) If 2 and b are non-zero, 4-b=0if and only
if 4 is perpendicular to b.

b) G-b=b-a (the commutative property)

) If i is a unit vector parallel to 4, then
a-u=|al.
Prove each property in question 13 using

Cartesian vectors.



15. Find a counterexample to prove that it is not
true thatif 3-b=3-¢, then b =¢.

16. Points A, B, and C lie on the circumference of
a circle so that AB is a diameter. Use vector
methods to prove that ZACB is a right angle.

C

17. Use an example to verify each property of the
dot product for any vectors #, v, and w and
scalar k e R.

18. Prove each property of the dot product in
question 17 using Cartesian vectors.

v Achievement Check

19. Consider rhombus ABCD.
A D

B C

a) Find the resultants of AB+AD and
AB—AD.

b) What will the value of
(E + ﬁ) . (ﬁ - ﬁ) always be? Explain.

¢) Is the value of (E - ﬁ) . (H%) + ﬁ) the
same as your answer to part b)? Explain.

(«88 Extend and Challenge

20. Dot products can be used to calculate the
average power requirements of appliances that
run on alternating current, including many home
appliances. The power, P, in watts, required
to run an appliance is given by the formula
P =VlIcos 0, where V is the voltage, in volts; I is
the current, in amperes; and 6 is the phase angle
between the voltage and the current.

a) Write this formula as a dot product.

b) An electric motor is connected to a 120-V
AC power supply and draws a current of
5 A with a phase angle of 15°. What is the
average power rating of the motor?

21. Given the points O(0, 0) and P(5, 5), describe
the set of points Q such that

a) OP-0Q=0

b) @-o_(j=—%

9 0p-0G -3
2

22. Math Contest Because of rounding, some
after-tax totals are not possible. For example,
with a 13% tax, it is impossible to get a
total of $1.26 since $1.11 X 1.13=§1.25
and $1.12 X 1.13=$1.27. How many other
“impossible” totals less than $5.00 are there
after 13% tax? (Note: $5.00 itself is an
impossible total.)

23. Math Contest A transport truck 3 m wide
and 4 m tall is attempting to pass under a
parabolic bridge that is 6 m wide at the base
and 5 m high at the centre. Can the truck
make it under the bridge? If so, how much
clearance will the truck have? If not, how
much more clearance is needed?
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7.3

Applications of the Dot Product

The dot product has many applications in mathematics

and science. Finding the work done, determining the angle
between two vectors, and finding the projection of one vector
onto another are just three of these.

Example 1 | Find the Work Done

Angela has entered the wheelchair division of a marathon race. While
training, she races her wheelchair up a 300-m hill with a constant force of
500 N applied at an angle of 30° to the surface of the hill. Find the work
done by Angela, to the nearest 100 J.

Solution
Let )? represent the force vector and s represent the displacement vector. The
work done, W, is given by
W=Ff-3
=|fl|3]cos 6
=(500)(300) cos 30°
=129 904

The work done by Angela is approximately 129 900 N-m or 129 900 ]J.

Example 2 | Find the Angle Between Two Vectors

Determine the angle between the vectors in each pair.

a) =15, 1] and h=[-3, 8] b) 3=[-3, 6] and i =[4, 2]

Solution
a) From the definition of the dot product,

g-h=|3||h|cos®

0s0 = ‘f}i
&l 15|
cosf = 3+ 1) Use Cartesian vectors.
52+ 12 (=37 + 82
=7
0=cos ! |——
(o)
6 =99.246°

The angle between g =[5, 1] and b= [—3, 8] is approximately 99.2°.
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S

ny

b) cosf=——

|slz]

s T3+ 62)
J=3)24 62 42+ 22

cos@zL
V45420

cosf@=0

6=90°

The angle between 3 =[—3, 6] and # = [4, 2] is 90°. These vectors are
orthogonal.

To find the angle, 6, between two Cartesian vectors # and 7, use the formula
u-v
cos@ =

|| 7]

Vector Projections

You can think of a vector projection like a shadow. Consider the following
diagram, where the vertical arrows represent light from above.

Think of the projection of # on # as the shadow that 7 casts on .

If the angle between ¢ and i is less than 90°, then the projection of 7 on #, or
proj; U, is the vector component of 7 in the direction of .

U

>

u

If the angle between v and # is between 90° and 180°, the direction of proj; v
is opposite to the direction of .

>

v

=Y

If ¥ is perpendicular to i, then ¥ casts no “shadow.” A

>

So, if 6 =90°, proj; v =0.

i
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CONNECTIONS

Example 3 | Find the Projection of One Vector on Another

In question 13, you will show
that an equivalent formula for
the magnitude of the projection
L T
of V on 7 is | projg 7 |=—=~

Jul

a) Find the projection of ¥ on # if 0 <0 <90°.

b) Find proj; 7 if 90°< 6 <180°.

Solution

a) Construct segment CD perpendicular to AB,
with D on AB.

Then, AD = proj; . From the triangle,

|AP| = cosf

7]

|AD|=|#|cos @
|proj; v| = |v|cos@

This gives the magnitude of the projection, which is also called the scalar
component of 7 on #. The direction of proj; 7 is the same as the direction
of i1. If we multiply the magnitude of proj; 7 by a unit vector in the
direction of #, we will get the complete form of proj; 7. Let kit be the unit
vector in the direction of 7. Then,

kit | =1
k||| =1

k| =

Iftl

Since we want the unit vector to be in the same direction as #, k must be

positive. Thus, k =

||

So, a unit vector in the direction of # is ﬁﬁ Thus,
i
proj; v = |v|c050( H )

magnitude & ©
du‘ectlon
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b) If 90° < 0 <180°, then, from the diagram,
|proj; 7| = 7| cos(180° — 6)
=|| (—cosb)
=—|| cos@
The direction of proj; ¢ is opposite to the
direction of .

Thus, we want the negative value of k from
part a).

—_

k=_

AN

. . T N 1
So, a unit vector in the opposite direction to # is ——|

N

u

proj; v = —|v|cos@ (—%ﬁ)
\_W__J
magnitude |1/t
direction

=|v| cos@ 1 i
it

This is the same formula as in part a).

The projection of U on i, where 0 is the angle between v and 4, is

L 1 . .. (v-u)
pro]ﬁy=|y|c056 —t U |or proj; v == |u.
|u| u-u
o N C s UD
If 0 <6 <90°, |proj; 7| =7 |cos 6 or |proj; 7| = || -
u
If 90° < 8 <180°, then |proj; v| = —|7|cos 8 or |proj; v

u. Thus,

<y
<

a

Example 4 | Find the Projection of One Vector on Another

a) Determine the projection of # on .

i|=35

|
Lo \(s50°
[v]=1

b) Determine the projection of p on g.

Ip[=20

120°

CONNECTIONS

In question 14, you will show
that an equivalent formula
for the projection of ¥ on &/ is

A A TATR
projgv =\ =— |u-
u-u
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¢) Determine the projection of d= [2, —=3] on =11, 4].

d) Tllustrate the projections in parts a) to d) geometrically.

Solution
a) Since 6 <90°, the magnitude of the projection is given by

|proj; it | = || cos 6
= 5c0s50°
=3.21

The direction of proj;# is the same as the direction of 7.

b) Since 6>90°, the magnitude of the projection is given by

=—|p|cos@
=—-20cos120°
=10

|projz p

The direction of proj; p is opposite to the direction of .

9 proizd’=<il'i)5
c*C

:(W

20+ (=34
- (W )[1, 4

-10
=14
17[, ]

:[_2 _ﬂ}
17> 17

Note that the direction of proj; d is opposite to the direction of ¢.

(¥

Y
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Example 5 | Dot Product in Sales

A shoe store sold 350 pairs of Excalibur shoes and 275 pairs of Camelot shoes
in a year. Excalibur shoes sell for $175 and Camelot shoes sell for $250.

a) Write a Cartesian vector, s, to represent the numbers of pairs of shoes sold.
b) Write a Cartesian vector, p, to represent the prices of the shoes.

¢ Find the dot product 3-p. What does this dot product represent?

Solution
a) 3=[350, 275]
b) 5=[175,250]

>

0 §-H=[350,275]-[175, 250]
= [350(175) + 275(250)]
=130 000

The dot product represents the revenue, $130 000, from sales of the
shoes.

KEY CONCEPTS

© To find the angle, 6, between two Cartesian vectors i and 7, use the

© For two vectors i and ¢ with an angle of 0 between them, the
projection of 7 on # is the vector component of 7 in the direction of #:

e - 1 . .. (7@
proj; ¥ = |v| cos@|—1i | or proj; i =| —
|| u-u

|proj; v | =|v |cos@if 0°<6<90°

<y

N

formula cos@ =

=
=

® |proj; v|=—|7|cos 8if 90°< 8 <180°
i

© If 0< 68 <90°, then proj; v is in the same direction as .
If 90° < 6 <180°, then proj; ¥ is in the opposite direction as #.

If 6 =90°, then proj; # is the zero vector, 0.
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Communicate Your Understanding

(1 There are two ways to calculate the magnitude of a projection. Describe
when you would use each method.

@2 What happens to the projection of ¥ on # if ¥ is much longer than #%?

(3 What happens if the angle between # and 7 is close to, but less than,
180°? What if it is equal to 180°?

(4 Is it possible for the angle between two vectors to be more than 180°?
How does the formula support this conclusion?

(5 At the gym, Paul lifts an 80-kg barbell a distance of 1 m above the floor
and then lowers the barbell to the floor. How much mechanical work

has he done?

1 racie

>

1. Determine the work done by each force, F,
in newtons, for an object moving along the
vector, s, in metres.

a) F=[5,2],5=[7,4]
b) F=[100, 400],3=[12, 27]
0 F=[67.8,3.9],5=[4.7,3.2]
2. Determine the work done by the force, l:", in
the direction of the displacement, .

a) |E|=50N

192" [5]=12m

b) |F|=350N
§|=42m
4] [3|=45.2m
. 80°
|E|=241N
d) |E|=1000 N
20° -
|5|=7m

384 MHR - Calculus and Vectors - Chapter 7

3. Calculate the angle between the vectors in each

pair. [llustrate geometrically.
a) p=17, 8], =14, 3]

b) 7=[-2, —8],3=[6, —1]
O i=[-7,2],i=16,11]

d) 6=1[2,3],7=19, —6]

. Determine the projection of i on 7.

a) |i|=10
25°
7] =18

q)

1= 20

7]=12

. In each case, determine the projection of the first

vector on the second. Sketch each projection.
a) a=16, —1], b=[11, 5]

b) é=[2,7],d=[—4,3]

9 é=[-2,-5,f=[-51]

d) g=[10, —3], h=[4, —4]



10.

1.

12.

13.

14.

3 Connect and Apply

A factory worker pushes a package along a
broken conveyor belt from (—4, 0) to (4, 0) with
a 50-N force at a 30° angle to the conveyor belt.
How much mechanical work is done if the units
of the conveyor belt are in metres?

A force, ]? , of 25 N is acting in the direction of
a=|6,1].

a) Find a unit vector in the direction of a.

b) Find the Cartesian vector representing the
force, f, using your answer from part a).

o The force }? is exerted on an object
moving from point (4, 0) to point (15, 0),
with distance in metres. Determine the
mechanical work done.

Justin applies a force at 20° to the horizontal
to move a football tackling dummy 8 m
horizontally. He does 150 J of mechanical
work. What is the magnitude of the force?

. Determine the angles of AABC for A(5, 1),

B(4, —7), and C(—1, —8).

Consider the parallelogram with vertices at
(0, 0), (3, 0), (5, 3), and (2, 3). Find the angles
at which the diagonals of the parallelogram
intersect.

The points P(—2, 1), Q(—6, 4), and R(4, 3) are
three vertices of parallelogram PQRS.

a) Find the coordinates of S.

b) Find the measures of the interior angles of
the parallelogram, to the nearest degree.

¢) Find the measures of the angles between
the diagonals of the parallelogram, to the
nearest degree.

Determine the angle between vector PQ and
the positive x-axis, given endpoints P(4, 7) and

Q(8, 3).

Show that |proj; v | = |7 |cos 6 can be written as

.. Ui
|proj; 7| =

] ©

—_

Show that proj; v = |17]cos(9( il
i

)ﬁ.

[Z) can be

<
N

N\
N

written as proj; v = (

. A store sells digital music players and DVD

players. Suppose 42 digital music players are
sold at $115 each and 23 DVD players are
sold at $95 each. The vector a=[42, 23] can
be called the sales vector and b= [115, 95] the
price vector. Find @-b and interpret its meaning.

. A car enters a curve on a highway. If the

highway is banked 10° to the horizontal in the
curve, show that the vector [cos 10°, sin10°]

is parallel to the road surface. The x-axis is
horizontal but perpendicular to the road lanes,
and the y-axis is vertical. If the car has a mass
of 1000 kg, find the component of the force of
gravity along the road vector. The projection of
the force of gravity on the road vector provides
a force that helps the car turn. (Hint: The

force of gravity is equal to the mass times the
acceleration due to gravity.)

. Chapter Problem The town of Oceanside

lies at sea level and the town of Seaview is at
an altitude of 84 m, at the end of a straight,
smooth road that is 2.5 km long. Following
an automobile accident, a tow truck is pulling
a car up the road using a force, in newtons,

defined by the vector E= [30 000, 18 000].
a) Find the force drawing the car up the hill

and the force, perpendicular to the hill,
tending to lift it.

b) What is the work done by the tow truck in
pulling the car up the hill?

¢ What is the work done in raising the
altitude of the car?

d) Explain the differences in your answers to
parts b) and ¢).

. How much work is done against gravity by a

worker who carries a 25-kg carton up a
6-m-long set of stairs, inclined at 30°?

| CONNECTIONS
T A mass of 1kg has a weight of about 9.8 N on Earth's surface.
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19. A superhero pulls herself 15 m up the side of a

20.

24.

25.

386 MHR - Calculus and Vectors -

wall with a force of 234 N, at an angle of 12°
to the vertical. What is the work done?

A crate is dragged 3 m along a smooth level
floor by a 30-N force, applied at 25° to the
floor. Then, it is pulled 4 m up a ramp inclined
at 20° to the horizontal, using the same force.
Then, the crate is dragged a further 5 m along
a level platform using the same force again.
Determine the total work done in moving the
crate.

21.

22,

23.

A square is defined by the unit vectors i and ;.
Find the projections of 7 and j on each of the
diagonals of the square.

Reasoning-and-Proving

The ramp to the
loading dock at a
car parts plant is
inclined at 20° to the
horizontal. A pallet
of parts is moved 5 m up the ramp by a force
of 5000 N, at an angle of 15° to the surface of
the ramp.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

a) What information do you need to calculate
the work done in moving the pallet along
the ramp?

b) Calculate the work done.

Draw a diagram to illustrate the meaning of
each projection.

a) projprojﬁ i i

b) pI‘Oj,; (projprojﬁ 17’)

) proj; (proj; #)

(e88 Extend and Challenge

In light reflection, the angle of incidence is
equal to the angle of reflection. Let # be the
unit vector in the direction of incidence. Let 7
be the unit vector in the direction of reflection.
Let @ be the unit vector perpendicular to the
face of the reflecting surface. Show that

v=u —2u- w7

u v

2 6

a) Given vectors d=[6, 5] and b= [1, 3], find
projj da.

b) Resolve d into perpendicular components,
one of which is in the direction of b.

Chapter 7

26.

27.

28.

29.

Consider your answer to question 25. Resolve
F=[25, 18] into perpendicular components,
one of which is in the direction of z=[2, 5].

Describe when each of the following is true,
and illustrate with an example.

a) proj; i = proj; v

b) |proj;it| =|proj;ii|

Math Contest The side lengths of a right
triangle are in the ratio 3:4:5. If the length of

one of the three altitudes is 60 cm, what is the
greatest possible area of this triangle?

1471

Math Contest If f(x)= TIOg” x + 338x

n b

where # and # are constants, determine f(u").



7.4

Vectors in Three-Space

Force, velocity, and other vector quantities often involve
a third dimension. How can you plot three-dimensional
points and vectors in two dimensions? In this section, you
will develop and use a Cartesian system to represent 3-D
points and vectors. You will also extend the operations
used on 2-D vectors to 3-D vectors.

| CONNECTIONS

"2-D"means“two-dimensional” or“two dimensions."“Two-space”is short for
“two-dimensional space."3-D"means “three-dimensional or “three dimensions.”
“Three-space”is short for “three-dimensional space.”

INZSIGEICI How can you develop a 3-D coordinate system?

Consider a rectangular room as a three-dimensional coordinate system,
where the points are defined by ordered triples (x, v, z). If your classroom is
rectangular, define the front left floor corner as the origin. Then, the x-axis is
horizontal to your left, the y-axis is horizontal at the front of the room, and
the z-axis is vertical. Use a 1-m scale for your coordinate system.

1. Describe the coordinates of all points on each axis.

2. Describe the location of the plane defined by the x-axis and the y-axis.
This is called the xy-plane . Describe the set of ordered triples that
represent points on this plane.

3. Describe the location of the xz-plane. Describe the set of ordered triples
that represent points on this plane.

4. Describe the location of the yz-plane. Describe the set of ordered triples
that represent points on this plane.

5. Describe all points above the floor. Describe all points below the floor.
Describe all points behind the front wall.

6. Where is the point (2, —1, 4)? What about the point (—4, —5, —2)?
7. a) Find the approximate coordinates of one of the feet of your desk.

b) Find the approximate coordinates of the top of your head when you
are sitting at your desk.

8. Reflect

a) How can 2-D points such as (2, 1) and (—3, —4) be represented in a
three-dimensional coordinate system?

b) Are there any points that do not have an ordered triple to represent
them?

¢) Are there any ordered triples that do not represent points?
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It can be a challenge to draw a 3-D graph on a
2-D piece of paper. By convention, we set the
x-, y-, and z-axes as shown. The negative axes
are shown with broken lines. This is called a
right-handed system . If you curl the fingers of
your right hand from the positive x-axis to the

positive y-axis, your thumb will point in the

[
[l

1

1

iti 1
positive h
1

1

direction of the positive z-axis.

To plot the point (2, —3, 7), start at the 2
origin. Move 2 units along the positive 2, 3,7 ’

x-axis, then 3 units parallel to the negative
y-axis, and then 7 units parallel to the
positive z-axis.

It is often a good idea to plot the 1= I
coordinates of a 3-D point by drawing ’
line segments illustrating their coordinate

positions.
A 2-D Cartesian graph has four quadrants. A 3-D graph has eight octants.

The first octant has points with three positive coordinates. There is no
agreement on how the other seven octants should be named.

Example 1 | Describe the Octants in a 3-D Graph

Describe the octant in which each point is z
located.

a) (1,2, 3)
b (-3,2, 1)
9(=3,-2,-1) e
(1, -3)

Solution %

a) Since all the coordinates are positive,
(1, 2, 3) is in the octant at the front
right top of the 3-D grid.

b) Since only the x-coordinate is negative, (—3, 2, 1) is in the octant at the
back right top of the 3-D grid.

) Since all the coordinates are negative, (—3, —2, —1) is in the octant at the
back left bottom of the 3-D grid.

d) Since only the z-coordinate is negative, (1, 2, —3) is in the octant at the
front right bottom of the 3-D grid.
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Example 2 | Plot Points in 3-D

b) Describe the location of each point.

Solution

a) z

all three coordinates are positive.
Point B is on the negative z-axis.

Point C is on the xy-plane.

a) Plot the points A(2, 6, 1), B(0, 0, —6), C(2, 3, 0), and D(—1, =3, 4).

b) Point A is in the octant that is to the front right top of the origin, where

Point D is in the octant that is to the back left top of the origin, where the
x- and y-coordinates are negative and the z-coordinate is positive.
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3-D Cartesian Vectors

Let o represent a vector in space. If 7 is translated so that its tail is at the
origin, O, then its tip will be at some point P(xy, y1, z1). Then, 7 is the
position vector of the point P, and 7 =OP =[xy, yy, 21].

>

U= 0P = [xq, ¥1, 1]

------------ r‘\/;/l)(xl’ Yo zl)

_—

/,*“’yl y

X

[x1, Y1, z1] also represents any vector that has the same magnitude and
direction as OP.

Unit Vectors

As in two dimensions, we define the
unit vectors along the axes. The unit
vector along the x-axis is 1 = [1, 0, 0],
the unit vector along the y-axis is

;: [0, 1, 0], and the unit vector along
the z-axis is k= [0, O, 1]. From the
diagram, and the definition of unit
vectors, you can see that ;, 7, and k all

have magnitude, or length, one.

As with 2-D vectors, 3-D vectors can be written as the sum of multiples of 7, j,

and k.

Consider a vector @ = [a, b, c]. Since the position vector OP of i, where the
coordinates of P are (a, b, ¢), has the same magnitude and direction as #, we
can use OP to determine the characteristics of 7.

P(a, b, c)

A

i=la,b,c]

S<f-mmmbmmmman
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Vectors in 3-D are added in the same way as vectors in 2-D, by placing the tail

of the second vector at the tip of the first vector. From the diagram,
ii = OP

=0Q +QR +RS

—ai +bj +ck

= [a,0,0]+[0, b, 0] +[0, 0, c]
From the previous page, % = [a, b, c]. Thus,

[a, b, c] =a, 0, 0] + [0, b, 0] + [0, 0, c] = ai + bj + ck.

Magnitude of a Cartesian Vector

Consider the vector i = OP = la, b, c].

To find ||, use the Pythagorean theorem in AOQR to find |OR [? first. Since
/0OQR is a right angle,
[OR=]0QP* +|QR
=a>+b?

Then, use the Pythagorean theorem in AORP to find |OP 2. Since ZORP is a
right angle,
@ =|OP |2

- IO+ RO

=(a®+b*)+¢?

=a?+b>+c?

lii| = \Ja*+ b>+ 2
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Example 3 | Working With 3-D Vectors

For each vector below,
i) sketch the position vector
ii) write the vector in the form ai + bj + ck
iii) find the magnitude
a) ii=[3, —1,2]
b) v=[-2,0,1]

Solution

a) i) z

A
3, -1,2] |
e |

i) [3, —1,2]=3i + (—1)j + 2k
=3i—j+2k
i) |4 = (3, -1, 2]

ST

i) [—2, 0, 1] = —2i +0j + 1k
=-2i+k
iii) |7 =1[-2, 0, 1]
= (=2)2+ (0> +12

-3
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3-D vectors can be combined to determine resultants in a similar way to 2-D
vectors. For example, air traffic controllers need to consider ground speed,
takeoff angle, and crosswinds while planning a takeoff.

Vectors in three-space have an additional component, z, but the properties of
scalar multiplication, vector addition and subtraction, and dot product that
were developed for two-space are valid in three-space.

| CONNECTIONS

Scalar Multiplication in 3-D You will prove this result in
question 20.

For any vector & = [uy, uy, u3] and any scalar k € R, kit = [kuy, kuy, kus].

As with 2-D vectors, kii is collinear with #. This means that if you translate ki
so that # and ki are tail to tail, the two vectors lie on the same straight line.

Example 4 | Find Collinear Vectors

a) Find a such that [1, 2, 3] and [2, 4, 6] are collinear.
b) Find b and ¢ such that [-2, b, 7] and [c, 6, 21] are collinear.

Solution

a) For [1, 2, 3] and [2, 4, 6] to be collinear, [2, a, 6] must be a scalar multiple
of [1, 2, 3]. Looking at the components of the two vectors, it appears that
[2, a, 6] is two times [1, 2, 3]. So, a=2(2) or 4.

b) Let k represent the scalar. Then,
lc, 6,21]1=Fk[-2, b, 7]

[c, 6,21] =[—2k, bk, 7k]

c=-—2k @
6 =>bk @
21="7k ®

From equation ®, k= 3.
Thus, c=—6 and b =2.

Many of the tools we developed for 2-D vectors are easily modified for
3-D vectors.
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| CONNECTIONS

You will prove this result in
question 21.

| CONNECTIONS

You will prove this resultin
question 22.

Vector Addition in 3-D
For two vectors # = [uy, uy, u3] and v = [vy, v2, v3],

w40 =[ug + vy, uy + vy, uz +v3]

Vector Subtraction in 3-D
If i = [uq, 1, u3] and v = vy, v5, v3], then

= [uy — vy, uy — vy, u3 —v3]

<

n—

Vector Between Two Points

The vector P{P, from point Py(x1, y1, z1) to point Py(x;, 2, 22) is
PyP; =[xz — %1, y2 — ¥1, 22 — 21]-

Magnitude of a Vector Between Two Points

The magnitude of the vector PiP, between the points Py(x1, y1, z1) and
Py(x2, 2, 22) 1s

|PyPy| = \/(xz — %12+ (2= + (22— 1)

Example 5 | Interpret Cartesian Vectors

a) Given the points A(3, 6, —1) and B(—1, 0, 5), express AB as an ordered
triple. Then, write AB in terms of ;, 7, and k.

b) Determine the magnitude of AB.

¢) Determine a unit vector, #, in the direction of AB.

Solution

a) AB=[-1-3,0—6,5—(—1)]
=[-4,-6,6]_
— —4i—6] + 6k

b) |AB|= (47 + (6 + 62
= /88
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¢ From Example 3 on page 380, a unit vector in the direction of ABis
|$ | AB. Let ii represent the unit vector in this case.
i- L AB
|AB|
= %[—4, —6, 6] |AB| = /38 from partb).
-1 [—4, -6, 6]
2\/3 b bl
2 3 3
V227 227422

In Section 7.2, we defined the dot product of two vectors as -7 = ||| 7| cos 6,
where 6 is the angle between # and .

The Dot Product for 3-D Cartesian Vectors l CONNECTIONS
For two 3-D Cartesian vectors, # = [u1, #y, 3] and 0 = [vy, vy, v3], You will prove this relationship in
u-v= u v + upvy + usvs. question 28.

Example 6 | Operations With Cartesian Vectors in 3-D

Given the vectors 4= (2, 3, =5], v =18, —4, 3], and w =[—6, —2, 0],
simplify each vector expression.

a) —37 b) i+ 7+ O |i—7| d) i-v
Solution
a) —30=—3[8, —4, 3]

=[-24, 12, —9]

b) i+v+w=[2,3, -5]+][8, —4, 3] +[—6, —2, 0]
=[2+8+(—-6),3+(—4)+ (— ) -5+3+0]
_[4a_3a_2]

J |i—ov|=]2,3,-5]—-1[8, -4, 3]

=[[2-8,3—(—4),—5- 3]

=|[-6,7,-8]|

(—6)*+ 724 (—8)?

Il
Q
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Example 7 | Collinear Vectors and the Dot Product

Determine if the vectors a = [6, 2, 4] and b= [9, 3, 6] are collinear.

Solution

Find the angle between the vectors using the dot product definition.

— [69 2" 4] [9, 39 6]
6, 2, 41[[9, 3, 6]

_ 6(9) + 2(3) + 4(6)
J62+22+42 /92 + 32+ 62
CONNECTIONS _ 84
You could also check whether V7056
b is a scalar multiple of @ to =
determine if the two vectors are 6 =cos~!(1)
collinear. —0°

d and b are collinear.

Example 8 | Find an Orthogonal Vector

a) Prove that two non-zero vectors @ and b are orthogonal , or
perpendicular, if and only if G-6=0.

b) Find a vector that is orthogonal to [3, 4, 5].

Solution

a) First, prove that if @ and b are orthogonal, then d-b=0.
If G and b are orthogonal, then the angle between them is 90°. Thus,
a-b=|a||b|cos90°

=1a||b(0)
=0

Next, prove that if 7-b = 0, then G and b are orthogonal.
Letd-b=0. Then,

||| b|cos 6=0
Since 7 0 and 5#6, we can divide both sides by |(71||E|
cos@=0

0=90°

Thus, d and b are orthogonal.

Two non-zero vectors 4 and b are orthogonal if and only if 4-b=0.
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b) Let [x, y, 2] be a vector that is orthogonal to [3, 4, 5].

[xa Vs Z]'[3, 43 5]:0
3x+4y+5z2=0

An infinite number of vectors are orthogonal to [3, 4, 5]. Select any values
that satisfy the equation.

Letx=2and y=1.
3(2)+4(1)+ 5z=0

(2,1, =2]-[3,4, 5] =2(3) + 1(4) + (=2)(5)

-0 (Chapter 8.

The properties of operations with Cartesian vectors in three-space are the
same as those in two-space. You will use Cartesian vectors to prove some of
these properties in questions 31 to 33. Consider non-zero vectors, d, b, and ¢

and scalar k € R.

Addition and Scalar

Property Multiplication Dot Product
Commutative G+b=b+a G-b=b-a
Associative @G+b+e=a+b+9o k(@-b) = (ka)-b=a- (kb)
Distributive k(@ + b) = ka + kb a-(b+é)=a-b+a-c
Addition Identity a+0=a
Multiplication Identity | 1d=a a-u=1a-a=|alif disaunit vector in

the same direction as a

Example 9 | Determine a Resultant Force

A crane lifts a steel beam upward with a force of 5000 N. At the same time,
two workers push the beam with forces of 600 N toward the west and

650 N toward the north. Determine the magnitude of the resultant force
acting on the beam.

Solution

The three forces are perpendicular to each other. Define the vertical vector as
[0, 0, 5000]. The other two vectors are horizontal. Define the force to the west
as [—600, 0, 0] and the force to the north as [0, 650, 0].
R =10, 0, 5000] + [-600, 0, 0] + [0, 650, 0]
=[-600, 650, 5000]
|R| = {/(~600)2+ 6502+ 50002
=50776 N

The magnitude of the resultant force is about 5078 N.

74 Vectors in Three-Space « MHR

a given vector is significant in

10+52=0
Sz=-10
z=-2 | CONNECTIONS
[2, 1, —2] is orthogonal to [3, 4, 5]. The problem of finding lines and
Check: planes that are orthogonal to
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KEY CONCEPTS

¢ A 3-D Cartesian system represents points as ordered triples (x, y, z).
To plot the point P(xy, y1, 21), move x; units along the x-axis, y; units
parallel to the y-axis, and z; units parallel to the z-axis.

¢ Suppose a vector ¥ is translated so its tail is at the origin, O, and its tip
is at the point P(x1, y1, 21). Then, v = OP= [x1, y1, z1] is the position
vector of the point P. [x1, ¥, z1] also represents any vector that has the
same magnitude and direction as OP.

e i= [1, 0, O],7= [0, 1, 0], and k= [0, O, 1] are unit vectors.

¢ Any 3-D Cartesian vector 7 = [, b, ] can be written as the sum of
scalar multiples of the unit vectors 7, 7, and k. That is,
v=ai +bj +ck=a[l, 0, 0] + b[0, 1, 0] + [0, 0, 1].

¢ The magnitude of the vector % = [a, b, c] is |i| = \Ja*>+ b*+ c* .
¢ For vectors i = [uy, uy, u3] and o = [vy, va, v3] and scalar k e R,

L4 1Z+17=[u1+1/1,u2+1/2, u3+1/3]

o kit =[kuy, kuy, kus] and ki is collinear with #

<N

* U—vU=[uy— vy, uy— vy, u3— 3]

¢ The coordinates of the vector P{P, between two points, Py(x1, y1, 1)
and Py (x5, 2, 22), are [x2 — x1, Y2 — V1, 22 — 21]. The magnitude of PP,
is [PP| = (2= x1)>+ (12— y1)*+ (22— 21)* .

¢ The dot product of two vectors, # and 7, with angle 0 between them,

isu-v=|u||v|cos 0. If ti=[uy, uy, u3] and v = [vy, v,, v3], then
I;t)l_/) =u v + 125X%)} + usvs.

¢ The properties of operations with Cartesian vectors in two-space hold
in three-space.

Consider vectors 4, b, and ¢ and scalar k € R.

Addition and Scalar

Property Multiplication Dot Product
Commutative i+b=b+a a-b=b-a
Associative @+b+c=a+(b+0 | kb =(ka)-b=a-(kb)
Distributive k(@+ b) =ka + kb a-(b+d=a-b+a-t
Addition Identity a+0=a
Multiplication Identity | 1d=a G-u=a-a=|alifdisaunit

vector in the same direction as a
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Communicate Your Understanding

a

Q

G

“4
(&)

Describe the method you would use to plot the point (=3, 5, —7) on a

piece of paper.

Describe the coordinates of all position vectors in three-space that are

a) parallel to the xy-plane

b) not parallel to the yz-plane

Which operations with 3-D vectors have vector results and which ones

have scalar results? Explain.

Compare the vectors represented by [a, b, ¢] and [—a, —b, —¢].

If the cosine of the angle between two vectors is —1, what does this tell

you? Explain.

TN

1.

a) Plot the points P(2, 3,
and R(6, =2, 1).

_5)) Q(_43 1, 3)3

b) Describe the location of each point.

¢ Which point lies closest to S(1, 1, —1)?

d) Which point lies closest to the xy-plane?
e) Which point lies closest to the z-axis?

a) Describe the form of the coordinates of all

points that are equidistant from the x- and
y-axes.

b) Describe the form of the coordinates of all
points that are equidistant from the x-, y-
and z-axes.

Draw each position vector.

a) [_15 5a _2]
b) [3, 3, 3]
9 [0, =2, —4]

Find the exact magnitude of each position
vector in question 3.

. Express each vector as a sum of the vectors , j,

and k.

a) [3> _53 2] b) [_3) _63 9] C) [5’ 05 _7]

Express each vector in the form [a, b, c].
a) 3i+8j b) —Si—2k o 7i—4j+9%k

Are the vectors u=[6, —2, —5] and
v =[—12, 4, 10] collinear? Explain.

8.

10.

11.

12

13.

14.

Determine all unit vectors collinear with

[49 13 _7]

Find a and b such that # and 7 are collinear.
a) u=la, 3,6],v=[-8, 12, b]

b) ii=ai+2j,5=—23i— 6] —bk

Draw the vector AB joining each pair of
points. Then, write the vector in the form

[x, v, z].

a) A(2,1,3),B(5,7,1)
b) A(—1, —7,2),B(—3, =2, 5)
o A(0,0,6),B(0, —=5,0)

d) A3, —4,1),B(6, —1,5)

Determine the exact magnitude of each vector
in question 10.

The initial point of vector MN = [2,4, =7]is
M(-3, 0, 3). Determine the coordinates of the
terminal point, N.

The terminal point of vector DE= [—4, 2, 6]
is E(3, 3, 1). Determine the coordinates of the
initial point, D.

Write an ordered triple for each vector.

a) AB with A(0, —3, 2) and B(0, 4, —4)

b) CD with C(4, 5, 0) and D(-3, -3, 5)
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15. Given the vectors a =[—4, 1, 7], b=12, 0, —3],

18.

19.

20.

21.

22.

400 MHR - Calculus and Vectors -

>

and ¢=[1, —1, 5], simplify each vector
expression.

a) 7a b) G+b+¢
o b+c+a d ¢—b
e) 3d—2b+4¢ f) 5-¢
9) b-(a+7¢) h) b-c—a-é

>

) (G+b)-(G—b)

3 Connect and Apply

23.

Give a geometric interpretation to each set of
vectors.

a) [0, 2,0] [0, 5, 0] [0, =3, 0]

b) 1, -3,0] [2,1,0] [—3, —1,0]

q [0,2,2] [0, =4, —=2] [0, —1, —2]

Find two unit vectors parallel to each vector.
a) =15, —3,2]

b) PQ, given P(~7, 8, 3) and Q(5, —2, —2)
Q ii=S5i+6] — 3k

d) f=-3i-2j -9

Prove that kii = [kuy, ku,, kus] for any vector
i = [uy, uy, u3] and any scalar k € R.

Prove that 2+ 0 = [uy + vy, uy + v3, uz3 + v3)
for any two vectors # = [u, u,, u3] and

U = vy, 2, v3]. Use the method used to prove
this property for 2-D vectors in Section 7.1.

Prove that the vector PP, from point

Py(x1, y1, 21) to point P5(x5, 2, 22) can be
expressed as an ordered triple by subtracting
the coordinates of P; from the coordinates of
P,. That is, P1P; =[x — x1, 2 — y1, 22— 21]-
Use the method used to prove this property for
2-D vectors in Section 7.1.

Chapter 7

16.

17.

24,

25.

26.

Determine the angle between the vectors
§=16,1,2]and h=[-5, 3, 6].

Determine two vectors that are orthogonal to
each vector.

a) 6=[3, —1, 4] b) f=[—4, -9, 3]

Identify the type of triangle with vertices
A(2, 3, -5),B(—4, 8, 1), and C(6, —4, 0).

Prove that the magnitude of a vector can
equal zero if and only if the vector is the zero
vector, 0.

A triangle has vertices ReasoningiandProving

at the points A(S, 0, 0),
B(0, 5, 0), and C(0, 0, 5).

a) What type of triangle
is AABC? Explain.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

b) Identify the point in the interior of the
triangle that is closest to the origin.

Three mutually perpendicular forces of 25 N,
35 N, and 40 N act on a body.

a) Determine the magnitude of the resultant.

b) Determine the angle the resultant makes
with the 35-N force.




27.

28.

29.

30.

31.

32,

33.

34.

Let & =2i — 3] + Sk, b=6i + 3] —k, and
¢= —5i —j+ 7k. Simplify each vector
expression.

Prove that i+ U = uyvq + uyv, + uzv; for any
vectors i = [uy, uy, u3] and v = [vq, va, v3].

Determine the value(s) of k such that # and v
are orthogonal.

a) u=[4,1,3],0=[—1, 5, k]

b) i=[k, 3, 6], 0 =15, k, 8]

Qg #=[11, 3, 2k], v = [k, 4, k]

Prove that 7, /, and k are mutually orthogonal
using the dot product.

a) Use Cartesian vectors to prove that for any
vectors # and 7,
)ut+tv=0v+u
i) i-v=v-u

b) What properties do the proofs in part a)

depend on?

Use Cartesian vectors to prove that

(@a+b)+c=a+ (b+¢) for any vectors d, b, and .

Use Cartesian vectos to prove that for any
vectors d, b, and ¢ and scalar k € R,

a) k(a+b)=ka+kb
b) G-(b+&)=ad-b+a-¢
O k(a-b)=(kd)-b=a-(kb)

Resolve # =3, 4, 7] into rectangular

components, one of which is collinear with
v=1[1,2,3].

35. An airplane takes off at a ground velocity of
200 km/h toward the west, climbing at an angle
of 14°. A 20-km/h wind is blowing from the
north. Determine the resultant air and ground
velocities. Include a diagram in your solution.

Reasoning-and-Proving

36. The CN Tower is 553 m
tall. A person is south
of the tower, in a boat
on Lake Ontario at a
position that makes
an angle of elevation of 10° to the top of
the tower. A second person is sitting on a
park bench, on a bearing of 060° relative to
the tower, observing the top of the tower at
an angle of elevation of 9°. Determine the
displacement between the two people.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

37. A projectile is launched from the origin at
an angle of 8 above the positive y-axis. Its
position is affected by a crosswind and can be
determined using the vector equation
[x, y, 2] = [wt, vt cos 6, vt sin O — gt*], where v
is the initial speed, in metres per second; ¢ is
the time, in seconds; w is the wind speed, in
metres per second; and g is the acceleration
due to gravity, in metres per square second.

a) Determine the position at time # of a ball
thrown from Earth for each scenario.

i) initial speed of 30 m/s at an angle of
20° to the horizontal, with a crosswind
blowing at 2 m/s

i) initial speed of 18 m/s at an angle of
35° to the horizontal, with a crosswind
blowing at 6 m/s

b) Calculate the position after 1 s for each
scenario in part a).

o) Calculate the position after 3 s for each
scenario in part a).

d) Determine the position of the ball at its
maximum height for each scenario in part a).
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38.

40.

4.

42,

43.

44,

45.
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The electron beam
that forms the
picture in an old-
style cathode ray
tube television is
controlled by electric
and magnetic forces
in three dimensions.
Suppose that a forward force of 5.0 fN (femto-
newtons) is exerted to accelerate an electron
in a beam. The electronics engineer wants to
divert the beam 30° left and then 20° upward.

| CONNECTIONS

a) Determine the magnitude of the component
of the force to the left.

b) Determine the magnitude of the upward
component of the force.

¢ Determine the magnitude of the resultant
force acting on the electron.

\/ Achievement Check

I The prefix“femto” means 107",

Describe the coordinates of all points that are
10 units from both the x- and z-axes.

We can visualize the vector v =[x, y, z]. How
might you describe the vector ¥ = [w, x, y, z]?

| CONNECTIONS

Albert Einstein applied vectors in four dimensions in order to take
time into account when developing his special theory of relativity.

a) Find a vector that is orthogonal to both
G=1[2,3,1]and b=[4, 5, -2].

b) Is your answer to part a) unique? If so,
prove it. If not, how many possible answers
are there?

For each set of vectors, determine the three
angles that separate pairs of vectors.

a) i=[2,1,3],b=[-1,2,4],¢ =3, 4, 10]
b) d=[5, 1,2],é=[-3, 1,4],f=[6, —2, 3]
Prove, in three-space, that non-zero vectors

i and ¥ are orthogonal if and only if

i+ v|=|u—v]|.

a) Suppose that 4 and b are position vectors.
Prove that (7 —d) - (7 — b) = 0 is the equation
of a sphere, where 7 is the position vector of
any point on the sphere.

b) Where are 4 and b located relative to the
sphere?

Chapter 7

39. Three vertices of a parallelogram are

47.

D(2, 1, 3), E(—4, 2, 0), and F(6, —2, 4). Find
all possible locations of the fourth vertex.

(&5 Extend and Challenge

46.

Math Contest Molly glances up at the digital
clock on her DVD player and notices that the
player’s remote control is blocking the bottoms
of all the numbers (shown below). She also
notices (remarkably!) that the tops of the
numbers actually form the name of her cat,
INOO. What is the probability of this event?

I RO N

Hint: At 5:38 the clock looks like this:

Math Contest The function

y=x*—10x3+ 24x% + Sx — 19 has inflection
points at Q(1, 1) and R(4, 1). The line through
Q and R intersects the function again at points

P and S. Show that ?{_}; _RQ_ ﬁ (the

Qp 2
golden ratio).



7.5 The Cross Product and Its
Properties

The dot product is a combination of multiplication and addition of
vector components that provides a scalar result. In this section, we
will develop a different vector product, called the cross product, that
provides a vector result.

Geologists use cross products in vector calculus to analyse and
predict seismic activity. In computer graphics and animation,
programmers use the cross product to illustrate lighting relative to a

given plane.

Consider using a wrench to tighten a
typical bolt that is holding two pieces of
wood together.

Suppose the force, ]? , on the wrench turns
CONNECTIONS

Another word for moment is
torque, which is denoted by the
Greek letter 7 (tau).

it clockwise, as shown in the diagram.
The length of the handle of the wrench
is represented by the vector 7. The effect of turning the wrench is called the

moment, M, of the force about the centre of the bolt.

The magnitude, | M|, of the moment depends on the distance, | 7|, between the

bolt and the point at which the force is applied, and on the magnitude of the CONNECTIONS
force perPendicular to thj wrench. irom the diagram, the magnitude of the This bolt has a standard

force is |f|sin 6. Thus, | M| =|7|X (|f|sin 6). In this case, the direction of the right-handed thread. Some bolts
moment is into the wood, so the bolt is tightened. If the force was applied in have a left-handed thread, such
the opposite direction, the direction of the moment would be out of the wood a the.ones that hold the pedals
and the bolt would be loosened. onabicyce

A new type of vector product

Go to www.mcgrawhill.callinks/calculus12 and follow the links to 7.5. Tools

Download the file 7.5CrossProduct.gsp. Open the sketch. « computer with The Geometer’
You are given a parallelogram defined by vectors @ and b, as well as a vector ¢ Sketchpad®

orthogonal to both 4 and b.  7.5CrossProduct.gsp

L

ewa of Porslskogram = 5 1T
Magrwiude of Viector ¢ = 527 3
Plagriiucs of Victor & o 4 03
Felagraiuce of Vector b = 309

EEREE

&
Angs Datessen & ond b = 2047
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1. What happens if | 5| changes?
a) What happens to the magnitude of ¢?
b) What happens to the direction of ¢?

2. Move b closer to a. How does this affect the magnitude of ¢? How does it
affect the direction of é?

3. Slowly increase the angle between 4 and b. How does this affect the
direction of ¢? What angle size maximizes the length of ¢?

4, How can you make the direction of ¢ change to its opposite?

5. Reflect Imagine spinning the plane about the z-axis. What is the
relationship between ¢ and the parallelogram defined by g and b?

6. Reflect How is this simulation related to the wrench scenario?

CONNECTIONS

The right-hand rule is similar

to the right-hand coordinate
system. As the fingers on your
right hand curl from the x-axis to
the y-axis, your thumb points in
the direction of the z-axis.

In the Investigate, you analysed what is known as the
cross product of two vectors. In general, the cross
product of two vectors # and v is defined as

i X v = (|i||v|sin O)71, where 8 is the angle between # and
v and 7 is a unit vector perpendicular to both # and 7 such
that #, 7, and 7 form a right-handed system, as shown.

As the fingers on your right hand curl from # to 7, your
thumb points in the direction of # X ¢. This means that the
order of the vectors # and 7 is important in determining
which way the cross product vector points. Note that

% X ¥ is read as “vector u cross vector v,” not

“vector u times vector v.”

To determine the magnitude of # X 7,
consider the parallelogram formed by #
and o. The area of a parallelogram is given

<

by the formula Area = base X height. {Z
i
sin@ = —-
7]
h=|7|sin@

Area = base X height
=|uil|v|sin @

Thus, the area of the parallelogram formed by # and v is equal to the
magnitude of the cross product of # and 7.
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Example 1 | Find a Cross Product

If || = 30, || = 20, the angle between #
and 7 is 40°, and # and 7 are in the plane of
the page, find

a) uXuv b) v Xu

5] =20

) |ii| =30
Solution

a) Using the right-hand rule, the direction of # X # is outward from the page.
Let 71 be the unit vector perpendicular to both # and 7 with direction
outward from this page. Then,

i X v = (|i]||v]sinO)(n)
= [(30)(20)sin40°](7)
=38.67
b) Using the right-hand rule, the direction of 7 X # is into the page. Thus,
v X 4 = (|v]|i|sin ) (—#)
= [(20)(30) sin40°](—#)
= —38.67

From Example 1, # X 7 and ¢ X # are not equal vectors, but they are opposite
vectors. The cross product is not commutative.

UXU#U X, but u X =—(0X1)
The Cross Product in Cartesian Form

We want to develop a formula for 4 X b involving components.

Leta= [611, ay, 613] and 1; = [bl, bz, b3]

laxb|=1allblsing Magnitude of the cross product
) .2
laxb| =1al*|b] sin26 Square both sides.
)
=1al*|5| (1—cos20) 0529 + sin29 = 1
2 .2
=1al |6l ~1aP 15" cos? 6
2|7 P > - .
=|al* |6 —(@-bp 1[5 cos6 = (- )
= (a} + a3 +a3) (b} + b3 + b3) — (a1by + ayby + a3bs ) Express d, b, and @ - b using coordinates.

= aib? + atb? + atbs + a3b} + aibs + asbl + aib} + albs + a3b3
—atb} —a3bs —a3b? —2a\bjayby —2a1biazby —2a,bya3b;
= (a3b? —2a,bya3b3 + a3b3) + (a3b} — 2a1byasb; + a}b3) Rewrite, setting up perfect squares.
+atb3 —2a1biayby + a3b})
= (ayb3 — azby )* + (a3by — a1b3)* + (a1b, — ar by )*
= |[ﬂzb3 —asby, asby — a1bs, a1b, — ﬂzbl]|2
Thus, |axb| = [[a2b3 — a3by, asby — aibs, a1by — ayby ]| .
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Let ¢ represent the vector on the right side of the last equation.
¢ =laybs — asby, asb1 — aibs, a1by — ayb4]

We want to check if ¢ has the same direction as a X E, that is, if ¢ is
orthogonal to both a@ and b.
¢ is orthogonal to g if ¢-3=0.
¢-a =layby— azb,, asby — arbz, a1b, — arby]-[ay, az, a3]
= azbgdl - a3b2a1 + a3b1a2 - a1b3612 + dlb2d3 - 612b1£l3
= (dzbg,d] - a1b3a2) + (41[?243 - a3bzdl) + (43171612 - dzb]d3) Collect like terms.
=0
Thus, ¢ is orthogonal to 4.
¢ is orthogonal to bif ¢-b = 0.
¢+b=laybs— azb,, asby— a1bs, a1b,— ayby]- by, by, b3 ]
= a2b3b1 - d3b2bl + a3b1b2 - d1b3b2 + dlbzbg, - dzblbg
=0
Thus, ¢ is orthogonal to b.

X b.

QY

Since ¢ is orthogonal to both @ and b, and |¢|=|a X b|, then ¢ =
axXb=lab;— asby, asb1 — abs, a1by — arb1]

Here is a visual way to remember how to perform these operations:

~
=
)
=~
Y

Properties of the Cross Product of Cartesian
Example 2
Vectors

-

Consider the vectors a=[7,1, —2], b=14, 3, 6], and c=[—1, 2, 4].

a) Find ax b.

b) Confirm that X b is orthogonal to d=1(7, 1, —=2] and b= [4, 3, 6].
¢) Determine a X (l; +¢) and a ¥ b+ ¢ What do you notice?

d) Determine (a + l;) X ¢ and 3 X &+ b X & What do you notice?
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Solution

A N A A

4 3 6 4 3 6
=[1(6) — 3(~2)1i +[(~2)(4) — 6(7)]j +[7(3) — 4(1)]k
=[12,-50,17]

b) (G X b)-G = [12,-50,17]-[7,1, 2]
=12(7) + (=50)(1) + 17(~2)
=0

Thus, % b is orthogonal to 4.

(G X b)- b=[12,—50,17]-[4, 3, 6]
=12(4) + (=50)(3) +17(6)
=0
Thus, X b is orthogonal to b.
q 5><(E+E)=[7 1, —2] ([4,3,6]+[—1,2,4])

=[7,1,-2]X[3, 5, 10]
=[1(1 ) (=2)(5), =2(3) = 7(10), 7(5) — 1(3)]
— 20, — 76, 32]

From part a), a X b= [12, =50, 17].

5><1;+5><*=[12 =50,17]1+1[7,1, 2] X [-1, 2, 4]
=[12,-50,17] + [1(4) — (=2)(2), =2(=1) = 7(4), 7(2) — 1(-1)]
=[12,-50,17]+[8, —26, 15] | CONNECTIONS
=[20,-76, 32] You will prove this property in
5><(1;+Z)=ﬁ><[;+5><2 general in question 16.
d) (G+b6)XE=(7,1,-2]+[4,3,6])X[-1, 2, 4]
=[11, 4, 4] X[-1,2, 4]
=[4(4) — 4(2), 4(-1) — 11(4), 11(2) — 4(-1)]
=18, —48, 26]
From part b), ax¢=[8, —26, 15].
GXE+bXE=[8,-26,15]+[4, 3, 6] X [~1, 2, 4]
=[8, =26, 15] +[3(4) — 6(2), 6(—1) — 4(4), 4(2) — 3(—1)]
=[8, —26,15]+[0, —22, 11] | CONNECTIONS
=8, —48, 26] You will prove this property in

G+ 5) i aXEtExE general in question 16.
a c=aXxc Cc
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Example 3 | Prove a Property of the Cross Product

Prove that, for two non-zero vectors # and v,
#X v =0if and only if there is a scalar k£ € R such that i = k.

Solution
First, prove that if i X 7 = 0, then i = k.
Since # X v = 6,

[up03 — 3wy, uzvy — wv3, uv, — upv1 | =0, 0, 0]

uv3— uzv, =0 uzv; — uv3=20 uvy, — v =0
U V3= U3V Uuzv1 = 3 muvy) = Ut
Uy _uj Uz u _
v U3 vy U1 [ %)
Thus

Let the value of the fractions be k. Thus,

M_y m_, H_y
Uy () L&}
w=kvy w=kvy, wuz==rku;
(241, 1y, u3] = [kvy, kv, ko)
u=kv

Next, prove that if 7 = kv, then 4 X U 0.
Since % = ko,

iXv=kv X0

= ([kvy, kvy, kvs] X [vy, v2, v3])

= [kU2U3_ kUgUz, kU3U1 - kU1U3, kl/ll/z_ kUzUl]
=10,0,0]

=0

Thus, for two non-zero vectors # and 7,

# X v =0if and only if there is a scalar k € R such that 4 = kv.

In other words, two non-zero vectors are parallel (collinear) if and only if
their cross product is the zero vector, 0.
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| CONNECTIONS

Properties of the Cross Product Bl o3 st

For any vectors #, v, and wand any scalar k e R, four properties of the cross
o GXT=—(7Xd) product. You will prove the fifth

one in question 17.
o UX(W+tw) =uXv+iuXw
e utv)Xw=uXw+uvXw
e If ii and ¥ are non-zero, i X # = 0 if and only if there is a scalar
m e R such that %= md.

o k(i X0)=(kit) X0 =uX (ki)

Example 4 | Apply the Cross Product

a) Determine the area of the parallelogram defined by the vectors
u=1[4,52]landv=|3,2,7].

b) Determine the angle between vectors # and .

Solution
a) We know that the magnitude of the cross product represents the area of
the parallelogram formed by the two vectors.
A=li X |
=|[4, 5,21 X [3, 2, 7]
=[[5(7) = 2(2), 2(3) = 7(4), 4(2) — 3(5)]|

=[31,-22,—7]|

= 312+ (-22)2 + (-7)2
— J1494

= 36.7

_ 34166
JA#+52+22\ 32422472
_ 3166
V4562

6‘=sin1< 3166 )

V4562
0= 47.0°

The angle between # and ¥ is about 47°. Since sin (180° — ) = sin 6,
another possible solution is 180° —47.0° or 133.0°. A quick sketch
will verify that the angle is 47° in this case. Also note that both of the
corresponding position vectors lie in the first octant.
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KEY CONCEPTS

© The cross product is defined as @ X b= (|a|| b|sin )71, where 7 is the
unit vector orthogonal to both 4 and b, following the right-hand rule
for direction, and 0 is the angle between the vectors.

o Ifa = [ai, aa, d3] and [;: [bl, bz, [93], then
axXb=laybs—aszby, asb1 — a1bz, a1by — aybq].

© The magnitude of the cross product vector is | x b|=|a||b|sin 6,
which also calculates the area of the parallelogram defined by 4 and b.

© The angle, 0, between two vectors, d and b, is given by

9 = Sin_l <M>.
|||

© For any vectors i, U, and wand scalar k e R,

o UXU=—(0Xi)
o uX(W+w)=uXv+iuXw
o (UtI)Xw=uXw+vXw

e If ii and ¥ are non-zero, # X ¥ = 0 if and only if there is a scalar
m € R such that # = mp.

kit X D) = (kit) X =11 X (kD)

Communicate Your Understanding
(1 If =X b, what can be said about -3 and & b? Explain.

@2 Explain why we do not refer to the X symbol in the cross product as
“times.”

(3 How can the cross product be used to define the unit vector k? What
about 7 and ;?

T

1. Determine i X . 2. Determine @ X b and b X d for each pair of
b) vectors.

a) i=[3,-2,9],b=[1, 1, 6]
b) G=1[6, 3, 2], b=[-S5, 5, 9]

>

[
9 a=[-8,10,3],b=[2,0, 5]
[

>

d) a=[4.3,5.7, -0.2], b=[12.3, —4.9, 8.8]
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3.

(8 Connect and Apply

5.

10.

11.

For each pair of vectors, confirm that # X ¥/ is 4.

orthogonal to # and 7.

a) u=[5,—-3,7,v=[—1,6,2]
b [-2,1,5],7=]3,2,0]
g i=[4,—-6,2],v=16,8, —3]

ii:

How COuld you use a Reasoning-and-Proving 12

Representing Selecting Tools

wrench to explain why
axX b= —(bXa) for any

vectors d and b?

Problem Solving

Connecting Reflecting

Communicating 13.

a) Use an example to verify that
| X 0| =i PP~ (@-0)
Reasoning-and Proving

b) Prove the identity

in part a) for any Repjesenting

Selecting Tools

Determine the area of the parallelogram
defined by each pair of vectors.

a) p=16, 3,81, 4=13, 3, 5]

. A parallelogram has area 85 cm?. The side

lengths are 10 cm and 9 cm. What are the
measures of the interior angles?

Given u=3,2,9],v=[8, 0, 3], and
w=6, 2, 6], prove that the cross product
is not associative, i.e., that

(X V) Xw#u X (U X w).

v Achievement Check

vectors u and 17 Problem Solving

Connecting Reflecting

Communicating

Given a=|2, -6, 3],
b=[—-1,5,8],and
¢=[—4, 5, 6], evaluate each of the following.

b) (b+¢)Xa
d) 3% (53)
f) |bX (—a)l

Determine two vectors that are orthogonal to
both z=[4, 6, —1] and d=[—-2, 10, 11].

Determine a unit vector that is orthogonal to
both #i=3i—4j +kand v =2i + 3j — 4k.
a) Show that the quadrilateral with vertices at

P(0, 2, 5), Q(1, 6, 2), R(7, 4, 2), and
S(6, 0, 5) is a parallelogram.

b) Calculate its area.
o Is this parallelogram a rectangle? Explain.

Use the cross product Reasoningand.Proving

to determine the angle
between the vectors
£=14,5,2] and
h=1[-2, 6, 1]. Verify
using the dot product.

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

7.5 The Cross Product and Its Properties -

14.

15.

16.

17.

a) If 7z and # are non-collinear vectors, show
that #, i X U, and (4 X ¥) X @1 are mutually
orthogonal.

b) Verify this property using vectors collinear
with the unit vectors i, j, and k.

¢) Use this property to determine a set of three
mutually orthogonal vectors.

Use the cross product to describe when the
area of a parallelogram will be zero.

>

a) Leta=[-2,4,3],b=16,1,2],and
¢=15, —3, —2]. Use these vectors to verify
thatd X (b+¢)=a Xb+a Xé.

b) Prove the property in part a) for any vectors
a, b, and ¢.

¢) Use the vectors in part a) to verify that
(@+byxé=axé+bxe.

d) Prove the property in part c) for any vectors
a, b, and ¢.

a) Letui=[—1,4,1],0=[3, —2,4],and k=2.
Show that k(s X U) = (kit) X U =i X (kv).

b) Prove the property in part a) for any vectors
i and v and any scalar k € R.
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(&) Extend and Challenge

18. If3X b =ax¢, does it follow that b= ¢? Justify 22, The expression d X bx Zis called a triple
your answer. vector product. Consider the special vectors

19. a) Devise an easy test to determine whether 1,7, and k.
|axb|<|a-bl,|axb|>|a-bl,

. a a) Although it is not true in general, give two
or |axbl=|a-b|.

examples where a X (l; X¢)=(ax [;) X ¢.
b) Test your conjecture with [2, 1, —1] and

-1, -2.1]. b) Prove that & X (bX &) = (d-2)b— (a-b) ¢
¢) Test your conjecture with [2, 1, 1] and 23. Math Contest Determine the area of the
(3, 1, 2]. pentagon with vertices A(0, 5), B(2, 7),

d) For randomly chosen vectors, which of C(3, 6), D(6, 4), and E(1, 2).

. 11os
these cases is most likely? 24, Math Contest A wire screen made up of

20. Use your result from question 6 to prove each 20-mm squares and 1-mm-thick wire is shown.
of the following. What is the probability that a marble 10 mm
in diameter, thrown randomly at the screen,

will pass through one of the holes cleanly
b) 4 and ¥ are collinear if and only if (without touching any wire)?
|| =al|].

a) |u-v|=|ul|v]

21. Leta, l;, and ¢ be three vectors sharing a
common starting point. The tips of the vectors
form the vertices of a triangle. Prove that the
area of the triangle is given by the magnitude

of the vector %(5 Xbh+bXZ+EX a). This

vector is known as the vector area of the
triangle.

CAREER CONNECTION

Lily, in her job as a computer programmer, helps her team
to conceive, design, write, and test software programs

for flight simulation. These programs must duplicate
conditions on an airplane and are used for pilot training.
Her work includes solving physical problems that involve
motion in three dimensions. For every x, there is always

a y and a z. Lily finds that using vectors and matrices
simplifies the computer code tremendously, and using

them also greatly reduces the chance of programming errors.
Lily trained for her programming career by taking a 4-year honours
bachelor of computer science degree at the University of Waterloo.
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7.6

and Cross Product

You can produce the same amount of turning force
by applying a 6-N force 0.1 m from the pivot point
as applying a 0.1-N force 6 m from the pivot point.
This concept is used to design engines used in
automobiles and train locomotives.

Torque, represented by the Greek letter tau (7), is a
measure of the force acting on an object that causes
it to rotate. Torque is the cross product of the force
and the torque arm, where the torque arm is the
vector from the pivot point to the point where the
force acts.

In these equations, F is the force acting on the object, 7 represents the arm,
and @ is the angle between 7 and F. We use the right-hand rule to determine
the direction of the torque vector.

The unit of measure for torque is the newton-metre (N-m). When we express
the force in newtons and the displacement in metres, the units for the resulting
torque are newton-metres.

Example 1 | Find Torque

A wrench is used to tighten a bolt. A force of 60 N is applied in a clockwise
direction at 80° to the handle, 20 cm
from the centre of the bolt.

a) Calculate the magnitude of the torque.

b) In what direction does the torque
vector point?

Applications of the Dot Product

CONNECTIONS

Torque is the same as moment,
discussed in Section 7.5.

CONNECTIONS

Joules (J), which are used to
describe energy, are equivalent
to newton-metres. To avoid
confusion, the newton-metre

is the unit used for torque, a
vector, while the joule is used for
energy, a scalar.
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| CONNECTIONS

Solution

20cm=0.2 m

|Z|=|7||F|sin 6

=11.8

Go to www.megrawhill.ca/links/
calculus12 and follow the links

a) Convert the displacement to metres.

Translate F so that it is tail to tail with 7
The angle between F and 7 is 80°.

=(0.2)(60)sin 80°

for more information on torque.

The torque has a magnitude of about
11.8 N-m.

Example 2 | Projection

|F|=60N

80°

the same formula.

N SR AN
proj v ={—— |u
7]

_ ( [4, 23 7][65 39 8]

62+32+8
— 86.16,3,8)
109

s 86

u =l 69 398

|projz 7| ’109[ ]‘

_ 86

109

_ 86 [oirs
109

|l6, 3, 8]

86
=——4/109
109

=8.2
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)&i&
(6,3, 8116, 3, 8]
_ ( 4(6) + 2(3) + 7(8)

)&iﬂ

|7|=20 cm

b) By the right-hand rule, the torque vector points downward into the
material, which means that the bolt is being tightened.

Determine the projection, and its magnitude, of 7 =[4, 2, 7] on = [6, 3, 8].
Solution

Projections in three-space are similar to those in two-space, so you can use

sof \
;‘



Example 3 | Mechanical Work in Three-Space

A force with units in newtons and defined by E= [300, 700, 500] acts on an
object with displacement, in metres, defined by d=[3, 1, 12].

a) Determine the work done in the direction of travel.

b) Determine the work done against gravity, which is a force in the direction
of the negative z-axis.

Solution

a) Work is equal to the dot product of the force, F, and the displacement, s.
W=F-3
=|E||3|cos @
=[300, 700, 500]-[3, 1, 12]
=300(3) +700(1) + 500(12)
=7600
The work performed in the direction of travel is 7600 J.

b) Since the work is to be calculated against gravity, we must use only the
vertical components of F and s, which are [0, 0, 500] and [0, 0, 12],

respectively.

W=F3
=10, 0, 500]-[0, 0, 12]
=0(0) +0(0) +500(12)
=6000

The work performed against gravity is 6000 J.

The Triple Scalar Product

Certain situations require a combination of the dot and cross products.
The triple scalar product , G-bX ¢, is one such combination. Because the
dot product is a scalar, this combination is only meaningful if the cross
product is performed first.

Example 4 | Triple Scalar Product

Consider the vectors #=[4, 3, 1], v =2, 5, 6], and w =[10, —3, —14].

a) Evaluate the expression # X v+ 1.

b) Evaluate -2 X . Compare your answer to that in part a) and explain
why this happens.

o Explain the geometric significance of the result.

7.6 Applications of the Dot Product and Cross Product « MHR
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Solution

a) uXv-w=[4,3,1]1X[2,5,6]-[10, =3, —14]
=[3(6) — 1(5), 1(2) — 4(6), 4(5) — 3(2)] - [10, —3, —14]
=[13, —22, 14]-[10, —3, —14]
=13(10) —22(—3) +14(—14)
=0
b) w-uXxv=[10, =3, —14]-[4, 3, 1] X[2, 5, 6]
=[10, =3, —14]-[3(6) — 1(5), 1(2) — 4(6), 4(5) — 3(2)]
=[10, =3, —14]-[13, —22, 14]
=10(13) + (—3)(—22) + (—14)(14)
=0
The answers in parts a) and b) are equal. This is because the dot product
1s commutative.

o # X v is orthogonal to both # and . Since # X v+ =0, 1 must be
orthogonal to # X v and must lie in the same plane as % and v.

Example 5 | Volume of a Parallelepiped

CONNECTIONS It can be shown that the volume, V, of
A rectangular prism has a parallelepiped is given by the formula
six orthogonal faces, each a V=AXh, where A is the area of the base and
re(tangle_A parallelepiped isa b is the height. Prove that the volume of the
six-faced solid with every face a parallelepiped shown can be found using the
parallelogram. triple scalar product - X 7.

Solution

In Section 7.5, you learned that the area of a
parallelogram defined by vectors # and 7 is given
by |# X #|. The height is given by the component
of i that is perpendicular to the base. Let the
angle between @ and the height be a.

Then,

ol =cosa
h=|w|cosa
V=Abh
=|uXv||w|cosa
=|w||#Xv|cosa
By parallel lines, o is also the angle between iand the cross product % X 7,
which is also perpendicular to the base.
Thus, by definition of the dot product, the volume is the dot product of i
and uXv,or V=w-uXv.
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Volume of a Parallelepiped

In general, since the triple scalar product can sometimes result in a

negative number, the volume of the parallelepiped defined by the vectors

i, v, and wis given by V= |w-u X 7.

KEY CONCEPTS

Torque is a measure of the force acting on an object causing it to rotate.
o T=7XF

o |7|=|7||E|sin®

The direction of the torque vector follows the right-hand rule.

The formulas for projection and work are the same in 3-D and 2-D:
C o s 1 . . 7AW
* proj; v =|v|cos@ |Q|u or proj; U = i
i

o W=F3

N
N

The triple scalar product is defined as - b X Z.

The volume of the parallelepiped defined by i, 7, and i, as shown, is
V=|w-uXxuv|.

Communicate Your Understanding

a
Q

(&}

“4

(&)

Use a geometric interpretation to explain why d X b-b=0.

How can you check to see if your calculations in the cross product are
correct? Explain.

At what angle, relative to the displacement vector, is the torque greatest?
Why?

Does the expression d@ X b - ¢ X d need brackets to indicate the order of
operations? Explain.

Can you find the volume of a parallelepiped defined by #, 7, and @ using
the expression ¥+ X i or #-v X w? Explain.

7.6 Applications of the Dot Product and Cross Product « MHR

417



T

1. A force of 90 N is
applied to a wrench
in a counterclockwise
direction at 70° to the
handle, 15 cm from
the centre of the bolt.

3. A force, =3, 5, 12], in newtons, is applied
to lift a box, with displacement, 3, in metres as
given. Calculate the work against gravity and

compare it to the work in the direction of travel.
a) Calculate the

magnitude of the a) 5=10, 0, 8]
torque. b) s=12, 0, 10]
b) In what direction does the bolt move? 9 3=[2,1,6]
2. Determine the projection, and its magnitude, 4, Givena=[—-2, 3, 5], b= [4, 0, —1], and
of # on v. ¢=1[2, —2, 3], evaluate each expression.
a) i=3,1,4],i=[6,2,7] a) axb-¢ b) a-bx ¢
b) =[5, —4, 81,5 =(3,7, 6] 9 axéb d) b-axe
3 Connect and Apply
5. Find the volume of each parallelepiped, 9. Givenu#=12,2,3],v=|[1, 3, 4], and
defined by the vectors i, 7, and . w= 6,2, 1], evaluate each expression.
a) u=[1,4,3],0=12, 5, 6],and w=[1, 2, 7] a) i X[ — (i w)* b) |i X ii|+ii-ii
b) ii=[~2, 5, 1],5=[3, 4, 2], and =1, 3, 5] ) @X 00X d) i X i+ X i
9 u=[1,1,9],0=[0,0, 4], and w=[-2, 0, 5] 10. Consider two vectors d and b.
6. A triangle has vertices A(—2, 1, 3), B(7, 8, —4), a) In a single diagram, illustrate both |a X l;|
and C(S, 0, 2). Determine the area of AABC. and G- b.

b) Interpret |a X b|*+ |d-b|* and illustrate it on
your diagram.

¢ Show that |3 X b|> +|a- b2 =|a|?| bJ2.

7. A bicycle pedal is pushed
by a 75-N force, exerted
as shown in the diagram.
The shaft of the pedal

is 15 cm long. Find the 11. An axle has two wheels of radii 0.75 m and

magnitude of the torque ) 0.35 m attached to it. A 10-N force is applied
vector, in newton-metres, horizontally to the edge of the larger wheel and
about point A. A a 5-N weight hangs from the edge of the smaller

o wheel. What is the net torque acting on the axle?
8. A 65-kg boy is sitting on a seesaw 0.6 m from

the balance point. How far from the balance
point should a 40-kg girl sit so that the seesaw
remains balanced? 0.75 m

10N

0.35m

SN
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12.

13.

17.

18.

19.

When a wrench is Reasoning-and-Proving

rotated, the magnitude
of the torque is

10 N-m. An 80-N
force is applied 20 cm
from the fulcrum. At what angle to the wrench
is the force applied?

Representing Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

CONNECTIONS

The fulcrum of a lever, such as a wrench, is also known as the pivot
point.

fulcr

- <
=7
N

Chapter Problem The automotive industry
often uses torque in its sales promotions when
selling cars. As a result, engineers are regularly
trying to increase torque production in car
engines. Research the use of torque in car
magazine articles or on the Internet, including

¢ the importance of torque as compared to
horsepower

o the units of measurement that are used

e which variable(s) torque is plotted against
on graphs

Given that w = kii + mv, where k, m e R,
prove algebraically that % X 7-i0=0.

Prove that (X b) X ¢ is in the same plane as
d and b.

Let #, 0, and @ be mutually orthogonal
vectors. What can be said about i + 7, u + 1,
and v+w?

7.6 Applications of the Dot Product and Cross Product « MHR

14.

15.

Find the torque and horsepower ratings for
a current model of hybrid car. How does
this compare with an all-electric car? a
conventional gasoline-powered car?

Is the following statement true or false?
“If | X f|=0, then |é-f|=0.” Justify your
response.

A wrench is rotated with torque of magnitude
100 N-m. The force is applied 30 cm from
the fulcrum, at an angle of 40°. What is the
magnitude of the force, to one decimal place?

/ Achievement Check

16.

(e Extend and Challenge

20.

21.

Three edges of a right triangular prism are

defined by the vectors a=[1, 3, 2], b= 12, 2, 4],
and ¢=[12, 0, —6].

a) Draw a diagram of the prism, identifying
which edge of the prism is defined by each
vector.

b) Determine the volume of the prism.

o Explain how your method of solving this
problem would change if the prism were not
necessarily a right prism.

Math Contest The figure
shown is a regular decagon
with side length 1 cm.
Determine the exact value of x.

Math Contest Determine
the next three terms of the
sequence 333, 33, 23, 1213, ....

419
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Chapter 7

7.1 Cartesian Vectors

1. Consider the vector v =[—6, 3].
a) Write & in terms of 7 and ]
b) State two unit vectors that are collinear
with 7.
¢) An equivalent vector AB has initial

point A(2, 9). Determine the coordinates
of B.

2. Given u=[5, —2] and 7 =8, 5], evaluate each
of the following.

a) —Su

Q 4i+20

b) u+7v

d) 3i—70

3. An airplane is flying at an airspeed of
345 km/h on a heading of 040°. A wind is
blowing at 18 km/h from a bearing of 087°.

Determine the ground velocity of the airplane.
Include a diagram in your solution.

7.2 Dot Product

4. Calculate the dot product of each pair of vectors.

Round your answers to two decimal places.

a) A
|5]=15
|it] =20 0
b) A
|g]=300
110°
|p|=425

5. Calculate the dot product of each pair of
vectors.

a) ﬁ:[S’ 2]31-/):[_6’ 7]
b) ii=—31+2],0=31+7]
C) ﬁ: [33 2]3 17: [4a _6]

MHR « Calculus and Vectors - Chapter 7

REVIEW

6.

Which vectors in question 5 are orthogonal?
Explain.

7.3 Applications of the Dot Product

7.

10.

11.

Two vectors have magnitudes of 5.2 and 7.3.
The dot product of the vectors is 20. What is
the angle between the vectors? Round your
answer to the nearest degree.

. Calculate the angle between the vectors in each

pair. Illustrate geometrically.

-

a) a= [69 _5]3 b: [73 2]
b) p=[-9, —4], G=17, —3]

. Determine the projection of # on v.

a) |u|= 356, |v|=100, angle 8 between 7 and v
is 125°

b) = [79 1]) U= [9a _3]

Determine the work done by each force, E,in

newtons, for an object moving along the
vector d, in metres.

a) F=[16,12],d=][3, 9]
b) F=1[200, 2000], d =3, 45]

An electronics store sells 40-GB digital music
players for $229 and 80-GB players for $329.
Last month, the store sold 125 of the 40-GB
players and 70 of the 80-GB players.

a) Represent the total revenue from sales of
the players using the dot product.

b) Find the total revenue in part a).

7.4 Vectors in Three-Space

12.

13.

Determine the exact magnitude of each vector.
a) AB, joining A(2, 7, 8) to B(=S5, 9, —1)
b) PQ, joining P(0, 3, 6) to Q(4, —9, 7)

Given the vectors a=[3, —7, 8], b= [—6, 3, 4],
and ¢=12, 5, 7], evaluate each expression.

a) Sa—4b+3¢



14. If it =[6, 1, 8] is orthogonal to v = [k, —4, 5], 7.6 Applications of the Dot Product and Cross

determine the value(s) of k. Product
7.5 The Cross Product and Its Properties 18. A force of 200 N is R
applied to a wrench |f|=200N

15. Determine # X v for each pair of vectors. ‘ ]
in a clockwise

direction at 80° to
the handle, 10 cm
from the centre of
the bolt.

a) Calculate the

a)

Ji#}=200 magnitude of the torque.
b) u=[4,1, -3],0=1[3,7, 8] b) In what direction does the torque vector
16. Determine the area of the parallelogram point?
defined by the vectors 7 = [6, 8, 9] and

- 19. Determine the projection, and its magnitude,
v=13,~1,2]. ) of ii=[~2,5,3] on #=[4, -8, 9].
17. Use an example to verify that 4 X (b+¢) =

aX b+ax¢ for all vectors a, l;, and ¢.
PROBLEM WRAP-UP

Go to www.mcgrawhill.callinks/calculus12 and
follow the links to 7review. Download the file
EngineTorque.gsp, an applet that shows how a
car engine creates torque with the combustion
of air and gasoline pushing a piston down

and turning the crankshaft. This is called the
power stroke. Gases are released on the up, or

exhaust, stroke, but no torque is produced. m
E— m

anghs Dubwwan Fand 1o -1020°

CHAPTER

Edl

This is a highly simplified model of an internal
combustion engine. Engineers who design real
engines must take more factors into account,
such as the fuel being used, the way it burns in
the cylinder and the transfer of force along the
connecting rods.

[=l=Ne] -
i
i

Torque

Open the applet and click on the Start/Stop
Engine button.

a) As the crankshaft turns, at what point(s) |

would the torque be the greatest? Provide
mathematical evidence.

b) At what point(s) would the torque be the = .
least? Provide mathematical evidence. lorsg o somet e

¢) Compare the rotation of the crankshaft
to how you would use a wrench. Which
method would be more efficient? Support
your argument mathematically.
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Chapter 7 PRACTICE TEST

For questions 1 to 4, choose the best answer.
1. Ifii=[3, —4] and 7 =6, k], and i is
orthogonal to 7, then the value of k is
A -8
B 4.5
(]
D —4.5

2. Which property of vectors is incorrect?

3. Each diagram is a top view of a door on
hinges. Which configuration yields the greatest
torque around the hinges of the door?

A:%
Bj&
C
E
D]x/
1F
2
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10.

. Which is the correct description of the

coordinates of all vectors in three-space that
are parallel to the yz-plane?

A xisaconstant,ye R, zeR
B xeR,y=z

C xeR,yand z are constant
D x=0,yeR,zeR

. Which vector is not orthogonal to z=[—6, 8]?
A [8, —6]
B [8, 6]
C [4,-3]
D [—4, —3]
. Given A(1, 3, —7) and B(0, 2, —4), the exact

magnitude of ABis

A V147
B 3

¢ J11
D 3.3

. Consider the vectors = [8, 3] and v =2, 7].

a) Evaluate 7.
b) What is the angle between # and 2
¢) Determine proj;v.

d) Does proj;v = proj;#? Explain.

. Use the dot product to determine the total

revenue from sales of 100 video game players
at $399 and 240 DVD players at $129.

. Determine # X ¢ and #- ¥ for each pair of

vectors.

a) u=1[5,8,2,v=[-7,3, 6]
b) u=1[1,2, —5],v=[3, —4, 0]
o u=[-3,0,0],v=1[7,0,0]
d) u=[1,-9,7],v=1[9, 1, 0]
Which vectors in question 9 are
a) collinear?

b) orthogonal?



1.

12.

13.

14.

15.

16.

17.

18.

19.

a) Describe the coordinates of all points that
lie in the yz-plane. Include a sketch in your
answer.

b) Describe the coordinates of all points that
are 10 units from the x-axis.

a) Determine all unit vectors that are collinear
with z=2, 4, —9].

b) Determine two unit vectors that are
orthogonal to #=[2, 4, —9].

¢) Explain why there is an infinite number of

solutions to part b).

Calculate the area of the triangle shown.

17

14

Determine two unit vectors that are
perpendicular to both ¢=[-35, 6, 2] and

>

d=13, 3, —8].

Find the area of the parallelogram defined by
each pair of vectors.

a) a=[1, —4],b=13, 5]
b) = [_37 25 O]a U= [63 _4’ 2’]

Find the volume of the parallelepiped defined
by =1, 0, —4], v=[0, —3, 2], and
w=[2,-2,0].

Given A(S, 2), B(—3, 6), and C(1, —3),
determine if AABC is a right triangle. If it is,
identify the right angle.

A cart is pulled 5 m up a ramp under a
constant force of 40 N. The ramp is inclined
at an angle of 30°. How much work is done
pulling the cart up the ramp?

A jet takes off at a ground velocity of 450 km/h
toward the north, climbing at an angle of 12°.
A 15-km/h wind is blowing from the east.

Determine the resultant air and ground velocities.

Include a labelled diagram in your solution.

20.

21.

22,

23.

24.

25.

26.

27.

28.

A ramp is inclined at 12° to the horizontal.
A cart is pulled 8 m up the ramp by a force
of 120 N, at an angle of 10° to the surface
of the ramp. Determine the mechanical work
done against gravity. Would it be the same as
the work done pulling the cart up the ramp?
Explain.

A force of 70 N acts at an angle of 40° to the
horizontal and a force of 125 N acts at an
angle of 65° to the horizontal. Calculate the
magnitude and direction of the resultant and
the equilibrant. Include a diagram in your
solution.

Resolve the vector 7 =[7, 9] into rectangular
components, one of which is in the direction of
u=16,2].

A parallelogram has an area of 200 cm?. The
side lengths are 90 cm and 30 cm. What are
the measures of the angles?

A wrench is rotated with torque of magnitude
175 N-m. The force is applied 25 cm from
the pivot point, at an angle of 78°. What is the
magnitude of the force, to one decimal place?

Is the following statement true or false?
Explain your decision. “If # X ¥ = v X ii, then #
is orthogonal to 7.”
A box weighing 20 N, resting on a ramp, is
kept at equilibrium by a 4-N force at an angle
of 20° to the ramp, together with a frictional
force of 5 N, parallel to the surface of the ramp.
Determine the angle of elevation of the ramp.
a) Given ii=[4, —8,12], 5=[—11, 17, 12], and
w=[15, 10, 8], evaluate each expression.
i) axXv-w i) -0 Xw
b) Are your results in part a) equal? Explain.

Prove each property of vector addition using
2-D Cartesian vectors.

a) (a+ 1;) +cé=a+ (l; + ¢) (associative property)
b) k(d+ b) = ka+ kb, k e R (distributive
property)
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TASK
The Cube Puzzle

4

e

I

T

i _l :T
=S i.i-n'

Linking cubes can used to build many 3-D mathematical shapes.

a) Use 27 linking cubes to build the six puzzle pieces shown in the
photograph. Keeping the puzzle pieces intact, fit them together to form a
cube.

b) Assign a set of vectors to represent each puzzle piece.

¢ Use your vector representation to prove that the pieces form a 3 X 3 X 3
cube and that the faces are squares.

d) Design a set of eight puzzle pieces that form a 4 X 4 X 4 cube. Trade
puzzles with another student. Use vectors to prove that these pieces form a
cube.
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lines in two dimensions and extend those ideas into three
dimensions. You will investigate the nature of planes and
intersections of planes and lines, and you will develop tools and
methods to describe the intersections of planes and lines.

Lines and Planes

In this chapter, you will revisit your knowledge of intersecting

[ By the end of this chapter, you will

recognize that the solution points (x, y) in two-
space of a single linear equation in two variables
form a line and that the solution points (x, y) in
two-space of a system of two linear equations in
two variables determine the point of intersection of
two lines, if the lines are not coincident or parallel

determine, through investigation with and
without technology, that the solution points

(x, ¥, 2) in three-space of a single linear equation in
three variables form a plane and that the solution
points (x, y, z) in three-space of a system of two
linear equations in three variables form the line
of intersection of two planes, if the planes are not
coincident or parallel

determine, through investigation using a variety
of tools and strategies, different geometric
configurations of combinations of up to three
lines and/or planes in three-space; organize the
configurations based on whether they intersect
and, if so, how they intersect

recognize a scalar equation for a line in two-space

to be an equation of the form Ax+ By + C=0,
represent a line in two-space using a vector equation
and parametric equations, and make connections
between a scalar equation, a vector equation, and
parametric equations of a line in two-space

Chapter 8 I

recognize that a line in three-space cannot be
represented by a scalar equation, and represent
a line in three-space using the scalar equations
of two intersecting planes and using vector and
parametric equations

recognize a normal to a plane geometrically and
algebraically, and determine, through investigation,
some geometric properties of the plane

recognize a scalar equation for a plane in
three-space to be an equation of the form

Ax + By + Cz+ D = 0 whose solution points make
up the plane, determine the intersection of three
planes represented using scalar equations by
solving a system of three linear equations in three
unknowns algebraically, and make connections
between the algebraic solution and the geometric
configuration of three planes

determine, using properties of a plane, the scalar,
vector, or parametric form, given another form

determine the equation of a plane in its scalar,
vector, or parametric form, given another of these
forms

solve problems relating to lines and planes in
three-space that are represented in a variety of
ways and involving distances or intersections, and
interpret the result geometrically
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Prerequisite Skills

—'

Linear Relations

1. Make a table of values and graph each linear
function.
a) y=4x—38
b) y=—2x+3
0 3x—5y=1S§
d) Sx+6y=20

2. Find the x- and y-intercepts of each linear
function.
a) y=3x+7
b) y=5x—10
0 2x—9y=18
d) 4x+8y=9

3. Graph each line.
a) slope = —2; y-intercept =5
b) slope =0.5; x-intercept= 15
¢ slope= %, through (1, —3)

d) slope =_?8, through (-3, 6)
e) 2x—6=0
f) y+4=0

Solving Linear Systems

4. Determine the coordinates of the point of
intersection of each linear system.

a) y

6
N
4
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b) y

-2\ 0 2 4x

d] y

5. Solve each linear system.

a) y=3x+2 b) x+2y=11
y=—-x—2 x+3y=16

0 4x+3y=-20 d) 2x+4y=1S5
Sx—2y=21 4x —6y=—15

Writing Equations of Lines

6. Write the equation of each line.
a) parallel to y=3x + 5 with x-intercept 10
b) parallel to 4x + 5y =7 and through P(—2, 6)
o perpendicular to y = 5% + 6 with the

same x-intercept as Sx — 2y =20

d) perpendicular to 7x + 5y =20 with the same
y-intercept as 6x — Sy =135

e) parallel to the y-axis and through
B(—3,0)



Dot and Cross Products 9. Find a vector parallel to each given vector. Is

" 7 PR > our answer unique? Explain.
7. Use a-b to determine if g and b are Y q P

perpendicular a) a=|[1, 5]

a) a=|[3,1],b=[s, 7] b) a=[-3, 4]

b G=[~4,5], b=[-9,1] 9 a=|2, 1 7]

9 a=s, ] b=[-2,12] d a=[-1,-4,5]

d a=[1,9, —4], b=[3, -6, -2] 10. Find a vector perpendicular to each vector in

e =3, 4, 1] l;=[ 1, -1, 1] question 9. Is your answer unique? Explain.

f) a=[7,-3,2], b= (1,8, 10] 11. Find the measure of the angle between the
8. Find 3D, vectors in each pair.

a) =12, -7,31,b=[1,9, 6] @ a=[1, 3], b=(2, 5]

b) =18, ]13 [3 7, 1] b 3=[~4, 1], 6=17,2]

3 3=3.3, 5],;3 51 ] 9 a=[1,0,2],b=15, 3, 4]

: d) a=[-3,2, —8], b=1[1, -2, 6]

d) a=1[2,0,0], b= [070]

PROBLEM

Computer graphics have come a
long way since the first computer

game. One of the first computer

CHAPTER

games, called Spacewar!, was
available in the 1960s. It was based
on two simple-looking spaceships.
Players could move and rotate
the ships to try to eliminate their

opponent’s ship. The graphics
were simple, but the movement of the images was controlled by mathematical

equations.

Over 40 years later, computer games span the gap between fantasy role-playing
games and simulations. They use rich textures, 3-D graphics, and physics engines
that make them look very realistic. The movements of the images in these new
games are still controlled by mathematical equations. Suppose you work for a
gaming company, Aftermath Animations, that is producing a series of games that
involve motion. How will you use your mathematical expertise to design a new

action game?
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Equations of Lines in Two-Space
and Three-Space

Any non-vertical line in two-space can be defined using
its slope and y-intercept. The slope defines the direction
of a line and the y-intercept defines its exact position,
distinguishing it from other lines with the same slope. In
three-space, the slope of a line is not defined, so a line in
three-space must be defined in other ways.

NESIGEICIE How can you use vectors to define a line in two-space?

Tools Method 1: Use Paper and Pencil
+ grid paper "Ehe fgua_tii)g Sfothis line is M xtay—1020
x+2y =0. g
1. Copy the graph. .
a) Draw a vector that is parallel to the
line. Label the vector 772. How many /
possible vectors 771 exist that are 2
parallel to this line? Explain.
b) Draw a position vector starting at 32 10 2141618 |x

the origin with its tip on the line.
Label this vector 7, . How many possible position vectors 7, are there
for this line? Explain.
2. Reflect In the equation y = mx + b, the slope, 72, changes the orientation
of the line, and the y-intercept, b, changes the position of the line. How do
the roles of 772 and 7y compare to those of 7 and b?

3. Draw the vector @ =[—1, 2]. Compare the vector d with the equation of the
line and with the graph of the line.

4. On a new grid, graph the line 3x +4y —20=0. On the same grid, draw the

vector b= [3, 4]. Compare the vector b with the equation of the line and
the graph of the line.

5. Reflect Describe how your answers for steps 3 and 4 are similar. Give an
example of a different line and vector pair that have the same property as
those from steps 3 and 4.
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Method 2: Use The Geometer’s Sketchpad®

Go to www.mcgrawhill.callinks/calculus12 and follow the links to 8.1.
Download the file 8.1Vector2D.gsp. Open the sketch.

1. The vector 7 is parallel to the blue line. Move the vectors 72 and 7y by
dragging their tips. What happens to the blue line as you move vector #2?
vector 7y? Record your observations.

2. Reflect How does changing vector 7 affect the line? How does changing
vector 7 affect the line?

3. Link to page 2. Try to change vectors 772 and 7, so the blue line matches the

green line.

4. Reflect How many different 7z vectors exist that will still produce the

same line? How many different 7, vectors exist that will still produce the
same line?

5. Link to page 3. How does vector § compare with vector 72 Which vectors
will have the resultant 7?

6. Link to page 4. Compare the coefficients of the standard form equation
with the values in the perpendicular vector.

7. Reflect Given the equation of a line in standard form, how could you
determine a vector perpendicular to the line without graphing?

In two-space, a line can be defined

2

—x+2y—10=0
by an equation in standard form,

Ax + By + C=0 (also called the scalar
equation ), or in slope—intercept form,
y =mx + b. Vectors can also be used to

X
S

define a line in two-space. Consider the

Tools

- computer with The Geometer’s

Sketchpad®

« 8.1Vector2D.gsp

CONNECTIONS

2
line defined by —x + 2y —10 =0 from the ~
. . . m
Investigate. A direction vector parallel to 5 To I T4 ¢ 138
the line is 72=[2, 1]. A position vector that
has its tip on the line is 75 = [2, 6].
Another position vector, such as 7 = [6, 8], Y xi2y-10=0
can be drawn to form a closed triangle. The 3 B}
third side of the triangle is the vector $. The >
6

closed triangle can be represented by the
vector sum

X
=
~y

F=fo+3 >

SR

When mathematicians use the
subscript “0," it usually refers to
aninitial known value. The “0”
is read “naught,” a historical way
to say “zero.” So, a variable such

asry is read “r naught.”
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Since s is parallel to 77, it is a scalar multiple of 772. So, § = t/71. Substitute § = 7
into 7 =7y +5, to get

F=7o+ b, teR

This is the vector equation of a line in two-space. In a vector equation, the
variable ¢ is a parameter. By changing the value of #, the vector 7 can have its
tip at any specific point on the line.

Substitute 7 = [x, y], 7o = [x0, Yol, and #71= [m1, m,] to write an alternate form
of the vector equation.

Vector Equation of a Line in Two-Space

7 =7+ tm or [x, y] = [x0, yol + t[my, m,],

e teR,
e 7 =[x, y] is a position vector to any unknown point on the line,
® 7y =[x, Yol is a position vector to any known point on the line, and

® 11 = [my, m,] is a direction vector parallel to the line.

Example 1 | Vector Equation of a Line in Two-Space

a) Write a vector equation for the line through the points A(1, 4) and B(3, 1).

b) Determine three more position vectors to points on the line. Graph the
line.

¢) Draw a closed triangle that represents the vector equation using points
A and B.

d) Determine if the point (2, 3) is on the line.

Solution

a) Determine the vector from point A to point B to find the direction vector.

/i1 =0B —OA
=[3,1]—[1, 4]
= [2') _3]

Choose one of points A or B to be the position vector, 75 = [3, 1].
A vector equation is

[x, Y] =13, 1] +#(2, —3].
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b) Lett=1,2, and —2 y
[x, y] =3, 1]+ (1)[2, =3]
:[5) _2] A
[x, y]=1[3, 1]+ (2)[2, —3]
:[77 _5]
[x, y] =3, 1]+ (=2)[2, =3] B
=[-1,7] 20 6 | 8x
-2
—4
4] \i
A
4 7 tim
2
7 B
0 »2 6 X

d) If the point (2, 3) is on the line, then the position vector [2, 3] has its tip on
the line. So, there exists a single value of # that makes the equation true.

[x, y]=1[3, 1] +#2, —3] becomes
(2, 3]=13, 1] +#[2, —3]

Equate the x-coordinates. Equate the y-coordinates.
2=3+2t 3=1-3¢

1 2
= — t=—

2 3

Since the #-values are not equal, the point (2, 3) does not lie on the line.

The vector equation of a line can be separated into two parts, one for each
variable. These are called the parametric equations of the line, because the
result is governed by the parameter ¢, ¢ € R.

The vector equation 7 =7y + #772 can be written [x, y] =[x, yo] + t[m21, m1;].

The parametric equations of a line in two-space are

x=x0+tm1
Yy =Yyo + tmy, teR

8.1 Equations of Lines in Two-Space and Three-Space -
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| CONNECTIONS

Example 2 | Parametric Equations of a Line in Two-Space

The scalar equation of a line is
Ax+By+(=0.Thisis also
called the Cartesian equation
of aline.

Consider line /1.
x=3+2t
y=-5+4t

1-

a) Find the coordinates of two points on the line.
b) Write a vector equation of the line.
¢ Write the scalar equation of the line.

d) Determine if line /; is parallel to line /,.

jx= 1+ 3t
ly=8+12¢
Solution

a) Let =0. This gives the point P = (3, —3).
To find another point, choose any value of . Let t = 1.

x=3+2(1)=5
y=—5+4(1)=—1

The coordinates of two points on the line are (5, —1) and (3, —35).
b) From the parametric equations, we can choose 7y = [3, —5] and 772 = [2, 4].

A possible vector equation is

[x, y]=1[3, —5] +¢[2, 4] The parameter t is usually placed before the direction vector to
avoid ambiguity.
o For the scalar equation of the line, isolate # in both of the parametric
equations.
x=3+2t y=—5+4t
P 3 ;=Y +5
2 4
x—3_y+S$
2 4

4x—12=2y+10
The scalar equation is 2x —y—11=0.

d) The direction vectors of parallel lines are scalar multiples of one another.

For line ¢4, 7721 = |2, 4] For line /5, m, =3, 12]
If the lines are parallel, we need [2, 4] = k[3, 12].
2 =3k 4=12k
p=2 p=l
3 3

The required k-value does not exist, so lines /1 and /, are not parallel.
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Example 3 | Scalar Equation of a Line in Two-Space

a) Graph the line.

equation?

Solution

a) Find the intercepts A and B.
Let y=0. The x-intercept is —35.
Let x = 0. The y-intercept is —4.

# =0B —OA
=[0, —4]—[-5,0]
=15, —4]

To find a vector d = [x, y] that is
perpendicular to 77,

[5, —4]-[x,y]=0
Sx—4y=0

scalar equation.

Consider the line with scalar equation 4x + 5y +20=0.

b) Determine a position vector that is perpendicular to the line.

¢ How does the position vector from part b) compare to the scalar

d) Write a vector equation of the line.

b) Find a direction vector for the line.

4 x
(4,5)
4 x

) . . .
y= Zx Choose any value for x; x = 4is a convenient choice

d= [4, 5] is perpendicular to the line.

¢ The components of d correspond to the coefficients of x and y in the

d) To write a vector equation, we need a position vector and a direction
vector. A vector equation of the line is [x, y] =[—35, 0] +#[5, —4], t e R.

8.1 Equations of Lines in Two-Space and Three-Space -
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A normal vector to a line /is a
vector 7 that is perpendicular to
the line.

A
(5

If /: Ax + By + C=0, then
n=[A, B].

A line in two-space can be represented in many ways: a vector equation,
parametric equations, a scalar equation, or an equation in slope—intercept
form. The points (x, y) that are the solutions of these equations form a line in
two-space.

A line in three-space can also be defined by a vector equation or by parametric
equations. It cannot, however, be defined by a scalar equation. In three-space,
we will see that a scalar equation defines a plane . A plane is a
two-dimensional flat surface that extends infinitely far in all directions.

As in two-space, a direction vector and a position vector to a known point on
the line are needed to define a line in three-space.

The line passing through the point Py with position vector 7y = [x¢, Yo, 20l
and having direction vector 72= [m, m,, mj3] has vector equation

F=7yt+tmteR or

[, 3 2] = [x0, Yo, 20] + t[m1, 13, m3], £ € R

The parametric equations of a line in three-space are
x =x0+ tmy

Y=ot tmy
z=zgpttms, teR

Example 4 | Equations of Lines in Three-Space

A line passes through points A(2, —1, 5) and B(3, 6, —4).

a) Write a vector equation of the line.

b) Write parametric equations for the line.

¢) Determine if the point C(0, —15, 9) lies on the line.

434 MHR - Calculus and Vectors - Chapter 8



Solution

a) Find a direction vector.

7ir =0B — OA
= [3a 69 _4] - [29 _13 5]
= [13 7a _9]

A vector equation is
[x$ Y Z] = [25 _13 5] +t[19 73 _9]

b) The corresponding parametric equations are

x=2+t
y=—1+7t
z=5-9¢

¢ Substitute the coordinates of C(0, —15, 9) into the parametric equations
and solve for t.
0=2+t¢ —15==-1+7t 9=5-9¢
4

t=-2 t=-2 t=——
9

The #-values are not equal, so the point does not lie on the line. This can
be seen on the graph.

A line in two-space has an infinite number of normal vectors that are all
parallel to one another. A line in three-space also has an infinite number of
normal vectors, but they are not necessarily parallel to one another.

CONNECTIONS

Diagrams involving objects in
three-space are best viewed
with 3D graphing software. Go
to www.magrawhill ca/links/
calculus12 and follow the links
t0 8.1 for instructions on how to
access 3-D Grapher software.

| CONNECTIONS

Go to www.mcgrawhill.ca/links/
calculus12 and follow the links
t08.1t0 See an applet showing
normals to a 3D line.
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KEY CONCEPTS

¢ In two-space, a line can be defined by an equation in slope-intercept
form, a vector equation, parametric equations, or a scalar equation.

Equations of Lines in Two-Space

Slope-Intercept y=mx+b m is the slope of the line
b is the y-intercept

Vector F=ro+tmteR r =[x, yl is a position vector

or to any point on the line

Fo = [Xo, Yol is a position

= + .
Doy1=Dxo yol £tlmy, mal te R |0 i6rt6 2 known point on

Parametric X=X+ tmy the line
y=yottmyteR m=[m;, m,] is a direction
vector for the line
Scalar Ax+By+C=0 n=[A, B] is a normal vector
to the line

¢ In three-space, a line can be defined by a vector equation or by
parametric equations.

Equations of Lines in Three-Space

Vector F=Fro+tm,teR F =[x, y,z] is a position
or vector to any point on the
line

= + . . -,
3,21 = Xo, Yo Zo] + tlmy, ma msl, t € R 7o = [xo, Yo 0] is a position

Parametric = x=x,+tm, vector to a known point on
y=yo+tm, the line
z=zy+tm; teR m=[my, my, mslis a

direction vector for the line

¢ A normal vector to a line is perpendicular to that line.

¢ To define a line in two-space or three-space, two pieces of information
are needed: two points on the line, or a point and a direction vector.
For lines in two-space, a perpendicular vector and a point can also be
used to define a line.

Communicate Your Understanding

(1 Why are you asked to find a vector equation of a line and not #he vector
equation?

2 Given the equation of a line, how can you tell if the line is in two-space
or three-space?

@3 Given a normal to a line in two-space and a point on that line, explain
how to find the equation of the line.

(4 Given the equation [x, y] =[3, 5, —2] +¢[4, 7, 1], a student says, “That
equation says that one point on the line is (3, 5, —2).” Do you agree?

(5 All normals to a line are parallel to each other. Do you agree? Explain.
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. Write a vector equation for a line given each
direction vector 72 and point P.

a) m= |3, 1], Po(2, 7)

b) 7=[-2 ] Po(10, —4)
J 771:[10, 2], Po(9, =8, 1)
) m= [Os 63 1]3 PO( 79 13 5)

. Write a vector equation of the line through
each pair of points.

a) A(1, 7) B(4, 10)

b) A(=3,5), B(—=2, —8)

q A(6 2, 5) B(9, 2, 8)

d) A(1,1, -3), B(1, -1, =5)

. Draw a closed triangle that represents each
vector equation.

a) [x,y]=[1, =3]+12, 5]
[x, y]=[-S5, 2] + 1[4, —1]

9 [x,y]=1[2, S]+[4, —3]

[, yI =1~

) [x,y 2, 1] +1=5,2]

. Use Technology Go to www.mcgrawhill.
callinks/calculus12 and follow the links to 8.1.
Download the file 8.1 VectorEquation.gsp to
check your answers to question 3.

. Determine if each point P is on the line

[x, y] =[3, 1] +#[-2, 5].
a) P(—1, 11) b) P(9, —15)
9 P(—9,21) d) P(-2, 13.5)

. Write the parametric equations for each vector
equation.

a) [x, y]=[10, 6] +13, 1]
b) [x, y]=1[0, 5] +t[12, =7]
) [x,y,2]=[3,0, —1] +¢[6, —9, 1]
d) [x,y,z]=[11, 2, 0]+13, 0, 0]

. Write a vector equation for each line, given the
parametric equations.
a) x=3+5¢

y=9+7t

b) x=-5—6¢
y=11t

8.1 Equations of Lines in Two-Space and Three-Space -

10.

1.

12.

13.

Q x=1+4¢ d x=7
y=—6+¢ y=—t
z=2-2t z2=0

Given each set of parametric equations, write

the scalar equation.

a) x=1+2¢
y=1-3t

O x=5+7t
y=—-2—4t

b) x=—-2+1¢
y=4+5t

d) x=0.5+0.3¢t
y=1.5-0.2¢
Graph each line.
2) 3x+6y+36=0
b) [x, y]=[—1, 7] + £[2, —5]
 x=4+t¢
y=3t—2
d) 4x—15y=10
Write the scalar equation of each line given the
normal vector 7 and point P,,.
a) 71=1[3, 1], Py(2, 4)
b) 72 =[1, —1], Po(—5, 1)
c) n=1[0,1], P ( 3, =7)
=[1.5, —3.5], Py(0.5, —2.5)

Given each scalar equation, write a vector
equation and the parametric equations.

a) x+2y=6
b) 4x —y=12
0 Sx—2y=13

d) 8x+9y=—4S5

Given the points A(3, 4, —5) and B(9, -2, 7),
write a vector equation and the parametric
equations of the line through A and B.

Which points are on the line

[x, v, 2] =11, 3, =7]+¢2, -1, 3]?
a) Py(7,0,2)

b) Po(2, 1, —3)

9 P0(13, ~3,11)

d) Py(—4, 0.5, —14.5)
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14.

15.

16.

17.

18.
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: 3 Connect and Apply

In each case, determine if /{ and ¢, are parallel,
perpendicular, or neither. Explain.
a) l;:4x—6y=9
EZ: [xa J’] = [63 3] + t[?’, 2]
b) f]i x+ 9y =2

X =1
“ly=15+9%

Describe the line defined by each equation.
a) [x, y]=[-2,3]+¢1, 0]

x, v, 2] =10, 0, 1]

> ¥1= 11, 1] + 5[0, 5]

b) [
J [
d [x,y,2]=[—1,3,2]+5s[1,0, 1]

x
x
Determine the vector equation of each line.
a) parallel to the x-axis and through Py(3, —8)
b) perpendicular to 4x — 3y =17 and through
Po(—=2, 4)
) parallel to the z-axis and through Py(1, 5, 10)
d) parallel to [x, v, 2] =3, 3, 0] +¢[3, =5, —9]
with x-intercept —10
e) with the same x-intercept as
[xa Vs Z] = [33 O) O] + t[47 _43 1]

and the same z-intercept as
[xs Vs Z] = [6, 39 _1] + t[?), 6, _2]

Explain why it is not possible for a line in
three-space to be represented by a scalar
equation.

Use Technology Go to www.mcgrawhill.
callinks/calculus12 and follow the links to 8.1
for instructions on how to access 3-D Grapher
software.

Use the 3-D Grapher to determine if

a) the point (7, —21, 7) is on the line
ly: [x’ Vs Z] = [4> _3: 2] + t[l’ 8, _3]

b) the line [x, y, z] =[2, —19, 8] + s[4, -5,
and the line /; intersect

¢ the line [x, y, z] =[1, 0, 3] +s[4, —5,
and the line /; intersect

-9]
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19.

20.

21.

22,

Chapter Problem In computer animation,
the motion of objects is controlled by
mathematical equations. But more than

that, objects have to move in time. One

way to facilitate this movement is to use a
parameter, £, to represent time (in seconds,
hours, days, etc.). Games like Pong or
Breakout require only simple motion. In
more complex simulation games, positions in
three dimensions—as well as colour, sound,
reflections, and point of view—all have to be
controlled in real time.

a) Go to www.mcgrawhill.callinks/calculus12
and follow the links to 8.1. Download the
file 8.1 VectorEquation.gsp. Follow the
instructions in the file.

b) How did this file help describe how simple
animation works?

Line /; in three-space is Reasgningend.gigying

defined by the vector equation
[x, v, 2] =[4, —3, 2] +1[1, 8, —3].
Answer the following without
using technology.

Representing Selecting Tools

and Strategies

Problem Solving
Connecting

Communicating

Reflecting

a) Determine if the point (7, —21, 7) lies on
line él'

b) Determine if line /; intersects line /,, defined
by [xa Y, Z] = [23 _193 8] +5[4s _53 _9]
¢) Determine if line /; intersects line /3, defined

by [xa Vs Z] = [13 Os 3] +U[4s _53 _9]

Consider the lines
l1: [x, y] =[3, —=2] +¢[4, —5] and
EZ: [xa J’] = [13 1] +5[79 k]

a) For what value of k are the lines parallel?

b) For what value of k are the lines
perpendicular?

Are these vector equations different

representations of the same line? Explain.

a) flt ['xa b2 Z] = [11, _29 17] + t[3’ _13 4]

b) /y: [x,y,2]=[—13,6, —10] +s[—3, 1, —4]

C) (3: [xs Vs Z] = [_43 39 _3] + t[_6a 29 _8]



23. A line passes through the points A(3, —2) and 25.

B(=5,4).

a) Find the vector AB. How will this vector
relate to the line through A and B?

b) Write a vector equation and the parametric
equations of the line.

26.

¢) Determine a vector perpendicular to AB.

Use this vector to write the scalar equation
of the line AB.

d) Find three more points on the same line.

e) Determine if the points C(35, —26) and
D(—9, 8) are on the line.

24. a) Determine if each vector is perpendicular to

the line [x, y, 2] =[3, —1, 5] +#2, —3, —1].
)a=[1, -1, 5]

i) b=12, 2, 2]

iii) ¢=[—4, —7, 13]

b) Find three vectors that are perpendicular to
the line but not parallel to any of the vectors
from part a).

(&5 Extend and Challenge

Parametric curves have coordinates defined by 29.

parameters. Go to www.mcgrawhill.callinks/
calculus12 and follow the links to 8.1. Download
the file 8.1 ParametricCurves.gsp to trace graphs
for questions 27 to 30.

27. Graph x =2sin(t), y=2cos(t), t=0. 30.

a) Describe the graph.
b) What effect does the value 2 have on the
graph?

¢) How does the shape of the graph change 31
if the coefficients of the sine and cosine
functions change?

d) How does the graph change if cosine

changes to sine in the original y-equation?

28. Graph x =0.5zsin(¢), y= 0.5¢cos(¢), t=0.
Describe the graph.

8.1 Equations of Lines in Two-Space and Three-Space -

Determine the equations of the lines that
form the sides of the triangle with each set of
vertices.

a) A(7, 4), B(4, 3), C(6, —3)

b) D(1, -3, 2), E(1, —1, 8), F(5, =17, 0)

a) Determine if the line
[x) Vs Z] = [45 19 _2] + t[3a 1, _5]
has x-, y-, and/or z-intercepts.

b) Under what conditions will a line parallel to
[x,y, 2] =[4, 1, =2] +¢[3, 1, — 5] have only

i) an x-intercept?
ii) a y-intercept?
iii) a z-intercept?

¢) Under what conditions (if any) will a line
parallel to the one given have an x-, a y-,
and a z-intercept?

Graph x =t —sin(¢), y=1—cos(¢), t=0.

a) This graph is called a cycloid. Describe the
graph.

b) What is the significance of the distance
between successive x-intercepts?

Research and find the equation of each
parametric curve. Describe the shape of each
graph.

a) tricuspoid  b) lissajous ¢ epicycloid

. Compare the lines in each pair. Are the lines

parallel, perpendicular, or neither? Explain.

a) (1 [x, y, 2] =[3, —1, 8] + 1[4, —6, —15]
05 [x, y, 21 =[1, 1, 0] + s[—8, 12, 20]

b) 7: [x, y, 2] = [10, 2, =3] +#[5, 1, —5]
0 [x, y, 21 =1, 1, 0] +s[1, S, 2]
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33.

34.
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Consider the line defined by the equation
[x, y] =13, 4] + 2, 5].

a) Write the parametric equations for the line.

b) Isolate ¢ in each of the parametric equations.

¢) Equate the equations from part b). This
form of the equation is called the
symmetric equation .

d) Compare the symmetric equation from part
¢) with the original vector equation.

e) Use your answer to part d). Write the
symmetric equation for each vector
equation.

i) [x, y]=[1, 7] +¢[3, 8]
ii) [x9 3’] = [49 _2] + t[la 9]
iii) [x, y]=[—5, 2] +#[-3, —4]

For each symmetric equation, write the vector
and scalar equations.

g XZ6_y79
2 7

p XF3_y+9
4 =5

9 2=*_ 110

In three-space, the symmetric equations of a
“Xo_Y~Yo_X" %o
m my ms3 ’
where [x0, Yo, 20] 1s a point on the line and
[7721, m,, m3] is a direction vector for the line,
provided none of m4, m1,, or mj is 0.

line are given by X

a) Given each vector equation, write the
symmetric equations.

i) [x,y, 2] =1, 3, 9] + 1[5, 4, 2]
ii) [.X', Vs Z] = [_43 _13 7] + t[_za 87 1]
i) [x, y, 2] =[5, 1, =9] + [~ 1, —3, 11]

b) Given the symmetric equations, write the
corresponding vector equation.

px—4_y—12_z-15

8 5 2
i) x—6=2r1_2+3
7 -3
i —X-"Y-3_2
6 10 11
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35.

36.

37.

38.

39.

Determine the angle between the lines in each
pair.

a) flz [xa )’] = [43 1] + t[la 5]
by [x, y]=[-1, 3] +s[=2, 7]

b) flz [xs Vs Z] = [33 13 _1] + t[za _23 3]
62: [X, Vs z] = [59 _19 2] +5[13 _3: 5]

Write the parametric equations of the line
that goes through the point (6, —2, 1) and is
perpendicular to both

[x,y,z]=1[1,4, =2]+¢3, —1, 1] and
[x,y,2]=19, 5, —3] +s[1, =3, 7].

Write the equations of two lines that intersect
at the point A(3, 1, —1) and are perpendicular
to each other.

Math Contest A hexagon with an area of

36 cm? is made up of six tiles that are
equilateral triangles, as shown. One of the tiles
is removed and the remaining five are bent so
that the two free edges come together, forming
the object into a pentagonal pyramid (with no
bottom), as shown. Determine the height of
the pyramid.

K

Math Contest Two quadratic functions have
x-intercepts at —1 and 3, and y-intercepts

at —k and 4k, as shown. The quadrilateral
formed by joining the four intercepts has an
area of 30 units?. Determine the value of k.

R




Equations of Planes

In two-space, you have studied points, vectors, and lines. Lines

in two-space can be represented by vector or parametric equations
and also scalar equations of the form Ax + By + C =0, where the
vector 7= [A, B] is a normal to the line.

In three-space, you can study lines and planes. You can use concepts
from two-space to represent planes in a variety of ways, including
vector, parametric, and scalar equations.

NZESIGEICE The equation of a plane

For the line x =5 in two-space, the x-coordinate of every point on

the line is 5. It is a vertical line with x-intercept 5. Each point on

the line x = § is defined by an ordered pair of the form (3, y), where y can
have any value.

1. Consider these planes. l CONNECTIONS

o to www.megrawhill ca/links/
calculus12 and follow the links
10 8.2 to download dynamic
versions of these diagrams.

8.2 Equations of Planes « MHR 441
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a) On each plane, what do all of the points have in common?

b) Reflect Which equation do you think defines each plane? Explain
your choice.

| =3 Il x=3 my=3
¢ Describe each plane in words.

2. Repeat step 1 for these planes. Consider the equations z = —2, x =2,
and x =6.

iii)

3. How would you describe a plane with equation y = 6? List the coordinates
of six points on this plane.

4. How does each plane change for different values of k?

a) x=Fk b) y=Fk ) z=k
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5. Consider these planes. What do all the points on each plane have in
common?

I

I

| ®(2.4,2.4,0)y
(1,1, -2)
I

I

I

I

ii) z

a) Reflect Which equat ion do you think defines each plane? Explain
your choice.

l x+y=0 Il x—y=0
b) Describe each plane in words.

6. Consider these planes and their equations. How do the points shown on
each plane relate to the equation of the plane?

a) x—y=3 b) x+ty=4

8.2 Equations of Planes - MHR 443



e) x=-5 f)

(=5, -2,1)| ® ©(=50,2)

N-2,-2,-3) )
:
|
|
|
}

7. Reflect Refer to step 6. Write the equation of a plane parallel to the
y-axis. Explain your thinking.

| CONNECTIONS

Go to www.mcgrawhill.ca/links/
calculus12 and follow the links
108.2 to see a dynamic sketch of
this plane

444 MHR - Calculus and Vectors -

In two-space, the equation x +2y —8=0 y

defines a line passing through the points \;,A =

A(0, 4), B(2, 3), C(4, 2), D(6, 1), and E(8, 0). C
2

This same equation can be graphed in three- 3
space. Since there is a third coordinate, z, in 0 2 4 6 8\
three-space, each point will have a

z-coordinate associated with it. The three-space version of this equation
would be x + 2y + 0z = 8. Since the z-coefficient is zero, points such as

A(0, 4, 2), B(2, 3, z), C(4, 2, 2), D(6, 1, 2), and E(8, 0, z), where z can be any
value, will satisfy the equation.

Plotting sets of these points on
isometric graph paper suggests a
surface that is parallel to the z-axis and
contains the line x +2y— 8 =0. This
surface is a plane.

In general, the scalar equation
of a plane in three-space is
Ax+By+Cz+D=0.

Chapter 8



Example 1 | Points on a Plane

Consider the plane defined by the scalar equation x +2y—z—8=0.

a) Determine if the points A(1, 3, —1), B(3, 5, 1), and C(1, 6, 5) are on the
plane.

b) Determine the x-, y-, and z-intercepts of the plane.
¢ Determine the coordinates of another point on the plane.

d) Write two vectors that are parallel to the plane.

Solution

a) If a point lies on the plane, its coordinates must satisfy the equation.

Check A(1, 3, —1) Check B(3, 5, 1) Check C(1, 6, 5)
LS=(1)+2(3)—(-1)—8 LS=(3)+2(5)—(1)—8 LS=(1)+2(6)—(5)—8
-0 —4 =0
=RS #RS =RS

Points A and C are on the plane, but point B is not.

b) To find an intercept in three-space, set the other coordinates equal to zero.

At the x-intercept, both At the y-intercept, both At the z-intercept, both
the y- and z-coordinates the x- and z-coordinates the x- and y-coordinates

equal zero. equal zero. equal zero.

x+2(0)—(0)—8=0 (0)+2y—(0)—8=0 (0)+2(0)—2—8=0
x=38 y=4 z=-8

The x-intercept is 8. The y-intercept is 4. The z-intercept is —8.

¢ To find the coordinates of another point on
the plane, choose arbitrary values for two
of the variables and solve for the third.

Letx=1and y=1.
(1)+2(1)—z—8=0
z=-=5

Therefore (1, 1, —5) is a point on the
plane.

d) Vectors AC and BC are parallel to the
plane.

AC=[1,6,5]—[1,3, —1] BC=[1,6,5]—[3, 5, 1]
:[03 39 6] :[_23 17 4]

8.2 Equations of Planes -
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In two-space, a line can be uniquely defined either by two points or by a
direction vector and a point. In three-space, more than one plane is possible
given two points or a direction vector and a point.

i /S

To uniquely define a plane in three-space, we need

three non-collinear points OR two non-parallel direction
vectors and a point

~

A plane in three-space can be defined with a vector equation.

Vector Equation of a Plane in Three-Space
F=fo+ta+sh or |x, ¥s 2] = [%0, Yo, 20] + tlar, aa, a3] + s[by, by, b3],
where

e 7=|x,y,z]is a position vector for any point on the plane,
® 7o =x0, Yo, 20] is a position vector for a known point on the plane,

o G=lay, ar, a3] and b= [by, by, bs] are non-parallel direction vectors
parallel to the plane, and

e tand s are scalars, , s e R

On a graph, the vectors 7, 7y, 4, and b form

a closed loop, so algebraically they can form
an equation, 7 =7y + ta + sb. Starting from the
origin, 7y goes to a known point on the plane,
then to two vectors in the plane that are scalar
multiples of the direction vectors, @ and b. The
resultant of these three vectors is the vector 7.

Parametric equations can also be used to
define a plane.

Parametric Equations of a Plane in Three-Space

x =x(+ tay +sby
Y=y +ta, +sb,
Z:ZO+tﬂ3+Sb3, t,SER
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Example 2 | Vector and Parametric Equations

b

~

Consider the plane with direction vectors @ =[8, —5, 4] and b= [1, =3, —2]
through Py(3, 7, 0).

a) Write the vector and parametric equations of the plane.
b) Determine if the point Q(—10, 8, —6) is on the plane.
o Find the coordinates of two other points on the plane.

d) Find the x-intercept of the plane.

Solution

a) A vector equation of the plane is

[x,y,2]=1[3,7, 0]+ 8, =35, 4] +s[1, =3, —2] Use any letters other than x, y,
and z for the parameters.

Parametric equations for the plane are

x=3+8t+s
y=7-—5t—3s
z=4t—2s

If the point (—10, 8, —6) is on the plane, then there exists a single set of
t- and s-values that satisfy the equations.

—10=3+8t+s ©)
8§=7-5t—-3s @
—6=41t—2s ®

Solve ® and @ for ¢ and s using elimination.

—39=24t+3s 30
1=—-5t—3s @

—38=19¢ 30+®
t=-2

—13=8(—2)+s Substitute t = — 2 into either equation @ or @.
s=3
Now check if #= —2 and s = 3 satisfy ®.
RS=4(-2)—-2(3)
=-14
# LS

Since the values for ¢ and s do not satisfy equation ®, the point
(=10, 8, —6) does not lie on the plane.

CONNECTIONS

Go to www.mcgrawhill.ca/links/
calculus12 and follow the links
t0 8.2 to manipulate a dynamic
version of the vector equation
of a plane.
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Technology Tip

Go to www.megrawhill.ca/links/
calculus12 and follow the links
t0 8.1 for instructions on how to
access 3-D Grapher software.

¢) To find other points on the plane, use the vector equation and choose
arbitrary values for the parameters ¢ and s.

Lett=1ands=—1.

[xa Vs Z]:[3, 73 0]+( )[ 5 4] ( )[ 35 _2]
=1[3,7,0]+[8, —5,4]+[—1, 3, 2]
=10, 5, 6]

Lett=2ands=1.

[x, y, 2] =[3, 7, 0] +(2)[8, =5, 4] + (1)[1, =3, —2]
=[3,7, O]+[16, 10, 8] +[1, =3, 2]
_[ ) 6]
The coordinates of two other points on the plane are (10, 5, 6) and
(20, —6, 6).

d) To find the x-intercept, set y =z = 0 and solve for s and ¢.

x=3+8t+s @
0=7—-5t—3s @)
0=4t—2s ®

Solve @ and ® for # and s using elimination.

—14=-10t—6s 20
0=12t—6s 30

—14=-22¢ 20-30
_ 7
11
—4 7) ~2s ®
11
11
Now, substitute ¢ = Z and s = 14 into @.
11 11
x=3+8<7>+<14>
11 11
103
11

. . 103
The x-intercept is ——.

You can check your answers using 3-D graphing software or isometric
graph paper.
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Example 3 | Write Equations of Planes

Solution

a) Use the intercepts to find two direction
vectors.

a= [23 Os O] - [O) 49 0]
= [29 _4a 0]
b=10,0,5]~[0,2,0]
[

O: _2" 5]

A possible vector equation of the plane is

[x,y,2]=1[2, 0, 0]+
12, —4, 0] + k[0, =2, S], £, k € R.

x=4+4t
y=2t+2k
z=35k t,keR.

vectors are not parallel.

A vector equation of the plane is

x=6k+1
y=3-2k—3l
z=—5—k+3l] k leR

Find the vector and parametric equations of each plane.
a) the plane with x-intercept = 2, y-intercept = 4, and z-intercept =35

b) the plane containing the line [x, y, z] =[0, 3, —5] +#[6, —2,
parallel to the line [x, vy, 2] =[1, 7, —4] +s[1, —3, 3]

For a point on the plane, choose (4, 0, 0).

The corresponding parametric equations are

b) The plane contains the line [x, y, 2] = [0, 3, —5] +¢[6, =2, —1], so
(0, 3, —3) is on the plane. Use [0, 3, —5] as the position vector. Since
[6, —2, —1] is parallel to the plane, it can be used as direction vectors.

Since [6, —2, —1] is not a scalar multiple of [1, —3, 3], the direction

[x,y,2] =10, 3, =5] +k[6, =2, —=1]+[[1, =3, 3], k, [eR

The corresponding parametric equations for the plane are

This equation is not unique. Different vector equations could be written
using different points to find the position and direction vectors.

The plane is also parallel to the line [x, y, z] =[1, 7, —4] +s[1, =3, 3].

Use direction vector [1, —3, 3] as a second direction vector for the plane.

8.2 Equations of Planes -
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KEY CONCEPTS

In two-space, a scalar equation defines a line. In three-space, a scalar
equation defines a plane.

In three-space, a plane can be defined by a vector equation, parametric
equations, or a scalar equation.

Equations of Planes in Three-Space

Vector F=ry+ta+ sbor
[x, y, 21 = [Xo, Yo 2o] + tlay, a,, az] + s[by, by, b3],

where
e 7 =[x,y,z]is a position vector for any point on the plane,

o 7o=[Xo Yo Zo is a position vector for a known point on
the plane,

e d=[a;, ay as]land b= [b, by, bs] are non-parallel direction
vectors parallel to the plane, and

e tandsarescalars, t,s e R
Parametric X=X+ ta; + sb;
y=yotta,+sb,
z=2zy+tas+ sbs, tseR
Scalar Ax+By+Cz+D=0
A plane can be uniquely defined by three non-collinear points or by a
point and two non-parallel direction vectors.

For a scalar equation, any point (x, y, z) that satisfies the equation lies
on the plane.

For vector and parametric equations, any combination of values of the
parameters ¢ and s will produce a point on the plane.

The x-intercept of a plane is found by setting y =z =0 and solving for
x. Similarly, the y- and z-intercepts are found by setting x =z =0 and
x=1vy=0, respectively.

Communicate Your Understanding

a

Q

G

“

For scalar equations, such as x =5 and 6x +2y+ 5 =0, why is it
necessary to specify if you are working in two-space or three-space?

Explain why the two direction vectors in the vector equation of a plane
cannot be parallel.

Which form of the equation of the plane—scalar, vector, or parametric—
would you use to find the x-, y-, and z-intercepts? Explain your reasons.

Describe a situation in which three points do not describe a unique plane.
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T

. Write the coordinates of three points on each
plane.

a) x=8

 3x—7y+z+8=0

b) y+3z—-9=0
d 2x+3y—4z=38

. For each plane in question 1, determine two
vectors parallel to the plane.

. Does each point lie on the plane
4x +3y—5z=10?
a) A(1,2,0)

9 C(—2,1,-3)

b) B(_7s 63 4)
d) D(1.2, —2.4, 6.2)

. Find the x-, y-, and z-intercepts of each plane.
a) 3x —2y+4z=12
b) x+S5y—6z=30
0 4x+2y—7z+14=0
d) 3x+6z+18=0

. Write the parametric equations of each plane
given its vector equation.

a) [xa Vs Z] = [1’ 39 _2] +S[_39 49 _5] +
t[9a 27 _1]

b) [xa Vs Z] = [O’ _4’ 1] + 5[1, 103 _1] +
10, 3, 4]

9 [x,,2]=10,0,5]+s[0, 3, 0]+ (1, 0, 5]

6.

Write the vector equation of a plane given its
parametric equations.

a) x=94+3s—2¢

y=4—-"7s+t
z=—1—-5s—4¢
b) x=2+s+7t
y=12s— 8¢
z=11+6s
) x=-6
y=38s
z=5—-13t

Determine if each point is on the plane
[x,y,z]=[6, —7,10] +s[1, 3,—1] +¢[2, =2, 1].

a) P(10, —19, 15)
b) P(—4, —13, 10)
9 P(8.5,—3.5,9)

Determine the coordinates of two other points
on the plane in question 7.

Determine the x-, y-, and z-intercepts of each
plane.
a) [x, Vs Z] = [1’ 8, 6] +S[1’ _123 _12] +
t[za 43 _3]
b) [x, Vs Z] = [6’ _93 _8] +S[1, _4’ _4] +
13, 3, 8]

;3 Connect and Apply

10. Write a vector equation and parametric

equations for each plane.

—1, 0); has
direction vectors a=[2, 0, —5] and
b=[1,-3,1]

b) contains the point Py(9, 1, —2); is parallel
to [x,y,z]=[4, 1, 8] +s[1, —1, 1] and
[xa Vs Z] = [_5, 0, 10] + t[_6, 2" 5]

¢) contains the points A(1, 3, —2),

B(3’ _93 7)5 C(43 _43 5)

d) has x-intercept 8, y-intercept —3, and

z-intercept 2

a) contains the point Py(6,

11.

Reasoningand Proving

Use Technology
Describe each plane.
Verify your answers

Representing Selecting Tools

Problem Solving

using 3-D graphing Connecting Reflecing
technology. Communicating

a) x=95 b) y=—7

9 z=10 d) x+y=38

&) x+2z=4 f) 3y—2z-12=0

g9) x+y+z=0
i) 4x—5y+2z+20=0

h) 3x+2y—z=6
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12.

13.

15.

16.

17.
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| CONNECTIONS

Go to www.mcgrawhill.ca/links/calculus 12 and follow the links for
instructions on how to download 3-D Grapher software.

Use Technology Determine an equation for
each plane. Verify your answers using 3-D
graphing technology.

a) parallel to both the x-axis and z-axis and
through the point A(3, 1, 5)

b) parallel to the xy-plane; does not pass
through the origin

¢) containing the points A(2, 1, 1),
B(5, —3,2), and C(0, —1, 4)

d) perpendicular to vector a=[4, 5, —2];
does not pass through the origin

e) containing the x-axis and parallel to the
vector a=[4, 1, —3]

f) parallel to, but not touching, the y-axis

g) two planes that are perpendicular to each
other but neither parallel nor perpendicular
to the xy-, xz-, or yz-planes.

In each case, explain why the given
information does not define a unique plane in
three-space.

a) y-intercept —3 and points R(2, —3, 4) and
S(=2, =3, —4)

b) points A(2, 0, 1), B(5, —15, 7), and
C(0, 10, —3)

A plane is perpendicular to both

[x, v, 2] =[1, —10, 8] +s[1, 2, —1] and

[x,y, 2] =12, 5, —=5]+#2, 1, —3], and contains
the point P(—1, 4, —2). Determine if the point
A(7, 10, 16) is also on this plane.

Write the equation of the plane that contains
points A(3, 0, 4), B(2, =3, 1), C(—35, 8, —4),
and D(1, 4, 3), if it exists.

Determine the value of k& such that the points

A(43 _23 6)’ B(Oa 1’ 0)3 C(l’ 09 _5)3 and
D(1, k, —2) lie on the same plane.

Chapter 8

14.

(&) Extend and Challenge

18.

¢ vector equation [x, vy, z] =[1, —10, 3] +
s[8, =12, 4] +¢[—6,9, —3]

d) point P(3, —1, 4) and line [x, y, z] =
[—5,3,10]+ ¢4, =2, —3]

e) parametric equations:

x=3+2s—4t
y=2-—3s+6¢
z=1+s—2t

f) line [x,y,z]=1[0,1, 1] +s[—1, 5, —2] and
line [x, vy, 2] =[—1, 5, =2]+#1, =5, 2]

Chapter Problem You are designing a room
for a role-playing game. The dimensions of the
room are 8 m long, 6 m wide, and 4 m high.
Suppose the floor at the southwest corner

of the room is the origin, the positive x-axis
represents east, the positive y-axis represents
north, and the positive z-axis represents up.

z

4

¥

N

-

X

Werite equations for each of the walls, the floor,
and the ceiling.

Consider a plane defined by x +2y —z=D.
a) Determine four points on the plane.

b) Use the points from part a) to write three
vectors.

o Use the triple scalar product with the
vectors from part b) to show that the
vectors are coplanar.

d) Use two of the vectors to find a fourth
vector perpendicular to the plane.

| CONNECTIONS

I The triple scalar productis @ - b <.



19. In two-space, the equation of the line 21. Math Contest The angle of elevation of

x . . is 60°

X+ Y 21 has x-intercept at @ and y-intercept the top corner of the flag shown is 60 from
a b ) one position, and of the bottom corner is

at b. Is there an analogous equation for a 80° from a different position, as shown.
plane in three-space? Use a diagram to explain. Determine the area of the flag. (The diagram

20. Math Contest The figure shown is a regular is not to scale.)

decagon with side length 1. Determine the

exact value of x.
I/IEl
7/
7/
-
7/

/ N 6.5m

7.5 m

CAREER CONNECTION

The need for communication satellites has grown
dramatically in recent years. There is continual demand
for more TV channels, cell phones and Internet access.
More aerospace engineers, like Roland, will be needed
to design and build such satellites. To become qualified
as an aerospace engineer, Roland completed a 4-year
bachelor’s program in at Carleton University. He also
completed a master’s degree and PhD, so that he could
work in a senior research position within his company.
His education gave him a thorough understanding

of subjects such as aerodynamics, propulsion,
thermodynamics, and guidance and control systems. In
the process of creating a new satellite or part needed,
Roland uses advanced equipment, such as CAD software,

robotics, lasers, and advanced electronic optics.
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8.3

Properties of Planes

A flight simulator allows pilots in training to learn how to fly an airplane
while still on the ground. It starts out with its floor parallel to the ground,
and then it is articulated on hydraulics. Careful coordination of the position
and orientation of the simulator with the images on the computer screens
makes the experience very realistic. The simulator can move in directions
along the x-, y-, and z-axes. An understanding of how planes are oriented in
three-space allows the simulator to be programmed so its motion matches
the images on the simulator software.

ESICEICE How is the normal vector to a plane related to the scalar equation
of a plane?

1. Determine the x-, y-, and z-intercepts of the plane defined by the scalar

| CONNECTIONS equation x — 2y +3z— 6 =0.
The cross product of two vectors 2. Determine two direction vectors parallel to the plane but not to each
yields a vector perpendicular to other. Determine a single vector perpendicular to both of the direction
both original vectors. vectors.

3. Find three other points on the plane. Repeat step 2 to determine two
other direction vectors parallel to the plane but not to each other; then
determine a vector perpendicular to both of these direction vectors.

4, Repeat steps 1 to 3 for each scalar equation.
a) 2x+y—4z—8=0
b) x—y+3z2—9=0
5. Reflect How do the perpendicular vectors found in steps 2 and 3

compare? How do these vectors compare to the coefficients in the scalar
equation?

6. Reflect A vector perpendicular to the plane is called a normal vector.
How could you use the normal vector and a point on the plane to
determine the scalar equation of the plane?

454 MHR - Calculus and Vectors - Chapter 8



Determining the Scalar Equation of a Plane

If we are given a vector # = [A, B, C] that is normal to a plane and a point
Po(x0, Yo, 20) on the plane, we can determine the scalar equation of the plane.

7i=[A, B, C]

o
P(x, Y, z) Po(x(p Yo ZO)

If P(x, y, z) is any point on the plane, the vector PoP is parallel to the plane but

perpendicular to the normal, 7.

POP = [xs Y, z] - [XO, Y0, ZO]
=[x —x0, ¥ = Y0, 2 — 20l

Since PoP L 7 PoP 7= 0. | CONNECTIONS
[x—x0, Yy =0, 2 —20]*[A, B, C] =0 [ Thetdot‘product of perpendicular
Alx —x0) + B(y —y0) + Clz —20) =0 Expand and rearrange. Vedtorsts zero.

Ax+ By + Cz+ (—Axy— By, —Czp) =0

The expression in the brackets is made up of known values, so it is a constant.
Use D to represent this constant.

Therefore, Ax + By + Cz+ D =0 is the scalar equation of the plane having
normal vector n=[A, B, C].

Write the Scalar Equation of a Plane Given the
Example 1 .
Normal and a Point

Consider the plane that has normal vector 72=[3, —2, 5] and contains the
point Py(1, 2, —3).

a) Write the scalar equation of the plane.

b) Is vector @ =[4, 1, —2] parallel to the plane?

d Is vector b= [15, —10, 25] normal to the plane?

d) Find another vector that is normal to the plane.
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Solution

a)

b)

CONNECTION 4]

Solutions to Examples 1, 2,
and 3 can be verified using 3D
graphing software

d)

Method 1: Use the Dot Product
Let P(x, v, z) be any point on the plane.
P_OI; =[x—1,y—2,z+3]is a vector in the plane.

PoP-71=0
[x_la)’_251+3]‘[3, _2" 5]:()
(x=1)3) +(y—=2)(=2) +(z+3)(5)=0
3x—2y+5z+16=0

The scalar equation is 3x —2y + 5z + 16 = 0.

Method 2: Use Ax+By+Cz+ D=0

The components of the normal vector are the first three coefficients of the
scalar equation.

3x—2y+5z+D=0

Since the point Py(1, 2, —3) lies on the plane, substitute its coordinates to
find D.

3(1)—2(2)+5(=3)+D=0
D=16

The scalar equation is 3x —2y + 5z + 16 = 0.
a is parallel to the plane only if -7= 0.

a-n=

1 ] [3) _2) 5]
)+

(4,
4(3) + 1(=2) +(=2)(5)
0

Vector 4 is parallel to the plane.

Vector b= [15, =10, 25] is perpendicular to the plane only if it is parallel
to the normal vector, 7, that is, only if b= k7, where k is a constant.

[15, =10, 25]=k[3, —2, 5]

15=3k —-10= -2k 25="5k
k=35 k=35 k=35

Clearly, b= 5, bis parallel to 7, and b is normal to the plane.

Any scalar multiple of #=[3, —2, 5] is normal to the plane. The vectors
[15, =10, 25] and [6, —4, 10] are two such vectors.

456 MHR - Calculus and Vectors -
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Write Equations of a Plane Given Points on
Example 2
the Plane

Find the scalar equation of the plane containing the points A(—3, —1, —2),
B(4, 6, 2), and C(5, —4, 1).

Solution

First, find a normal vector to the plane.
AB=[7,7, 4] and AC=[8, —3, 3] are vectors in the plane.
AB x AC will give a vector normal to the plane.

[7,7,41X[8, =3, 3] =[7(3) —4(=3), 4(8) = 7(3), 7(=3)=7B) 7 [ k i | &

- %
7 4
Thus 72 can be [33, 11, —77] or, more conveniently, [3, 1, —7].

The scalar equation of the plane is of the form
3x+y—7z+D=0
Use one of the given points, say A, to determine D.

3(=3)+(~1)=7(=2)+ D=0
D=4

The scalar equation of the plane is 3x +y—7z—4=0.

Example 3 | Use Properties of Planes to Write Equations

Determine the scalar equation of each plane.

a) parallel to the xz-plane; through the point (=7, 8, 9)

b) containing the line [x, v, z] =[1, 2, 4] +¢[4, 1, 11] and
perpendicular to [x, y, z] = [4, 15, 8] +s[2, 3, —1]

Solution

a) The xz-plane has a normal vector perpendicular to both the x- and z-axes.
One possible normal is ; = [0, 1, 0].
Thus the scalar equation will have the form (0)x + (1)y + (0)z+ D=0 or

y+D=0
Point (—7, 8, 9) is on the plane.
8§4+D=0

D=-8

The scalar equation is y — 8 = 0.

8.3 Properties of Planes « MHR
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b)

If the plane is perpendicular to the line [x, v, 2] = [4, 15, 8] +s[2, 3, —1],
then the direction vector of the line is a normal vector to the plane and
=123, —1].
The scalar equation has the form 2x +3y—z+ D =0.
Since the line [x, y, 2] =[1, 2, 4] +t[4, 1, 11] is contained in the plane, the
point (1, 2, 4) is on the plane.
2(1)+3(2)— (4)+ D=0

D=—4
The scalar equation is 2x + 3y —z—4 =0.

KEY CONCEPTS

The scalar equation of a plane in three-space is Ax + By + Cz+ D =0,
where 7= [A, B, C] is a normal vector to the plane.

Any vector parallel to the normal of a plane is also normal to that
plane.

The coordinates of any point on the plane satisfy the scalar equation.

A normal vector (for orientation) and a point (for position) can be
used to define a plane.

Communicate Your Understanding

a

Q

G

«“
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Explain why three non-collinear points always define a plane, but four
non-collinear points may not always define a plane. How is this similar
to the idea that, in two-space, two distinct points will always define a
line while three distinct points may not?

Given a scalar equation of a plane, explain how you would find a vector
equation for that plane.

Describe a situation in which it is easiest to find the scalar equation of a
plane. Describe another situation in which it is easiest to find the vector
equation of a plane.

A direction vector indicates the orientation of a line. Why must a normal
be used, instead of a single direction vector, to indicate the orientation of
a plane?

Chapter 8




TN

. Determine if each point lies on the plane
x+2y—3z—5=0.

a) M(S, -3, —2)
b) N(3,2, —1)
o P(—7,0, —4)
d) Q(6,1,1)

e) R(0,0, 5)

f) S(1,2, —3)

. Find two vectors normal to each plane.
a) x+2y+2z—5=0

b) 6x—y+4z+8=0

) Sx+2z=7

d) S5y=38

e) 3x+4y—7=0

f) —x—3y+z2=0

. Determine a vector parallel to each plane in
question 2.

. Write the scalar equation of each plane given
the normal 72 and a point P on the plane.

[

[
9 n=[2,0,—5],P(1, 10, =3)
d) 7=[-9,0,0], P(—2, 3, —15)
e) n=[4, =3, 2], P(6, 3, —4)
f) n=[4, —3,4],P(-2,5,3)

. Consider the plane —x +4y+2z+6=0.
a) Determine a normal vector, #, to the plane.

b) Determine the coordinates of two points, S
and T, on the plane.

¢) Determine ST.

d) Show that ST is perpendicular to 7.

6. Write a scalar equation of each plane, given its

vector equation.

a) [xa Vs Z] = [33 79 _5] +S[13 2> _1] +
t1, =2, 3]

b) [xa Vs Z] = [53 _23 3] +S[33 _23 4] +
t[5, =2, 6]

0 [xa Vs Z] = [63 89 2] +S[2> _1> _1] +
t[1, 3, 3]

d) [xa Vs Z] = [93 19 _8] +S[63 5> 2] +
t[3, =3, 1]

e) [x,y,2]=10,0,1]+5[0, 1, 0]+

t[0, 0, —1]
f) [x,y,21=13,2,1] +5[2,0, 3]+
t[3, 0, 2]

. Write a scalar equation of each plane, given its

parametric equations.

x=3—2s+2t
a) mi:{y=1+3s+¢
z2=5—s—-2t
x=—1+5t
b) my:{y=3—s—2t
z=—2+s

x=—1—s+2t

0 my:{y=1—s+4t
z=2+3s+t
x=2+s+t

d wy:{y=3+2s
z=5+4s+2t

x=5s+2t—3
e) Ts:1y=2+3s

z2=2t—s—1

x=3s+t

f) ng:{y=2—-—s—-5¢
z=1+2s+3¢t
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1.

12.

13.

460 MHR - Calculus and Vectors -

For each situation, write a vector equation and
a scalar equation of the plane.

a) perpendicular to the line
[X, Vs Z] = [25 43 _9] + t[3a 5) _3] and
including the point (4, —2, 7)

b) parallel to the yz-plane and including the
point (—1, =2, 5)

) parallel to the plane 3x —9y +z—12=0
and including the point (=3, 7, 1)

d) containing the lines
[x,y, 2] =[-2,3,12] +s[—2, 1, 5] and
[xa Vs z] = [13 _43 4] + t[_63 39 15]

Refer to your answers to question 8. Based

on the information given each time, was it
easier to write the vector equation or the scalar
equation? Explain.

Determine if the planes in each pair are
parallel, perpendicular, or neither.
a) mi:4x—S5y+z—9=0
M:2x—9y+z2—2=0
b) m: Sx —6y+22—2=0
m: 2x—Sy—20z+13=0
0 mp:12x—6y+3z=1
y: —6x+3y—9z=38

Write the equation of the line perpendicular to
the plane 3x — 7y + 32— 5 =0 and through
(33 93 _2)

Write a vector equation of each plane.
a) y—3=0
b) x+y+8=0

 x+y+z=10

d) 4x—y+8z=4

e) 3x+2y—z=12

f) 2x—S5y—32=30

Use Technology Use 3-D graphing
technology to verify any of your answers

for questions 1 to 7 by graphing the given
information and the plane found.

Chapter 8

: 3 Connect and Apply

14.

15. Use Technology

Chapter Problem 2m
In the computer game,
there must be a ramp
that is 2 m wide, with
height 3 m and length
5 m. Assume that one
corner of the bottom
of the ramp is at the
origin.

3m

S m

y

a) Determine the scalar equations of the planes
that include the sides and top of the ramp.

b) Determine the equation of the line across
the top edge of the ramp.

o Are there any restrictions for the equations
you have created in parts a) and b)?

Reasoningand-Proving

Representing Selecting Tools

Use 3-D graphing
technology.

Problem Solving

Connecting Reflecting

a) Determine the effect
of changing k in the
plane given by 3x + 6y — 4z =k.

Communicating

b) Change the coefficients of the scalar
equation and repeat part a). What
generalization can you make about the
effect of the constant term?

¢) What is true about all planes with &= 0?

v Achievement Check

16.

Consider the plane that contains points
A(2,3,1),B(—11, 1, 2), and C(—7, —3, —6).

a) Find two vectors parallel to the plane.

b) Find two vectors perpendicular to the plane.
¢) Write a vector equation of the plane.

d) Write the scalar equation of the plane.

e) Determine if the point D(9, 5, 2) is also on
the plane.

f) Write an equation of the line through the
x- and y-intercepts of the plane.



17. Since the normal vector to a plane determines 20.

the orientation of the plane, the angle between
two planes can be defined as the angle between
their two normal vectors. Determine the angle

between the planes in each pair.

a) m: 3x +2y+5z=35
M:4x —3y—2z=2
b) m: 2x+3z—10=0
M: —x+6y+3z—6=0
 mp:d4x+y+—2z=8
! 3X_2y+5Z:1
18. Consider the planes 2x + 6y —2z—5=0 and
a) For what value of & are the planes parallel?

b) For what value of k are the planes
perpendicular?

19. Explain why there is more than one plane
parallel to the z-axis with x-intercept (4, 0, 0).

(&) Extend and Challenge

22. Determine the scalar equation of the plane
through A(2, 1, —5), perpendicular to both
3x—2y+z=28and 4x + 6y — 5z=10.

23. Two parallel sides of a cubic box are defined
by the equations x +y=0 and x +y=k. The
bottom of the box is defined by the xy-plane.

a) Write the equations of the planes that form 27
the remaining sides.

b) Determine the lengths of the sides of the
box in terms of k. 28

24. Write equations for three non-parallel planes
that all intersect at A(3, —1, —2).

25. Determine the equations of the planes that
make up a tetrahedron with one vertex at the
origin and the other three vertices at (5, 0, 0),
(0, =6, 0), and (0, 0, 2).

26. Given the equation of the plane
Ax + By + Cz+ D =0, find the conditions on
A, B, C, and D such that each statement is
true.

a) The plane is perpendicular to the x-axis. 29

A plane is defined by the equation
3x—4y+6z=18.

a) Determine three non-collinear points, A, B,
and C, on this plane.

b) Determine the vectors H%), E, and BC.

¢) Find each result.

i) AB+AC i) AC + BC
iii) 2AC — 4AB iv) 3AB + SBC

d) Use the normal vector to the plane to show
that all of the vectors from part c) are
parallel to the plane.

. UseTechnology Write an equation of the

plane through P(3, 1, —1) and perpendicular
to the planes 2x — 3y =10 and x +2y —2z= 8.
Verify your answer using 3-D graphing
technology.

b) The plane has x-intercept at (3, 0, 0),
y-intercept at (0, 5, 0), and z-intercept at
(0,0, 6).

¢ The plane is parallel to the z-axis.

d) The plane is perpendicular to the plane
x+4y—T7z=—4.

. Show that the normal vectors to the planes

3x+4z=12 and 4x — 5z =40 define a family
of planes perpendicular to the y-axis.

. Math Contest This A

cube has side length

12 ¢cm. One bug B
starts at corner A and
travels to corner B.
Another bug starts at
corner C and travels

to corner D. The

two bugs leave at the
same time and travel at the same rate of speed.
What is the minimum distance between the
bugs?

D

. Math Contest If logox =logszy + 1, determine

y as a function of x.
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8.4 Intersections of Lines in

When sailboats are racing, they sometimes
get into a tacking duel. This occurs when

the boats cross paths as they are

into the wind toward the same mark. A
collision would be very expensive! GPS
and RADAR technology can be used

to predict the paths of the boats
determine if they will collide.

Two-Space and Three-Space

travelling

and

DVESICEICN.W Linear systems in two-space

Tools 1.
« grid paper
« graphing calculator

Solve each system of linear equations algebraically.
a) 2x+3y=18 @

Sx—3y=3 @
b) x—4y—6=0 ©)

3x—12y=18 @

Graph each system of linear equations from step 1. Compare the graphs
to the algebraic solutions.
Solve each system of linear equations algebraically.
a) Sx+2y=10 @

Sx+2y=38 @)
) 7x—3y+4=0 @

l4x—6y+6=0 @
Predict what the graph of each system from step 3 will look like. Graph
each system to check your predictions.

Reflect How can you use the algebraic solution to a system of linear
equations to predict what the graph of the system will look like?
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If the algebraic solution to a system of linear 3" 3x+2y=3

equations yields a unique pair of numbers, the lines

intersect and there is exactly one solution or intersection 0 3 X

point. L4 A =Xy =20

If the algebraic solution to a linear system gives an Z 4x — Sy =20

equation such as Ox =0 or Oy =0, all (x, y) that satisfy /

the original equations will also satisfy these equations 0 s X

and the lines are coincident. Coincident lines lie on 1 44_, 10y =40

top of one another, so there are an infinite number of

solutions.

If the algebraic solution to a linear system yields an 2" 4x — 5y =20

impossible equation such as Ox =4 or Oy = 4, the lines

are parallel and there are no solutions. 0 / s x
A x—5y-30

Determine the Number of Solutions for Linear
Example 1 .
Systems in Two-Space

Classify each system as having zero, one, or infinitely many solutions.

a) /1:4x—6y=-10 b) (1: [x, y]=[1, 5]+ s[—6, 8]
ly: 6x —9y=—15 O [x, y] =2, 1] + ]9, —12]
Solution

a) Method 1: Use algebraic thinking.

4x—6y=—-10 @
6x—9y=—-15 ©
12x—18y=-30 30 Eliminate x.

12x—18y=-30 2@
0y=0  30-20

This equation is true for all values of y, so there are infinitely many
solutions, all of the points (x, y) satisfying the original equations.

Method 2: Use geometric thinking.
Examine the normals to the lines.

71, = [4, —6] and 71, = [6, —9].

- ->

1=3M
The normals are parallel, so the lines are either parallel or coincident.

2
If ¢, is multiplied by 3 the result is /. The lines are identical. They

intersect at infinitely many points.
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b) Method 1: Use algebraic thinking.
[x, y] =11, 5] +s[—6, 8] 0
[x, y] =12, 1] +¢[9, —12] @
Write the equations in parametric form.
x=1—6s ® x=2+9t
y=5+38s y=1—-12¢

Equate the x- and y-variables.

1—-6s=2+9t S+8s=1—-12t
—1=6s+9t @ 4=-8-12t @

Use equations ® and @ to solve for s and ¢:

—4=24s+36t 40
12=—24s—36t 3@
8=0s 40 +3@

This equation is true for no values of s. There are zero solutions to the
system.

Method 2: Use geometric thinking.

The direction vectors of the lines are 77, = [—6, 8] and 71, = [9, —12].
Since 71y = %1712, the direction vectors are parallel.

The lines are either parallel or coincident.

Check if (1, 5) lies on line @.
1=24+9t S§5=1-12¢
1

1
t=—— t=—
9 3

Since the values for ¢ are different, (1, 5) is not on @. The lines are
parallel and distinct. There are zero solutions to the system.

\< [x,y]=[1, 5] + #[—6, 8]

[x’ y] = [23 1] + t[9a 712]
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NESIGELCR M Linear systems in three-space
Frt«":
"I.:_lu.__’r'

1. Use straws to represent lines in three-space. Tools

a) How could the straws be oriented to « 2 straws
produce an intersection set with exactly one

solution?

b) How could the straws be oriented to
produce an intersection set with an infinite
number of solutions?

¢ How could the straws be oriented to produce an intersection set with
no solutions?

2. Reflect For each situation in step 1, describe how the direction vectors of
the lines might be related to one another.

3. Reflect Compare each of the situations in step 1 with those in two-space.

Given two lines in three-space, there are four possibilities for the intersection
of the lines.

e The lines are distinct and e The lines are coincident, so
intersect at a point, so there there are an infinite number
is exactly one solution. of solutions.

| CONNECTIONS

Go to www.mcgrawhill.ca/links/
calculus12 and follow the links to
8.4 10 access dynamic versions of

these diagrams.
e The lines are parallel and e The lines are distinct but not
distinct, so there is parallel, and they do not
no solution. intersect. These are skew lines .

There is no solution.
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Example 2 | Determine If Two Lines in Three-Space Intersect

Determine if these lines intersect. If they do, find the coordinates of the point
of intersection.

lq: [xa Vs Z] = [55 119 2] +S[15 59 _2]
KZ: [xa Vs Z] = [13 _95 9] + t[la 53 _2]
Solution

From the equations, the direction vectors are the same, so the two lines are
parallel. Determine if the lines are parallel and distinct or coincident.

Method 1: Verify a Point

If the lines are coincident, then the coordinates of the point (5, 11, 2) from
01 will satisfy the equation for ¢,. Write the parametric equations for /5.

x=1+1¢
y=-9+5t
z2=9-2t

Substitute the coordinates of (5, 11, 2) and solve each equation for .

S=1+t 11=-9+ 5t 2=9-2¢
t=4 t=4 t=3.5

Since the ¢-values are not identical, the point (5, 11, 12) does not lie on line
5. The lines are parallel and distinct. Since the values of ¢ are close to one
another, the two lines are likely to be relatively close to each other.

Method 2: Solve for an Intersection Point

Write each equation in parametric form.

x=5+s x=1+t¢
Li:dy=11+5s (ly:{y=—-9+ 5t Equate like coordinates.
z=2-2s 2=9—-2t
S+s=1+¢ 11+5s=-9+ 5t 2—2s=9-2t
s—t=—40 S5s—=5t=-200 2s—=2t=-70

Rearrange equation @ to isolate s.
s=t—4

Substitute s = ¢ — 4 into equations @ and ® and solve for z.

5(t—4)—5t=—20 2t—4)-2t=-7
5t—20—5t=-20 2—8-2t=-7
0t=0 0r=1

The equation 0t =1 has no solutions. The two lines are parallel and distinct.
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Example 3 | Intersection of Lines in Three-Space

Find the point of intersection of lines ¢; and /5.
ly: [x9 Vs Z] = [7) 2’ _6] +S[25 1> _3]

EZ: [xa Vs Z] = [39 93 13] + t[la 57 5]

Solution

The direction vectors are not parallel.

Write the equations in parametric form.

x=7+2s x=3+t
li:iy=2+s ly:{y=9+5t
Z=-—6—3s z=13+5¢

Equate expressions for like coordinates.

74+2s=3+¢ 2+s=9+ 5t —6—3s=13+5¢
2s—t=—40 s—=5t=7@ 3s+5t=—-19®

Solve equations @ and ® for s and ¢.

s=35t=7
3s+5t=-19
4s=—-12
s=-3

Substituting in @,
(—3)—5t=7
t=—2

Check that s=—3 and t = —2 satisfy ©.
LS=2(-3)—(—2) RS=-4

- —6+2

——4

=RS

Substitute s = —3 into /4 (or t= —2 into /,).

[xs Vs Z] = [73 29 _6] + (_3)[23 19 _3]
=[1, -1, 3]

This system has a unique solution at (1, —1, 3).

| CONNEC

TIONS

Solutions to Examples 2, 3,
and 4 can be verified using 3D

graphing software
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Example 4 | Skew Lines

Determine if these lines are skew.

flz [x7 Vs Z] = [53 _43 _2] +5[19 2'9 3]
fZ: [xa Vs Z] = [25 Oa 1] + t[z, _1, _1]

Solution

The direction vectors are not parallel since 77y # kiit,.

Write the equations in parametric form and equate the expressions for each

variable.
S+s=2+4+2¢ —4+2s=0—1¢ —2+3s=1—1¢
s—2t=-30 2s+1t=40® 3s+t=30

Solve @ and ® for s and ¢.
2s+t=4 ©)
3s+t=3 ®

—s=1 @-0

s=-—1
Substituting,
2—1)+1=4
1=6

Check s=—1 and ¢ =6 in equation O.
LS=(—1) —2(6) RS=-3

=-13

#RS

Thus the lines do not intersect.
Since the direction vectors are not parallel, the lines are not parallel.

These are skew lines.

Example 5 | The Distance Between Two Skew Lines

Determine the distance between the skew lines.

lq: [xa Vs Z] = [55 _4’ _2] +5[1a 2’ 3]
fZ: [xa Vs Z] = [23 09 1] + t[za _1, 1]

Solution

The distance required is the shortest P,(2,0,1)
distance.

It can be shown that the shortest distance
between skew lines is the length of the
common perpendicular.

Recall our work with projection vectors in P\(3, =4, =2)

Chapter 7.
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Since ZP{AB=90° and £P,BA =90°,
proj PP, =ABif 7iis any vector in the direction of AB.
Thus | proj; P1P,| = | AB|, which is the distance we are looking for.

— | DD
|proj; PPy| = %

Use position vectors to determine TPZ
PiP,=1[2,0,1]—[5, -4, —2]
= [_33 45 3]
Use the direction vectors for both lines to calculate the normal vector to the

lines.

- > -

m i ] ki k

3]><[ -1,1]
3(=1),3(2) - (1), 1(—=1) —2(2)] ! 3

=15, 5, —5] 2-1" 1 20 -1 1

A vector normal to both lines is 7= [1, 1, —1]. Divide by 5 for convenience.

[N}

-3,4,31[1,1,—1]]
11,1, 1]
_[=3(1) +4(1) +3(-1)|

JP2+ 12+ (1)
=2

NE)
=1.15

The perpendicular distance between these lines is approximately 1.15 units.

KEY CONCEPTS

¢ In two-space, there are three possibilities for the intersection of two
lines and the related system of equations.

3& Y

v

/
/T AV

The lines intersect at The lines are coincident, The lines are
a point, so there is so there are infinitely parallel, so there
exactly one solution. many solutions. is no solution.

84 Intersections of Lines in Two-Space and Three-Space -



In three-space, there are four possibilities for the intersection of two
lines and the related system of equations.

The lines intersect at a point,
so there is exactly one solution.

The lines are coincident, so there
are infinitely many solutions.

The lines are skew—that is, they
are not parallel and they do not
intersect. There is no solution.

The lines are parallel, so there
is no solution.

The distance between two skew lines can be calculated using the
PD; -7

>

formula d = , where Py and P, are any points on each line and

i1= 11 X 11y is a normal common to both lines.

Communicate Your Understanding

a

Q

G

470

Given a system of linear equations in two-space, how many types of
solutions are possible? Explain.

The direction vectors of two lines in three-space are not parallel. Does
this indicate that the lines intersect? Explain.

How can you tell if two lines in three-space are skew? Use examples to
explain.
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'\ Practise

1. How many solutions does each linear system

have? Explain.

4. Determine if the parallel lines in each pair are

distinct or coincident.

a b) y a) [x,y,2]=
\>< >(/ [xa B2 Z]
- b) [x,y,z]=
/ * [x, , 2] =
9 [x,y,z2]=
[x,y, 2] =
I ! @ d) x, 7,2 =
[x,y, 2] =
X x 5.
L
A A intersection.
2. Solve each linear system in two-space. a) {x, Y, z}
X, Yy %
a) x+y=38 y
x—y=13 b) [x,y,z]=
[x, y, 2] =
b) 3.5x— 2.1y =14 Y
1.5x—0.3y=38 9 [x,y,2]=
[x, y, 2] =
9 [x,y]=[—12, —=7] +s[8, —5] Y
[x, y] =12, =11 +2(3, ~2] d {x ¥ Z}
4
d [x, y]=[16 1]+s[5 1] y
[x, y]=[—7,12] +t[-7, 3] 6.
are skew.
3. Determine the number of solutions for each s 3
system without solving. a) {x, Y5 z} =
X, Yy 2| =
a) 3x+12y=-27 Y
4x+2y=34 b) [x,y, 2] =
X, Yy 2| =
b) 12x—21y=9 [, 3, 2]
8x—14y=3 9 [x,,2]=
[x, ¥, 2] =
9 [x, y1=[1, 6] +s[3, —2] ne
[x, y] = [4, 4] + t[—6, 4] d) [x,y,z2]=
[xa b2 Z]
d) [x,y]=[—17, =7]+¢8, —3]
8x—3y=11 e) [x,y,2]=
[xa B2 Z]:
e) —6x+45y=33
10x — 75y =—5§ f) [x,y,2]=
[xa B2 Z]—
f) [x, y]=[11, 12] +s[2, 7]
[x, y] =12, 3] +1[1, 4]

84 Intersections of Lines in Two-Space and Three-Space -

[5,1,3]+s[2, 1
2,3,9]+¢2,1

4,1, 0] +s[3,
—14, 18]+ #[-3, S,

[
[
[13
[5 1, 3] +s[1, 4, —1]
[
[
[

> 71

> 71

-5, 6]

—6]

3, =7,5]+¢t-2, -8, 2]
4, -8, 0]+s[7 21, —14]

25,55, —42] +1[—8, —24, 16]

Determine if the lines in each pair intersect.
If so, find the coordinates of the point of

—14]+s[—1, 1, 3]
11, o —17] + 1[4, —1, —6]
3, -2,2]+s[—1, =2, 0]
, 0, —1]+1[0, 2, —3]
,0, —15] +s[2, 1, —5]
7, —7,20] +#[2, 1, —5]
-3, 0]
=5, 3]

, —1, 8] +s[2,

[6,
[
|
[1
[7
[—
8
[1, 20, 0] +¢[1,

Determine if the non-parallel lines in each pair

,—1]+s[—-2,1, 2]
, —1]+14, —1, 2]
1] +s[6, 18, —6]
]+t[63 _13 _2]
5 _5]

5 _5]
5 _5]
5 _5]
55 3 ]+S[6) 43 _2]
2, —3,4]+1¢1, 2, —3]
1, -1, 0] +s[2, —1, 3]
1,2, 3] +1¢[3, 2, 4]
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7.

10.

1.

472 MHR - Calculus and Vectors -

: 3 Connect and Apply

Verify your solutions to questions 4, 5, and 6
using 3D graphing technology.

The parametric equations of three lines are
given. Do these define three different lines, two
different lines, or only one line? Explain.

x=2+3s x=4+9s
li:iy=-8+4s [:yy=-16+12s
z=1—12s z=2—6s
x=3+9s
l3:4y=74+12s
Z=2+6s

Determine the distance between the skew lines
in each pair.
a) f1: [x’ Y, %= 3: 1’ O] +S[1, 8’ 2]
by [x, v, 2]=[—4,2, 1] +¢—1, =2, 1]
b) /1: [x,y,z]=[1, =5, 6] +s[3, 1, —4]
EZ: [xa Y, % 73 2]+t[2’ _1’ 5]
Q (i lx, 9,2 2,0, 8] +s[0, 3, 2]
by [x, v, 2]=1[1,1, 1] +t[4, 0, —1]
d) f1: [x’ Y, %= 5: 2’ _3] +S[5, 5> 1]
by [x,y, 2]l =[—1, =4, —4]+7, =2, —2]

These equations represent the sides of a

triangle.

Oz [x, y]1 =1, =1] + 7[5, —1]
Ly [x, y] =7, —10] +5[3, —8]
€3: [xa )’] = [33 13] + t[za 7]

a) Determine the intersection of each pair of
lines.

b) Find the perimeter of the triangle.

| CONNECTIONS

12. The Port Huron to

Recall the formula for the distance between two points:
d=+J0x-0l +(y,-y1)
In three-space, there are four possibilities for
the intersection of two lines. If one line is the

y-axis, give a possible equation for the second
line in each of the four cases.

Chapter 8

Reasoning and Proving
Representing Selecting, Tools
and Strategies
Problem Solving

Mackinac yachting race
has been run annually
for more than 80 years.
For almost 30 years the
boats rounded the Cove Island Buoy at the
mouth of Georgian Bay. The current course
rounds NOAA Weather Buoy 45003.

Connecting Reflecting

Communicating

Southampton

h
Port Huron

a) The path from the start to Cove Island is
represented by [x, y] =[—82.2, 43] +
5[0.8, 2.2], and the path from Cove Island
to the finish line is represented by
[x, y] =[—84.4, 45.5] +¢[3.0, —0.3].
Determine the position of the Cove Island
mark for the old course.

b) The path from the start to the weather buoy
is represented by [x, y] =[—82.2, 43] +
s[0.2, 2.0] and the path from the weather
buoy to the finish line is represented by
[x, y] =[—84.4, 44.5] +¢[2.0, —0.5].
Determine the position of the weather buoy
for the new course

o A boat mistakenly goes to the Cove Island
mark. In what direction would the boat
have to point to be heading for the weather
buoy at that instant?



13.

14.

17.

18.

Can the distance formula of Example 5 be
used to find the distance between two parallel
lines in three-space? Explain by giving an
example.

Chapter Problem As the games become more
complex, so does the mathematics. In the
previous game, only simple motions had to be
analysed. For a flight simulator game, three-
dimensional analysis must be done. In this
particular game, a passenger jet is taking off
from the airport and flying on a path given by
[x, y, 2] =s[8, 4, 1]. A private jet is flying by
the airport, waiting to land, and is on the path
given by [x, v, z] =[60, —20, 22] +¢[2, 6, —1],
where s and # represent time in minutes.

a) Assume that both jets continue on their
paths. Will their paths meet?

15.

16.

(e Extend and Challenge

A median of a triangle is the line from a vertex
to the midpoint of the opposite side. The point
of intersection of the medians of a triangle is
called the centroid.

a) The vertices of a triangle are at A(2, 6),

B(10, 9), and C(9, 3). Find the centroid of
the triangle.

b) Plot the points to confirm your answer to
part a).

¢) Find the centroid of a triangle with
vertices at D(2, —6, 8), E(9, 0, 2), and
F(—1, 3, —2).

Develop a formula for the solution to each
system of equations.

a) ax+by=c
dx+ey=f
b) [x, y]=[a, b] +s[c, d]

[x, y] =le, f] +tIg, b]

84 Intersections of Lines in Two-Space and Three-Space -

19.

20.

b) If the paths do meet, find the location. If
they do not meet, find the least distance
between the paths.

o If the paths meet, does it necessarily mean
there is a collision? Explain.

a) Determine if these lines are parallel.
Elz [xa Vs Z] = [79 73 _3] +S[1, 29 _3]
(2: [xs Vs Z] = [103 73 0] + t[za 2, _1]

b) Rewrite the equation of each line in
parametric form. Show that the lines do not

intersect.

¢) Determine the least distance between the
lines.

Write equations of two non-parallel lines in
three-space that intersect at each point.

a) (1, =7,1) b) (2,4, —3)

Math Contest The two overlapping
rectangles shown have the same width, but
different lengths. Determine the length of the
second rectangle. (The diagram is not to scale.)

10 cm

6 cm

A
Y

14 cm
Math Contest The angle between the planes

x+y+2z=11and 2x —y+ kz=99 is 60°.
Determine all possible values of k.
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Intersections of Lines and Planes

A jet is approaching a busy airport. Although the pilot may
not physically see the airport yet, the jet’s path is a straight
line aimed at the flat surface of the runway. Electronic
navigation aids (GPS, Radar, etc) help the pilot and the air
traffic controller to guide the jet to a safe landing within

a small window of time. Being able to predict whether the
flight path will land the jet on the runway at the correct
time is of vital importance to the safety of the passengers
and the efficiency of the airport.

NESIEICE Intersections of lines and planes in three-space

Tools 1. Use a straw and a piece of cardboard to represent a line and a plane in
- Tstraw three-space.

- cardboard

a) How could the line and plane be oriented to produce a system with
exactly one solution?

b) How could the line and plane be oriented to produce a system with an
infinite number of solutions?

¢ How could the line and plane be oriented to produce a system with no
solution?

2. Reflect How would the direction vectors of the lines and the normal
vectors of the planes be related to each other in each of the situations in
step 1?2
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Given a line and a plane in three-space, there are three possibilities for the
intersection of the line with the plane.

¢ The line and the plane intersect at a point. There is exactly one solution.

e The line lies on the plane, so every point on the line intersects the plane.
There are an infinite number of solutions.

—

e The line is parallel to the plane. The line and the plane do not intersect.
There are no solutions.

I

‘1

Example 1 | Intersection of a Line and a Plane

In each case, determine if the line and the plane intersect. If so, determine the
solution.

a) w:9x +13y—2z=29 b) m):x+3y—4z=10
x=5+2t x=4+6t
ly:yy=—5—-15t by :qy=—7+2t
z=2+3t z=1+3¢

Q my:dx—y+1lz=—1
£3:[x3 Vs Z] = [_27 4’ 1] +t[33 1) _1]

Solution

a) Substitute the parametric equations into the scalar equation of the plane.

IS +26)+13(—=5—5t)—2(2+3£) =29 Expand and solve for t.
45+18t—65—-65t—4—6t=29
—53t=53
t=-1

8.5 Intersections of Lines and Planes « MHR
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CONNECTIONS

Solutions to Examples 1and 2
can be verified using 3D
graphing software

Since a single value of ¢ was found, the line and the plane intersect at a
single point. Substitute =1 in the parametric equations.

x=5+2(—1)=3
y=-5-5(-1)=0
z=2+3(-1)=-1

The line and the plane intersect at a single point (3, 0, —1).
b) Substitute the parametric equations into the scalar equation of the plane.

(4+6t)+3(—7 +2t) —4(1+38) =10
4+6t—21+6t—4—12¢t=10
0¢=31

Since there are no values of ¢ that make the equation true, the plane and
the line do not intersect. The line is parallel to and distinct from the plane.

¢ Substitute the parametric equations into the scalar equation of the plane.
4(=2+30)—@4+n+11(1—-1)=—1
=8+ 12t—4—t+11—-11t=-1
0r—1=-1
0t=0
This equation is true for all values of z. Any point on the line is a solution.
The line lies completely on the plane.

Use Vectors to Determine If a Line Intersects a
Example 2 Plane

Without solving, determine if each line intersects the plane.

a) (1:7=[2, =5, 3] +5s[3,2,1] b) (,:7=[1,0,1]+¢[—2, 1, —4]
T:3x—y+z=-6 T: 4x —2z=11
Solution

a) The direction vector of the line is 72 = [3, 2, 1].
The normal vector of the plane is 7=[3, —1, 1].
Examine the dot product.

i =303)+2(—1)+1(1)=8

Since 72+ 7117 0, 72 and 7 are not perpendicular.

Therefore, the line and the plane are not parallel and so they must
intersect.
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b) The direction vector of the line is m =[—2, 1, —4].
The normal vector of the plane is 7= [4, 0, —2].
Examine the dot product.
m-n=—2(4)+1(0)+—-4(-2)=0
Since m-n=0, m L 7.
The line and plane are parallel and can be either coincident or distinct.

Test point (1, 0, 1), which lies on the line, to determine if it also lies on
the plane.
LS=4(1)—2(1) RS=11

=2

#RS

The point (1, 0, 1) does not lie on the plane. Therefore, the line and the
plane are parallel and distinct.

If a line and a plane are parallel and do not intersect, it is reasonable to ask
how far apart they are. The shortest distance is the perpendicular distance.
Since the line and plane are parallel we need to find the perpendicular distance
from any point on the line to the plane. The method needed is a slight
modification of the technique used in Section 8.4 to find the distance between
skew lines.

Example 3 | The Distance From a Point to a Plane

Find the distance between the plane 4x + 2y +z— 16 =0 and each point.
a) P(10, 3, —8) b) B(2,2, 4)

Solution
a) First check if the point P(10, 3, —8) lies on the plane.
LS=4(10)+2(3)+(—38) RS=16
=38
#RS
The point P(10, 3, —8) does not lie on the plane.

A normal vector to the plane is 7= [4, 2, 1].
Choose any point, Q, on the plane by selecting arbitrary values for x and y.

If x=4 and y=0, then z=0. Q(4, 0, 0) is a point on the plane.
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The projection of PQ onto 7 gives the distance, d, we require.

PQ=0Q~-OP
= [43 0) O] - [103 35 _8]
= [_63 _33 8]

=
Kk
3l

d=

|7]
|[4a 2, 1][_6)_378“

J42+22+12

_|-24—-6+38]

-t

22
NG
=4.80

The distance from point P to the plane is approximately 4.8 units.
b) Check the coordinates of point B(2, 2, 4) in the equation of the plane.

LS=4(2)+2(2)+(4) RS=16
=16
=RS

Point B is on the plane, so it is 0 units from the plane.

To find the distance between a plane and a parallel line, choose any point on
the line, P, and follow the procedure outlined in Example 3.

KEY CONCEPTS

¢ In three-space, there are three possibilities for the intersection of a line
and a plane and the related system of equations.

The line intersects The line lies on the The line is parallel
the plane at a plane. The system to the plane. The
point. The system has infinitely many system has no
has a unique solutions. solutions.
solution.

|7-PQ|

¢ The distance d between a point P and a plane is d = , where

7|
Q is any point on the plane and 7 is a normal vector of the plane.
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Communicate Your Understanding

a

Q

aG

1.

How does the dot product of the normal of a plane with the direction

vector of a line help identify whether the plane and line intersect?

When algebraically determining the intersection of a plane and a line,

the result is 0 = 0. What does this tell you about the plane and line?

Justify your answer.

[x7 Vs Z] = [13 37 _4] +5[5a 15 6]
[X, Vs Z] = [75 _3’ O] + t[za _93 2]

Consider the lines defined by these vector equations.

Will the plane defined by the two direction vectors and the point
(1, 3, 4) be different from the plane defined by the direction vectors and

the point (7, —3, 0)? Explain.

9 e

Determine the coordinates of the point

of intersection of the line defined by the
parametric equations and the plane defined by
the vector equation.

x=4+t
(:iy=2—2t
2=6+3t

U [xs Y, Z] = [_13 15 2] +m[_1a _1, 3]
+n(2,4,1]

In each case, verify that the plane and line are
parallel, then determine if they are distinct or
coincident.

a) 3x+5y+z—5=0

[X, Vs Z] = [15 23 _8] +t[2, _1, _1]
b) 4x —y+6z—12=0

[X, % Z] = [45 33 10] + t[7, _14, _7]
¢ 3y+10z+1=0

[x,y,2]=17,1, =9] + 2, —10, 3]

d x+2y—52+4=0
[x,y, z] =[10, 3, 4] +¢[1, 2, 1]

3. In each case, determine if the plane and the

line intersect. If so, state the solution.
a) 3x—y+4z—8=0

[xs Vs Z] = [39 Os 5] +t[7a _119 _8]
b) —2x+6y+4z—4=0

[xs Vs Z] = [59 _19 4] + t[ls _23 3]
 Sx+3y+4z—20=0

[x,y, z] =[4, 1, 5] +1[1, 2, 3]
d Sx—-3y+7z+7=0

[xs Vs Z] = [103 _53 0] + t[za 19 _2]
e) 9x—6y+12z—24=0

[xs Vs Z] = [49 Os _1] + t[zs 1> _1]

f) 6x—2y+32+6=0
[xs Y, Z] = [49 129 _19]+t[2> _33 5]

. Use direction vectors to determine if each line

intersects the plane 3x — 2y +4z=35.
a) 7=[—3,2,7]+1[3, 6, 2]

b) 7=[-3, =5, 1]+¢—-2,1, 2]

o 7=1[0,1,2]+1¢[4, 4, —1]
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: 3 Connect and Apply

5. Does each line intersect the plane

[x, y, 2] =[4, =15, =8] +s[1, =3, 1] +¢]2, 3, 1]?
If so, how many solutions are there?

a) [x,y,z]=15, -9, 3]+k[1, -12, 2]
b) [x,y,z]=[-2,9, —21] + k[2, =5, 4]
) [x, y,z]—[3, -2, 1]+k[1 4, =2]
d) [x,y,z]=14, 6, 2] + k|2,
e) [ [

[

—1,1]
x,y, 2] =12, =3, 0]+ k[—1, 3, —1]
f) [x,y, 2] =19, 4, 1]+ k[—2, 2, 4]

. Find the distance between the parallel line and
plane.

a) (:7=02,0,1]+1¢1,4,1]
mw2x—y+2z=4
b) ¢ [xa Vs Z] = [25 _19 _1] +S[29 23 0]

—y+z=4
o :7=1[0, =1, 1]+ k[6, 4, —7]
m2x—3y=2

d) £ [xa Vs Z] = [15 59 1] + d[l, 2> _7]
m 11x—24y—5z=4
e) [xa Vs Z] = [25 _19 O] +g[4> 23 _2]
m —14y—14z=1
f) ¢ [xa Vs Z] = [35 89 1] +S[_13 3, _2]
m 8x —6y—13z=12
. Find the distance between the planes.
a) m: 2x—y—z—1=0
T:2x—y—z2—4=0
b) m:x+3y—2z=3
M:x+3y—2z=1
 m:2x—3y+tz=6
T: 4x — 6y +2z=18
d mi:2x+4y—6z=38
m: 3x+6y—8z—12=0
e) mi:3x—y—12z+2=0
TM: 6x —2y—24z—7=0
f) m:x—6y—32+4=0
T: —2x+12y+62+3=0
. Determine the distance between each point and
the given plane.
a) P(2,1,6)
3x+9y—2—1=0

Calculus and Vectors - Chapter 8

10.

1.

b) P(—5,0,1)
x+2y+6z—10=0

9 P(1, 4, -9)
4x—2y—72—21=0

d) P(-2,3, -3)
2x—S5y+3z+6=0

e) P(5,-3,2)
2x —y+5z+4=0

—3x—-3y+5z2—-9=0

Werite an equation of the plane that contains
the point P(2, —3, 6) and is parallel to the line
[x,y, 2] =13, 3, =2] +¢[1, 2, = 3].

Does the line through A(2, 3, 2) and B(4, 0, 2)
intersect the plane 2x +y — 3z +4 = 0? Explain.

An eye-tracking device is worn to determine
where a subject is looking. Using two micro-lens
video cameras, one pointed at the eye, the other
at the target, the device can calculate exactly
where the eye is looking. Scientists at Yale
University used this device to compare the visual
patterns of people with and without autism
during conversation. People with autism looked
at the speaker’s mouth, whereas those without
autism watched the speaker’s mouth and eyes.

It is believed that people with autism often miss
visual cues during conversation. Research using
3D mathematics helps to understand autism
better and may lead to helping those with autism
function better with their disability.

£

In a particular test, the eye of a person wearing
the device was located at a point A(2, 2.5, 1.3).
The subject was looking at a screen defined

by the equation x = 0. The eye-tracking device
determined that the subject’s line of sight
passed through the point B(1.95, 2.48, 1.2).
Determine the place on the screen that the
person was looking at that instant.



12.

13.

14.

15.

(&8 Extend and Challenge

17.

18.

Write the equations of a line and a plane that
intersect at the point (1, 4, —1).

Is each situation possible? Explain.
a) Two skew lines lie in parallel planes.
b) Two skew lines lie in non-parallel planes.

Consider these lines.

x =3s x=14+2t
li:iy=2+s and {p:{y=-3—-1¢
z=1+s z=t

a) Determine if lines ¢; and /¢, are skew.

b) Write the equations of parallel planes that
each contain one of /; and /5.

Write the equations of two skew lines such
that one line lies on each of these parallel
planes.

w:x—3y+2z—5=0
T:x—3y+2z+8=0

Consider these lines.
flt ['xa ) Z] = [1’ _2, 4] +S[1, 1’ _3] and
EZ: [x5 Y, Z] = [4, _2, k] + t[25 35 1]’

a) Determine an equation of the plane that
contains /q and is parallel to /,.

b) Determine a value of k so /, lies in the
plane.

¢) Determine a different value of k so /5 is

10 units away from the plane.

Find the distance between the parallel lines in
each pair.

a) flt [xs Vs Z] = [1> 33 _4] +5[23 _53 2]
ZZ: ['xa Vs Z] = [4’ Oa 2] + Z’[Z, _53 2’]

b) flt [xs Vs Z] = [6> 13 2] +S[4a _1a 5]
ZZ: ['xa Vs Z] = [_27 8, 7] + t[49 _13 5]

16.

19.

20.

21.

22,

Lines and planes can Reasoningand-Proving

intersect in a Variety of Representing SelectingTools
ways. Usually, the type Problem Solving
of intersection can be Connecting Reflecting
predicted by analysing Communicating

the parametric equations

of the line and the scalar equation of the
plane. For each situation, draw a sketch of the
geometric figures involved and explain how
the coefficients of the equations indicate this
type of intersection.

a) A line and a plane do not intersect.
b) A line and a plane are parallel and distinct.

¢ Two planes are parallel and have no
intersection points.

In each case, determine the distance between
point P and the line.

a) P(1, 3, —4)
[xs Vs 27] = [4, 19 4] + t[za 45 _3]
b) P(5, —2, 0)
[xs Vs 27] = [_13 6) _2] + t[l, _6) 6]

Develop a formula for the distance
from a point Py(x1, y1, z1) to the plane
Ax+By+ Cz+D=0.

Math Contest Determine the value of & if
[33 7) _2] X [61, 33 b] = [_13 ka _5]

Math Contest Given that & =log; 2 and
m = logqo 3, determine the integer value of
n such that logg n=3 — 2k +m.
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Spatial relationships in art and architecture are important in terms of
both strength of structures and aesthetics. Because large sculptures and
structures are built in three dimensions, understanding how various
parts of these structures intersect is important for the artist, architect, or

engineer.

Intersections of Planes

NESIGEICIE How can sets of planes intersect?

Tools 1.

+ cardboard
- templates for intersecting planes

Consider two planes. In how many different
ways can the planes intersect?

a) How could the planes be oriented to form a
system with no solution?

b) How could the planes be oriented to form a
system with infinitely many solutions?

. To help envision one of the ways, use templates (page 1) to create the

intersection of two planes. Which of the situations in step 1 will this
produce?

Reflect How would you describe the intersection of two planes? How
would you compare the two normal vectors in this case?

Reflect Is it possible for two planes to intersect at exactly one point?
Explain your answer.

. Consider three planes. In how many different ways can the three planes

intersect?

a) How could the planes be oriented to form a
system with no solution?

b) How could the planes be oriented to form a
system with infinitely many solutions?

¢ How could the planes be oriented to form a
system with exactly one solution?

To help envision some of the ways, use templates (pages 2 to 5) to create
the intersection of three planes. Which of the situations in step 5 will these
produce?
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7. Reflect Describe ways in which three planes can intersect at one point.
How do the normal vectors of the planes compare to one another in each
situation? Which of these ways form consistent dependent or independent
systems? Summarize your results in table form.

8. Reflect Describe ways in which three planes can form a system that has
no common points of intersection. How do the normal vectors of these
planes compare in each situation? Summarize your results, including as
many different configurations as possible.

Given two planes in three-space, there are three possible geometric models for
the intersection of the planes.

If two distinct planes intersect, the If the planes are coincident,
solution is the set of points that lie every point on the plane is a
on the line of intersection. solution.

Parallel planes do not intersect, so there is no solution.

You can verify these situations algebraically by solving linear systems of
equations representing the planes.

Example 1 | Intersection of Two Planes

Describe how the planes in each pair intersect.
a) m:2x—y+z—1=0 b) m3: 2x —6y+42—7=0
M:x+y+z—6=0 My 3x—9y+62—2=0
O ms:x+y—2z+2=0
Tg: 2x +2y—42+4=0

Solution

a) The normal for the plane w; is 7 =[2, —1, 1] and the normal for the
plane m, is 7, = [1, 1, 1]. The normals are not parallel, so the planes must
intersect.

There are three variables but only two equations. This is not enough
information to find a unique solution. Use the technique of elimination

8.6 Intersections of Planes - MHR
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b)

CONNECTIONS

Solutions to the Examples in this
section can be verified using 3D
graphing software. Go to
www.megrawhillca/links/
calculus 12 and follow the links
t0 8.1 for instructions on how to
access 3-D Grapher software.

q)

to solve for the intersection points. We expect the result to be a line of
intersection, that is, a solution involving one parameter.

2x—y+z—1=0 @

xtytz—6=0 @
x—2y +5=0 O -0

Assign a variable to be the parameter.
Lety=t.
® becomes x = —5 + 2t

® becomes (—5+2t)+(t)+z2=6
z=11-3¢

The parametric equations for the line of intersection, ¢, are

x=—-5+2t
y=t
z=11-3t

A vector equation of the line of intersection is
[xs Vs Z] = [_53 Oa 11] + t[zs 1: _3]
The normal for 13 is 723 =[2, —6, 4] and the normal for w, is 74 =3, —9, 6].

Since #4 = 1.5 713, the normals are parallel. The planes may be distinct or
coincident.

2x—6y+4:-7=0 O
3x—9y+6z—2=0 @)

Eliminate one of the variables, say x, as follows.
6x—18y+12:-21=0 3O

6x—18y+12z—4 =0 2@
—-17=0 30-2@

This equation can never be true. There is no solution to this system, so the
planes are parallel and distinct.

Notice that 775 =[1, 1, =2], 115 =[2, 2, —4], and n5 = %ﬁ@
Therefore the normals are parallel and the planes are again either parallel
and distinct or coincident.

However, @ can be simplified by dividing every term by 2; the result is the
same as @. In this case, the planes are coincident and the intersection set
is every point on the plane.
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A system of three planes is consistent if it has one or more solutions.

The planes intersect at a point. The planes intersect in a line. There

There is exactly one solution. are an infinite number of solutions.
CONNECTIONS
When three or more planes
intersect at a line, this is

] sometimes referred to as a sheaf
of planes. For a better view of
a sheaf of planes, go to www.
megrawhill.ca/links/calculus 12
and follow the links to 8.6.

The normals are not parallel The normals are coplanar,

and not coplanar. but not parallel.

The planes are coincident. There are

an infinite number of solutions.

LAY

The normals are parallel.

A system of three planes is inconsistent if it has no solution.

The three planes are parallel Two planes are parallel and distinct.
and at least two are distinct. The third plane is not parallel.
...

...

The normals are parallel. Two of the normals are parallel.

The planes intersect in pairs. Pairs of planes intersect in lines that are parallel
and distinct.

The normals are coplanar but not parallel.
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It is easy to check if normals are parallel; each one is a scalar multiple of the
others.

To check if normals are coplanar, use the triple scalar product, 7 - 71, X 73.
Recall that this product gives the volume of a parallelepiped defined by the
three vectors. If the product is zero, the volume is zero and the vectors must
be coplanar. If the product is not zero, the vectors are not coplanar.

Example 2 | Solving Systems With Three Planes

For each set of planes, describe the number of solutions and how the planes

intersect.

a) m:2x+y+62—7=0 b) my:x—Sy+2z—10=0
M:3x+4y+3z2+8=0 ms:x+7y—22+6=0
M3:x—2y—4z—9=0 Tg:8x+S5y+2z—20=0

Solution

a) The normals of the planes are
;ll = [2’ 15 6]
;12 = [33 43 3]
ny=[1, =2, —4]
None of the normals are parallel. Therefore none of the planes are
parallel.
Now check if the normals are coplanar.
Fll 'ﬁZ X ﬁ3 = [2’ 13 6] : [35 49 3] X [13 _23 _4]
=[2,1,6]-[—10, 15, —10]
=65
Since #; - 1y X 7137 0, the normals are not coplanar and the planes intersect
in a single point.
Verify this algebraically.

Work with pairs of equations to eliminate one of the variables.

8x+4y+24z=28 40
3x+4y+3z=—-8 @
5x + 21z=36 @ 40 -©®

4x+2y+12z=14 20
x—2y—4z=9 ©)
Sx + 8z2=23 ©® 20+ 0

Solve equations @ and ® for x and z.

Sx+21z=36 @
Sx+8z2=23 ®
132=13 @-06
z=1
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Substitute z =1 into equation @.

Sx+21(1)=36

x=3
23)+y+6(1)=7 Substitutex =3 and z= Tinto @.
y==3

The three planes form a consistent system. The point of intersection is
(35 _5> 1 )

b) The normals for the planes are
ﬁ4 = [13 _59 2]
;15 = [13 7, _2]
ﬁ6 = [85 5’ 1]

None of the normals are parallel. Therefore none of the planes are
parallel.

Now check if the normals are coplanar.

;14';15 X ;16 = [15 =35, 2] . [13 7, _2] X [8’ 5, 1]

=01, -5,2]-[17, =17, —51]

=0
Since 74+ 715 X 7ig = 0, the normals are coplanar and the planes intersect
either in a line or not at all. Verify this algebraically.

Work with pairs of equations to eliminate one of the variables.

x— Sy+ 2z=10 @
x+ 7y— 2z=-6 ®
—12y+ 4z=16 @ ®©-06
8x+56y—16z=—-48 8O
8x+ Sy+ =20 ®

Sly—17z=-68 Subtract.
Now eliminate y from @ and

~204y+68z=272  17®
204y —68z=—272  4®
0z=0 Add.

This equation is true for all values of y and z. These three planes intersect
in a line. Determine parametric equations of the line. Let z a parameter.

Letz=1.
12y +4t=16 Substitute z = ¢ into @.
oL, 4
3 3
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CONNECTIONS

To see an interactive sketch

of Example 2b, go to www.
megrawhill ca/links/calculus 12
and follow the links to

8.6 Example 2.htm.

x + 7<1t —4> —2(t)=—6 Substitute z =t and y = 1t 4 into ®.
3 3 33

x+Zt—§—2t=—6
3 3

3x+7t—28—6t=-18

x="—t
3

3

This gives the parametric equations of the line:

x=_L; 410

3073
_1, 4
Y7313

z=t

So the three planes form a consistent system. The planes all intersect in

the line [x, v, z] = [?, —%, O] + t[—%, %, 1]

Example 3 | Analysing Inconsistent Solutions

Determine if each system can be solved; then solve the system, or describe it.

a) 3x +y—2z=12 b) x+3y—2z=-10 Q 4x —2y+6z=35
x—Sy+z=8 2x+y+z=28 —10x +5y—15z=20
12x +4y—8z=—4 x—2y+2z=—4 6x—3y+9z=-50

Solution

a) The normals of the planes are
m=[3,1, -2]
;12 = [19 _5, 1]
;13 = [123 45 _8]
By inspection, T; and 73 are parallel since 4 = 713, but 7, is not parallel to

71 Or T3. T3 is not a scalar multiple of 7y, so this is an inconsistent system
with two distinct but parallel planes that are intersected by a third plane.

b) The normals of the planes are

;11 = [1) 3, _1]
ﬁlz [23 13 1]
n;=[1, =2, 2]

By inspection, none of the normals are parallel.
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Now check if the normals are coplanar.

ﬁ]'ﬁlxﬁ3: [15 3> _1][2> 1, 1] X [15 _2’ 2]
= [1, 3, _1][49 -3, _5]
=0

Since 71 -1, X 713 = 0, the normals are coplanar and the planes intersect
either in a line or not at all.

Solve the system algebraically to determine if there is a solution.
x+3y— z=-10
2x+ y+ z=8
x—2y+2z=—4
2x+6y—2z=-20 2
2x+ y+ z=8
Sy—3z=-28

x+3y— z=-10
x—2y+2z=-4

0O©® 900 ®060 ©06
&
|
®

Sy—3z=-6 -0
Sy—3z=-28
Sy—3z=-6

0=-22 @-06

This system has no solution. Since none of the planes are parallel, these
planes intersect in pairs.

The normals of the planes are

n =4, =2, 6]

i =[—10, 5, —15]

n3=[6, =3, 9]

The normals are all parallel, since 157 = —6#, = 107;5.

Examine the equations to determine if the planes are coincident or parallel
and distinct.

2x—y+3z=32—5 ©=+2
2x —y+3z=—4 @+ (=5)
50

2x—y+3z=—? ®+3

The equations are not scalar multiples of one another. The planes are
parallel but distinct.
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 KEY CONCEPTS

¢ There are three possibilities for the intersection of two planes.

e The planes intersect in a ® The planes are coincident.
line. There are an infinite There are an infinite number
number of solutions. of solutions.

7( A

e The planes are parallel and distinct.
There is no solution.

¢ There are three ways that three planes can intersect.

e The planes intersect at a e The planes intersect in a line.
point. There is exactly one There are an infinite number
solution. of solutions.

The normals are not parallel The normals are coplanar,
and not coplanar. but not parallel.

The planes are coincident. There are an infinite
number of solutions.

V. 4

The normals are parallel.

¢ There are three possibilities for a system of three planes with no
solution.

e The planes are parallel and at least two are distinct.

e Two planes are parallel and the third intersects both of the parallel
planes.

e The planes intersect in pairs.

¢ Normals can be analysed to determine the type and number of
solutions to a system of three planes.
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Communicate Your Understanding

a

Q

G

“

In Example 3a), when you see that two normals are parallel and the
third is not, how do you know that this situation is not two coincident

planes and one non-parallel plane?

How can normal vectors be used to determine the nature of the solutions

to a system of three linear equations?

Explain what the term consistent means in the context of a system of

three planes.

Create a table summarizing all the different intersections of three planes.
It should have an example of each type of system and how the normals
are related in each case. Complete the table as you work through the

following exercise questions.

9 P

1.

Determine the line through which the planes in
each pair intersect

a) x+5y—3z—8=0

y+2z—4=0
b) Sx —4y+2—-3=0
x+3y—9=0

 2x—y+z—22=0
x—11y+2z—-8=0

d 3x+y —5z—-7=0
2x—y—212+33=0

Which pairs of planes are parallel and distinct
and which are coincident?

a) 2x+3y—7z—2=0
4x+6y—14z—8=0

b) 3x +9y—62—24=0
4x+12y—82—32=0

0 4x—12y—16z—52=0
—6x+18y+24z+78=0

d x—2y+2.5z—1=0
3x—6y+7.52—3=0

Show that the line

[x, y, 2] =[10, 5, 16] +¢(3, 1, 5]

is contained in each of these planes.

a) xt+t2y—2—4=0

b) 9x —2y—5z=0

4. For each system of equations, determine the
point of intersection.

a) xty+z—7=0
2x+y+3z2—17=0
2x—y—2z+5=0

b) 2x+y+4z=15
2x+3y+z=-6
2x—y+2z=12

Q Sx—2y—7z—19=0
x—y+z—-8=0
3x+4y+z—1=0

d) 2x—5y—2=9
x+2y+2z=-13
2x+8y+3z=-19

5. Determine the line of intersection of each
system of equations.

a) 2x+ty+z=7
4x+3y—3z=13
4x +2y+2z=14

b) x+3y—z2=4
3x+8y—4z=4
x+2y—2z=—4

¢ x+9y+3z=23
x+15y+3z2=29
4x—13y+12z=43

d x—6y+z=-1
x—y=35
2x—12y+2z=-2

8.6 Intersections of Planes - MHR
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6. In each system, at least one pair of planes are 7. Determine if each system of planes is consistent

parallel. Describe each system. or inconsistent. If possible, solve the system.
a) 3x+15y—9z=12 a) 3x+y—2z=18
6x+30y—18z=24 6x—4y+10z=-10
Sx+25y—15z=10 3x—5y+10z=10
b) 2x —y+4z=35 b) 2x+S5y—3z=12
6x —3y+12z=1S5 3x—2y+3z=95
4x —2y+8z=10 4x + 10y —6z2=—10
Q 3x+2y—2=8§ 0 2x—3y+2z=10
12x+ 8y —42=20 Sx—15y+5z=25
18x +12y —6z=—-3 —4x+6y—4z=-4
d 8x+4y+6z=7 d) 3x—S5y—35z=1
12x+6y+9z=1 —6x+10y+10z= -2
3x+2y+4z=1 15x — 25y —252=20
3 Connect and Apply
8. Use Technology Use 3-D graphing d) x—y+2=20
technology to verify any of your answers to x+y+3z=—4
questions 1 to 7. 2x—Sy—z2=-6

e) 4x+8y+4z=7

9. Planes that are perpendicular to one another Sx+10y+ 52 = —10

are said to be orthogonal . Determine which

of the systems from question 4 contain 3x—y—4z=6
orthogonal planes. f) 2x+2y+2=10
Sx+4y—4z=13
10. For each system of planes in question 5, 3x+5y—2z=6
find the triple scalar product of the normal ' g 2x+Sy=1
vectors. Compare the answers. What does this 4y +zm1
say about the normal vectors of planes that 7i C4r=1
intersect in a line?
h) 3x —2y—2=0
| CONNECTIONS x—2z=0
T The triple scalar productis d - (bx7). 3x+2y—52=0
i) y+2z=11
11. Describe each system of planes. If possible, 4y —4z=-16
solve the system. 3y—3z=-12
a) 3x+2y—z=-2 12. A student solved some systems of planes and
2x+y—2z=7 got these algebraic solutions. Interpret how
2x—3y+4z=-3 the planes intersect in each case as exactly as
b) 3x —4y+2z=1 you can.
6x—8y+4z=10 a) x=95 b) x—y+2z=4
 2x+y+6z=35 z=-3 0=0
Sx+y—3z=1 Q x+4y+8z=1
3x+2y+152=9 2y—4z=10
0=12

492 MHR - Calculus and Vectors - Chapter 8



13.

14.

16.

17.

In each case, describe Reasoningand-Proving

all the ways in which
three planes could
intersect.

Representing Selecting'Tools

Problem Solving

Connecting Reflecting

Communicating
a) The normals are

not parallel.
b) Two of the three normals are parallel.

o) All three of the normals are parallel.

Show that the planes in each set are mutually
perpendicular and have a unique solution.

a) Sx +y+4z=18
x+3y—2z=-16
x—y—2=0

b) 2x —6y+z=-16
7x+3y+4z=41
27x +y—48z=—11

(&8 Extend and Challenge

18.

A dependent system of equations is one
whose solution requires a parameter to express
it. Change one of the coefficients in the
following system of planes so that the solution
is consistent and dependent.

a) x—3z=-3 b) 2x +8y=—6
2x—z=4 y+35z2=20
3x+5z=3 3x+12y+6z2=-9

Determine the equations of three planes that
a) are all parallel but distinct

b) intersect at the point P(3, 1, —9)

¢ intersect in a sheaf of planes

d) intersect in pairs

e) intersect in the line [x, y, z] =
[13 3, _4] + t[4a 13 9]

f) intersect in pairs and are all parallel to the
y-axis

g) intersect at the point (=2, 4, —4) and are all

perpendicular to each other

h) intersect along the z-axis

v/ Achievement Check

15.

19.

20.

21.

22,

You are given the following two planes:
x+4y—3z—12=0
x+6y—2z—22=0

a) Determine if the planes are parallel.

b) Find the line of intersection of the two
planes.

¢ Use 3-D graphing technology to check your
answer to part a).

d) Use the two original equations to determine
two other equations that have the same
solution as the original two.

e) Verify your answers in part d) by graphing.

f) Find a third equation that will form a
unique solution with the original two
equations.

Find the volume of the figure bounded by the
following planes.

x+z=-3
10x —3z=22
4x —9z=—38
y=—4
y=10

Solve the following system of equations.

2wtx+y+2z=-9
w—x+y+2z=1
2w+x+2y—3z=18
3w+2x+3y+z=0

Create a four-dimensional system that has a
solution (3, 1, —4, 6).

Math Contest A canoeist is crossing a river
that is 77 m wide. She is paddling at 7 m/s. The
current is 7 m/s (downstream). The canoeist
heads out at a 77° angle (upstream). How far
down the opposite shore will the canoeist be
when she gets to the other side of the river?

Math Contest The parallelepiped formed by
the vectors a=[1, 2, —=3], b=[1, k, —3], and
¢=12, k, 1] has volume 180 units®. Determine
the possible values of k.

8.6 Intersections of Planes « MHR 493



7 ;

494 MHR - Calculus and Vectors -

Solve Systems of Equations Using Matrices

Mathematicians use algorithms, short cuts, and special notations to help
streamline calculations. When solving systems of equations, it is useful to use
a matrix. A matrix is a rectangular array of terms called elements. The rows
and columns of numbers are enclosed in square brackets.

Matrices are used to represent a system of linear equations without using
variables.

The coefficients of the variables in this system can be written as a coefficient

matrix .

x+9y—2z2=10 1 9 =2

Sx=8y+2z=—4 = S 8 2

7x+4y—z=11 7 4 -1

This system can also be written as an augmented matrix .

x+9y—2z2=10 1 9 2110

Sx —8y+2z2=—4 = S5 -8 2|-4

Tx+4y—z=11 7 4 -1 11

T— the constant terms

the coefficients of z
the coefficients of y
the coefficients of x

Each horizontal row of the matrix represents the coefficients from a single
equation. The vertical line separates the coefficients from the constant terms.

The positions of the rows are not important; they can be interchanged. The
positions of the columns are important; they are always written in the same
order.

Example 1 | Converting To and From Matrix Form

a) Write this system in matrix form.

—3x+2y—5z=6
4x—=7y =8
—4y+2=10

b) Write the scalar equations that correspond to this matrix.

2 0 3|1
-6 11 —-1]12
1 -8 0|3

Chapter 8



Solution

a) Where an equation has a missing variable, the coefficient is understood to
be 0.

-3 2 =5] 6
4 =7 0] 8
0 -4 1|10

b) Assume the variables involved are x, y, and z.

The system of equations that corresponds to this matrix is

2x+3z=1
—6x+1ly—2=12
x— 8y =-3

Elementary row operations can be performed on a matrix. These operations
correspond to the actions taken when solving a system of equations by
elimination. Elementary row operations change the appearance of a matrix
but do not change the solution set to the corresponding system of equations.

Elementary Row Operations

® Any row can be multiplied or divided by a non-zero scalar value.
e Any two rows can be exchanged with each other.

* A row can be replaced by the sum of that row and a multiple of
another row.

A matrix can be changed from its original form into row reduced echelon
form (RREF) by performing a series of elementary row operations. This row
reduction process allows the solution to be read directly from the reduced
matrix.

Row Reduced Echelon Form

e The first non-zero element in a row is a 1, and is called a leading 1.

e FEach leading 1 is strictly to the right of the leading 1 in any
preceding row.

® In a column that contains a leading 1, all other elements are 0.

* Any row containing only zeros appears last.

2 -3 4|8 10 0| 3
3 4 2|13 > |01 0 2
S 2 3|25 0 0 1|-2

8.6 Extension -
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Example 2 | Write a Matrix in Row Reduced Echelon Form

Use a matrix to solve this system.

x+3y—z=-9
x—y+z=11
x+2yt4z=35
Solution

Method 1: Use Paper and Pencil

Write the system in matrix form.

x+3y—2=-9 O 1 3 —-1]|-9|R4 With matrices, refer to
x—y+z=11 @ » |1 -1 1| 11R, row numbers rather than
X+2y+4z=5 O 1 2 4| 5|R, equation numbers.

Apply elementary row operations to get 0 entries in rows 2 and 3 of column 1.
13 -1] -9] R,

0 4 —2|-20[R,-R,

0 1 —5|-14[R,-R;

When “R” is used to describe the algebraic operations, it refers to the row of
the previous matrix only.

Now, apply elementary row operations to get 1 in row 2, column 2, and Os
in rows 1 and 3 of column 2.

1 0 14| 33|R;{—3R;

0 1 —5|-14| R,

0 0 18| 36|R,—4R;

Apply elementary row operations to get 1 in row 3, column 3, and Os in
rows 1 and 2 of column 3.
18 0 0| 90[18R;—14R;
0 18 0|—72|18R,+ SR;
0 01 2| R;+18

Finally, multiply or divide each row by a scalar so the leading non-zero
value is 1.

10 0] SR, +18
0 1 0|—4[R,+18
00 1| 2

The matrix is now in RREFE.

The solution to this system is (x, y, z) = (5, —4, 2).
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@) [QUIT].
ATRIXIAl 3 =4
OO
=k i h]
s 4=0

[MATRIX] 1 () (ENTER).
]

ref ¢ [H] 2

[[1 8B 5 1]
B 1 B8 -4]
BB 1 2 1]

Method 2: Use a Graphing Calculator

e Set up the matrix in the calculator.
Press [MATRIX] (») (») (ENTER) 3 (ENTER) 4 (ENTER).

e Next enter the matrix elements, pressing (ENTER] after each element. Press

e To convert the matrix to row reduced echelon form, press [MATRIX]
(») (A). Use the arrow keys to select B:rref(. Press (ENTER). Press

The matrix is now in RREFE.

The solution to this system is (x, y, 2) = (5, —4, 2).

Example 3 | Solve Dependent or Inconsistent Systems

Solve each linear system.

a) x—y—2z=9
2x+2y+z=1
x+3y+3z=10

b) x —y—z=—4

x—7y—4z=-37

Solution

1 -1 -2
2 2 1
1 3 3
Method 1: Us
1 -1 -2
0 -4 -5
0 —4 -5

a) Write the system in matrix form.

SIR,
1R,
10|R;

e Paper and Pencil
5
9|12R1— R,

=5| R{—R;
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Then,
4 0 —-3| 11/4R;—R,
0 -4 -5 9
0 0 O0]|-14/R3—R,

We can stop the process here since the last row of the matrix represents
0 = —14, which has no solutions. The linear system is inconsistent.

Method 2: Use a Graphing Calculator

1. Enter the matrix in the calculator, as in Example 1.

MATRIXIA] 3 x4 )
[ 1 -1 L
[e £ i =
1 E E =

(& J

2. Convert the matrix to RREE.
fFref{ [A] 2 h

[[1 B8 -.75 @8
. 29 ?

(8 11
(B & @ ]

(& J

Note that the paper-and-pencil solution is different from the calculator
solution. This is because we stopped as soon as we determined the system
was inconsistent, whereas the calculator continued to reduce the matrix
into RREE. We interpret the result in the same way; there is no solution.

b) Write the system in matrix form.
1 -1 -1| —4|R,4

2 0 -1 3R,

1 -7 —4|-37|R;

Method 1: Use Paper and Pencil

1 -1 —-1] —4
0 -2 —-1|-11]2R;—R,
0 6 3| 33]Ri—R3

2 0 -1| 3]2R,—R,
0 —2 —-1|-11] R,
0 0 0| O[3R,+R;

The last row is all zeros, so 0 =0 and the solution is consistent and
dependent.

Determine an equation of the line of intersection.
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From R,, =2y —z=—11. Let y =1 be a parameter.
z=11—-2¢
Now substitute z=11—2¢ and y=¢ into Ry, 2x —z=3.
2x—(11-2¢)=3

x=7—t

Parametric equations of the line are

x=7—t
y=t
z=11-2¢

A vector equation of the line is
[xa Vs Z] = [7; 03 11] + t[_la 13 _2]
Method 2: Use a Graphing Calculator

1. Enter the matrix in the calculator.

MATRIXIA] 3 x4

~

N\

[1 -1 -1 -
[ & L] -1 .
[1 =7 =y -

J

2. Convert the matrix to RREE.

-

trefd [A]
[[1 &6 -

(&
B B8 @8

)

1
5]

1
=)
1

~N

]

J/

This system is consistent and dependent.

In this case, from R,, we can set z =1 to be a parameter.

y+0.5¢=5.5

y=5.5-0.5t
Now substitute y and z into R;.
x—0.5()=1.5

x=1.5+0.5¢

Thus the parametric equations are
x=15+0.5¢
y=5.5—-0.5t
2=t

A vector equation is [x, y, z] =[1.5, 5.5, 0] +¢[0.5, —0.5, 1], which looks
different than the result from Method 1. By inspection, the two direction
vectors are parallel since [—-1, 1, —2] = —2[0.5, —0.5, 1], and it can be
verified that the coordinates of either position vector satisfy the other
equation.
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KEY CONCEPTS

The linear system

ax +by+cz=d a b cld
ex+fy=gz=h  can be written in matrix form: e [ gl|b
ix+jy+kz=1 i 7 bl

Any system of linear equations can be solved using a matrix and
elementary row operations.

A matrix is in row reduced echelon form (RREF) if
e The first non-zero element in a row is a 1, which is called a leading 1.

e Each leading 1 is strictly to the right of the leading 1 in any
preceding row.

® In a column that contains a leading 1, all other elements are 0.

® Any row containing only 0 appears last.

Communicate Your Understanding

a

Q
G

What are the advantages of using a matrix method compared to an
algebraic method for solving systems of equations?

Can you use a matrix to determine how lines intersect in two-space?

Will an augmented matrix always have one more column than it has
rows?

T

1. Werite each system of equations in matrix form. 2. Write the system of equations that corresponds

Do not solve.

a) 3x+2y+5z=38
x—8y+4z=1
—2x+ 10y +6z2=7

b) x+y+z=14
3y—2z=10
Sx+2y=1

) x=3
y=7
z=-9

d) 8y +4x+24z—-28=0
—8=3x+4y+3z
x—5y=2z—10

500 MHR - Calculus and Vectors -

to each matrix. Do not solve.
all 3 -2 5 b) -2 0 1 10

8 -1 4 -9 0 0 6 3
2 -3 7 -6 3 -1 0 -10

93 2 -1 6 d[4 -1 -7 9
o 1 -2 7 0 5 0 12
0 0 5 15 0 0 8 2

3. Solve each system.

a1 21 4 b) (2 3 -1 0
0 2 3 13 0 3 2 24
001 5 0 1 -3 —-20

Chapter 8




9|4 0 3 -6 d 2 -3 4 -8
01 -4 12 3 4 2 13
00 6 —12 S5 2 -3 125

. Solve each system.

a) x+y+tz=4 b) x+y+3z2=10

x—2y+3z=15 2x—y+2z=10

x+3y—z=—-4 3x+2y+2=20
0 3x+4y—2z=13

2x—3y+z=4

4x+y—5z=22

. Use a matrix to solve each system. Then
interpret the solution.

a) 4x+12y—8z=1
3x+S5y+6z=-1
6x+ 18y —12z=—15

b) x +8y+5z=1
3x—2y+z2=6
Sx+y+4z=-10

 x—6y+2z=3
x—3y+z=1
2x—12y+4z=6

d) 4x —5Sy+2z=7
3x—2y+z=6
x—z=4

e) 2x+y—3z=10
10x + 5y —15z2=-3
6x+3y—9z=4

f) 3x+2y+2z=15
x+S5y—6z=46
4x+2y+z=9

: 3 Connect and Apply

6. Describe each solution as specifically as
possible based on the reduced matrix.

a0 10 4 b)|1 9 3 0
0 0 1 10 01 2 1§
100 -7 00 0 &6

(1 0 2 8 d |3 5 -3 1
0171 00 0 -5
0 00O 00 0 12

7. Use Technology Use a graphing calculator to

solve any of questions 1 to 6.

(e Extend and Challenge

8. Use a matrix to solve this system of equations.
w—3x—2y+3z=10

4w+2x+3y+z=2

2wtx+y+S5z=11
—2w—4x+y+10z=—8

. Math Contest What is the best way to
measure out 11 L of water with only a 3-L jug
and a 7-L jug? (For example, you want to get
exactly 11 L of water into a pail.)

10. Math Contest There are three glasses on the

table; their capacities are 3, 5, and 8 ounces.
The first two are empty and the last contains
8 ounces of water. By pouring water from one
glass to another, make at least one of them
contain exactly 4 ounces of water.

8.6 Extension « MHR 501



8.1 Equations of Lines in Two-Space and

Three-Space

. Write the vector and parametric equations of

each line.

a) m=|1,2],P(-3,2)

b) 72 =6, 5,1],P(—9,0, 4)

) parallel to the x-axis with z-intercept 7

d) perpendicular to the xy-plane and through
(3) 07 _4)

. Given each scalar equation, write a vector

equation.
a) Sx—2y=9 b) x+7y=10
) x=8§ d x—4y=0

. Write the scalar equation for each line.

a) [x, y]=[1, 4] +12,7]
b) [x, y]=[10, =3] +¢(5, —7]

. A line is defined by the equation

[X, Vs Z] = [13 _13 5] + t[?’a 4) 7]

a) Write the parametric equations for the line.

b) Does the point (13, 15, 23) lie on the line?

. The vertices of a parallelogram are the origin

and points A(—1, 4), B(3, 6), and C(7, 2).
Write the vector equations of the lines that
make up the sides of the parallelogram.

. A line has the same x-intercept as

[x,y,2]=[—21, 8, 14] +¢[— 12,4, 7]

and the same y-intercept as

[x, v, 2] =1[6, =8, 12] +s[2, =5, 4].

Write the parametric equations of the line.

8.2 Equations of Planes

7.

502 MHR - Calculus and Vectors -

Find three points on each plane.

a) [x,y,z]=[3,4, —1] +s[1, 1, =4] +
12, -5, 3]

b) x+2y—z+12=0

0 x=3k+4p
y=-5-2k+p
z2=2+3k—-2p

Chapter 8

REVIEW

8.

10.

11.

8.3
12.

13.

14.

8.4

15.

A plane contains the line

[x, v, 2] =12, =9, 10] +¢[3, —8, 7] and
the point P(5, 1, 3). Write the vector and
parametric equations of the plane.

. Does P(—3, 4, —5) lie on each plane?

a) [x9 Vs Z]z[l, _59 6]+S[23 13 3]+t[1s 7) 1]
b) 4x+y—2z—2=0

Do the points A(2, 1, 5), B(—1, —1, 10), and
C(8, 5, —35) define a plane? Explain why or
why not.

A plane is defined by the equation
x—4y+2z=16.

a) Find two vectors parallel to the plane.
b) Determine the x-, y-, and z-intercepts.

¢ Write the vector and parametric equations
of the plane.

Properties of Planes
Write the scalar equation of the plane with
n =1, 2, —9] that contains P(3, —4, 0).

Write the scalar equation of this plane.
[x, y, z] =[5, 4, =7] + 5[0, 1, 0] +£{0, 0, 1]

Write the scalar equation of each plane.
a) parallel to the yz-plane with x-intercept 4

b) parallel to the vector 4= [3, =7, 1] and to
the y-axis, and through (1, 2, 4)

Intersections of Lines in Two-Space and
Three-Space

Determine the number of solutions for each
linear system in two-space. If possible, solve
each system.

a) 2x—5y=6
x==9+7t
y=—4+3t

b) [x, y]
[x, y]

[9, 4] +s[1,1]
[09 9] + t[3s _4]



16. Write two other equations that have the same
solution as this system of equations.
3x—4y=-14
—x+3y=18

17. Determine if the lines in each pair intersect.
If so, find the coordinates of the point of

intersection.
a) [x7 Vs Z] = [13 5, _2] +5[1) 7, _3]

[X, Vs Z] = [_3, _233 10] + t[la 79 _3]
b) [x: Y, Z] = [153 2’7 _1] +5[4’ 13 _1]

[X, Vs Z] = [13, _5’ _4] + t[_sa 2, 3]
Find the distance between these skew lines.
[X, Vs Z] = [15 03 _1] +S[2) 33 _4]

[x> Vs Z] = [8, 19 3] + t[4a _53 1]

18.

8.5 Intersections of Lines and Planes

19. Determine if each line intersects the plane. If

so, state the solution.
a) Sx —2y+4z=23

[xa Vs Z] = [_173 77 _6] + t[43 1,
b) x+4y+3z=11

[xa Vs Z] = [_19 _99 16] + t[33 3, _5]
Find the distance between point P(3, —2, 0)
and the plane 4x —y + 8z=2.

20.

PROBLEM WRAP-UP

When 3-D artists create objects that will
eventually be animated, they start with a wire
frame model of the object. Programmers then
work to develop shaders that will be applied
as materials for the models. Meanwhile,
programmers and specialized technical artists
create rigs, which the animator will use to
control the motion of the models. A vehicle
for your game is modelled with the wire frame
shown in the diagram. Write the equations for
all of the outside surfaces and edges.

CHAPTER

8.6 Intersections of Planes

21.

22,

23.

Find the line of intersection for these two
planes.

3x+y+z=10
Sx+4y—2z=31
How do the planes in each system intersect?

a) 2x+5y+2z=3
x+2y—3z=—11

2x+y+5z=38
b) x +3y+2z=10
3x—=5y+z=1

6x+4y+7z=-S5

 x+t3y—z=-2
Ix+ytz=14
Sx+7y+z2=10

Use the normal vectors of the planes to
describe each system.

a) 2x+5y+3z=0
x—3y+6z=19
3x+2y+9z=-7

b) 8x+20y+16z=3

3x+15y+12z=10
2x =Sy +4z=2
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Chapter 8 PRACTICE TEST

For questions 1 to 10, choose the best answer.

1. A line in two-space has scalar equation
3x + 5y + 9 =0. Which vector is parallel to the

line?
A [3,5] B [3, —5]
C [5,3] D [-5,3]

2. Which line is the same as
[x, y] =[1, —8]+¢ 4, —3]?

=12, 4] + 1[4, 3]

13, —17]+1[8, —6]

—10, 20] +#[12, —9]
—[—11, —4] + 1[4, —3]

A [x,y]=[
B [x,y]=I
C [x,y]=]
D [

3. Which plane does not contain the point
P(10, -3, 5)?

A 3x+6y—2z—2=0
B x+y—2—12=0
C 2x—2y—3z—11=0
D 4x+5y+z—30=0
4. Which does not exist for a line in three-space?
A vector equation
B scalar equation
( parametric equation

D equation in slope—intercept form

5. The equation 2x + 5y =9 can represent
A ascalar equation of a line in two-space
B a scalar equation of a plane in three-space
C neither A nor B
D both A and B

6. Which vector is not normal to the plane
x+2y—3z—4=0?

A [2a _37 4] B [_13 _23 3]
C [25 4, _6] D [37 6’ _9]

7. Which point is not a solution to the equation
3x—4y+z—12=0?

A (_Sa _95 0)
C (16,10, 4)

B (4,1,4)
D (18, 12,2)
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8.

10.

11.

12.

13.

14.

How many solutions does this system have?
10x—7y=10

4x+S5y=12

A O

B 1

c 12

D infinitely many

. Which word best describes the solution to this

system of equations?

[xa Vs Z] = [45 _2’ 3] +S[59 _39 2]
[xa Vs Z] = [13 _33 1] + t[sa -3 2]

A consistent

bl

B coincident
C inconsistent

D skew

Which statement is never true for two planes?
A they intersect at a point

B they intersect at a line

C they are parallel and distinct

D they are coincident

A line passes through points A(1, 5, —4) and
B(2, =9, 0).

a) Write vector and parametric equations of
the line.

b) Determine two other points on the line.

Write the parametric equations of a line
perpendicular to 4x + 8y + 7 = 0 with the same
x-intercept as [x, y] =[2, 7] +¢[—10, 3].

Find the parametric equations of the line
through the point P(—6, 4, 3), that is
perpendicular to both the lines with equations
[x, v, z] =[0, =10, —2] + s[4, 6, —3] and
[x,y, 2] =[5, 5, —5]+1¢3, 2, 4].

Write the scalar equation of a plane that is
parallel to the xz-plane and contains the line
[xa Vs Z] = [35 _1’ 5] + t[41 09 _1]



15. Determine if the lines in each pair intersect. If
they intersect, find the intersection point.

a) 6x+2y=S$§
[x, y] = [4, =7] + {1, —3]

b) 2x +3y=21
4x—y=7

J [xa Vs Z] [ 2,4, 1]+5[33 -3, 1]
[x, y, 2] =[7, 10, 4] +¢[1, 4, 3]

d) [x,y, 2] =3, 4, —6] +sl[5, 2, —2]
[x, y,z]=[1, —4, 4] + {10, 4, —4]

16. Consider these lines.
[x,y, 2] =2, 6, 1] +5[5, 1, 3]
[xa Vs Z] = [13 53 _3] + t[_zs 43 1]

a) Show that these lines are skew.

b) Find the distance between the lines.

17. Determine whether the line with equation
[x, y, 21 = [~3, =6, —11] + k[22, 1, —11] lies

in the plane that contains the points A(2, 5, 6),

B(—-7,1,4), and C(6, =2, —9).

18. The direction cosines can be used as the
direction vector of a line. Explain why this can
be done. Provide an example to support your
explanation.

19. Determine if the planes in each set intersect. If
s0, describe how they intersect.

a) 2x+5y—7z=31
x—2y—35z=-9

b) x+y—z=11
2x+3y+4z=0
2x—2y+z=4

Q) 2x+y—3z=2
x—4y+2z=35
4x+2y—62=-12

d) 2x —3y—4z=-16
11x =3y +5z=47
Sx+y+7z=4S

20. A plane passes through the points A(1, 13, 2),
B(—2, 5),and C(—1, —1, —3).

a) Write the vector and parametric equations
of the plane.

21.

22,

23.

b) Write the scalar equation of the plane.

¢ Determine two other points on the plane.

The plane 1 has vector equation
7=1[2,1,3]+s[1,1,1]1+¢2,0,2],s, teR.

a) Verify that © does not pass through the
origin.
b) Find the distance from the origin to 7.

A plane m; has equation 2x — 3y + 5z=1. Two
other planes, m, and 73, intersect the plane, and
each other, as illustrated in the diagram. State
possible equations for m, and 13 and justify
your reasoning.

\

Given the plane 2x + 3y + 4z =24 and the lines
[x, v, 2] =10, 0, 6] +7[3, 2, —3]

[x, v, 2] =[14, —12, 8] +s[1, —2, 1]

[x, v, 2] =9, —10, 9] +¢[1, 6, —5]

a) Show that each line is contained in the
plane.

b) Find the vertices of the triangle formed by
the lines.

¢ Find the perimeter of the triangle formed by
the lines.

d) Find the area of the triangle formed by the
lines.
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REVIEW

Chapter 6

1. Convert each quadrant bearing to its
equivalent true bearing.

8.

Determine each resultant.
a) 10 km/h north followed by 8 km/h west
b) 80 m/s upward and 12 m/s horizontally

a) N20°W b) S36°E Q S80°W ¢ 25 N at 10° to the horizontal and 30 N
2. Convert each true bearing to its equivalent horizontally

quadrant bearing. 9. A 75-N load rests on a ramp inclined at 20° to

a) 130° b) 280° g 94° the horizontal. Resolve the weight of the load
3. Consider this diagram. ir;?t) the rectangular components keeping it at

A
B c Chapter 7
10. Consider #=[2, 3] and v =[—4, —6].
F > a) Find two unit vectors parallel to 7.
b) Determine the magnitude of 7.
D

a) State a vector opposite to AE.
b) Is AF=CD? Explain.
o State the conditions under which FE = BC.

d) Express AB as the difference of two other
vectors.

11

4. Three forces, each of magnitude 50 N, act in
eastward, westward, and northwest directions.
Draw a scale diagram showing the sum of
these forces. Determine the resultant force.

5. Use vectors #, U, and @ to draw each
combination of vectors.

N

a) 2u

A/ﬁ

N\

b) —v Q) u+v

d ut+v+w e) 2u—3v+ 5w

6. Refer to the vectors from question 5. For
k=3, show that k(s + v) = kit + ko.

7. Describe a scenario that could be represented
by each scalar multiplication.

a) 24, given |a|=9.8 m/s?
b) —107, given |#| =100 N
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12.

14.

15.

16.

9 PQis parallel to #, and has initial point
P(—7, 5). Determine the coordinates of Q.

. Use an example to show that

(k +m)it = kit + mii.

A boat is travelling at 18 knots on a heading
of 234°. The current is 8 knots, flowing from
a bearing of 124°. Determine the resultant
velocity of the boat.

. Calculate the dot product of 4 and b.

la| =90 N

Calculate the dot product of each pair of
vectors.

a) 7;1:[_29 _8]9;’:[93 O]
b) 52[4) 53 _1]3 52[63 _23 7]

Determine a vector perpendicular to

=6, —35].

Calculate the angle between # =[5, 7, —1] and
v=[8,7,8].



17. Tyler applies a force of 80 N at 10° to the
horizontal to pull a cart 20 m horizontally.
How much mechanical work does Tyler do?

18. Determine the vector 7 = AB and its
magnitude, given A(3, 7, —2) and B(9, 1, 5).

>

19. Given a=[2, —4, 5], b=[7, 3, 4], and
¢=[-3, 7, 1], simplify each expression.
a) b-axe b) GXb—bX¢

20. Is 2 X o =0 X u? Explain and illustrate with a
diagram.

21. Determine two vectors orthogonal to both
c=16,3,—2]and d=1[4, 5, —7].

22. A parallelogram has side lengths 12 cm and
10 cm and area 95 cm?. Determine the
measures of the interior angles.

23. A crank is pushed by a 40-N force. The shaft
of the crank is 18 ¢cm long. Find the magnitude
of the torque vector, in newton-metres, about
the pivot point.

Chapter 8

24, Write a vector equation and parametric
equations of the line through each pair of
points.

a) P(3,5)and Q(—4,7)
b) A(6, —1, 5) and B(—-2, —3, 6)
25. Write the scalar equation of the line with

parametric equations x =6 — 7t, y= —2 + 3t.

26. Determine the scalar and vector equations of
a line through P(—4, 6) with normal vector
n=[5,1].

27. Determine an equation for each plane.

a) parallel to both the x- and y-axes and
contains the point A(2, 5, —1)

b) contains the points A(6, 2, 3), B(S, 1, —3),
and C(5, 7, —2)

¢ parallel to 2x + 6y +4z =1 and contains the
point P(3, 2, 1)

28. Explain why three direction vectors of a plane
cannot be mutually perpendicular.

29

30.

31.

32.

33.

34.

35.

36.

. Write the scalar equation of each plane.
a) [xa Vs Z] = [2, 39 5] +S[_13 3, 4] +t[ 63 19 _2]

b) contains the point P(6, —2, 3) and has
normal vector 7=[1, 2, —35]

Determine the angle between the

planes defined by 2x + 2y + 7z =8 and
3x—4y+4z=3.

Determine if the lines intersect. If so, find the
coordinates of the point of intersection.
[x,y,2] =12, 1, —4] + s[5, 3, 1]
[x,y,z]=[—11, 7, 2] + 2, —3, 3]

Determine the distance between these skew
lines.

[x,y,2]=1[4,2, =3]+s[—1, =2, 2]

[x, y,z]=[—6, =2, 3] +t[—2,2,1]

Determine the intersection of each line and
plane. Interpret the solution.

a) 2x+3y—5z=3

[xa Vs Z] = [4; 69 _1] + 5[33 45 _2]
b) x +3y—2z=6

[xa Vs Z] = [8; _23 _2] +5[49 _29 _1]
Determine the distance between P(3, —2, 5)
and the plane 2x +4y —z=2.

Determine if the planes in each pair are
parallel and distinct or coincident.

a) Sx+y—2z=2
Sx+y—2z=-8

b) 7x+3y—4z=9
14x + 6y —8z=18

Solve each system of equations and interpret
the results geometrically.

a) 2x+3y—5z=9
Sx—y+2z=-3
—x+7y—12z=21

b) 2x +3y+z=3$
x+4y—2z=10
7x+6y+5z=7

 3xty—z=4
4x—2y—3z=3$
8x+6y—2=7
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TASK

Simulating 3-D Motion on a Television Screen

During television programs or advertisements, images often move on the
screen so it appears that they are moving toward or away from the viewer.
This effect can be created by using different sizes of the same image, while
simultaneously changing the horizontal and vertical position of the image on
the screen. For instance, to make an image appear as if it is moving closer to
the viewer, start with a smaller image on the left side of the screen and increase
its size while moving it toward the centre.

A flat screen television has a width of 24 inches and a height of 14 inches.
An advertising company has designed a rectangular picture that will initially
appear at the top left corner of the screen. The image will slide to the centre
of the screen and increase in size. In its final position, the dimensions of the
image are double its initial dimensions.

a) If the height and width of the original image are 2 inches and 3 inches,
respectively, determine vector equations of the lines that would describe the
transformation of the vertices.

~
~ e
~ -
~ -
~ -
~

b) How would your answer change if you were to triple the dimensions at the
centre, instead of doubling them? Explain your reasoning.

¢ How would your answer change if you wanted the image to be smaller by

1
a factor of n ? Explain your reasoning.

d) Consider that the transformation lines are meant to represent an
orthogonal transformation of a plane, with the magnitudes of the
transformation vectors representing the distances transformed. If the
original rectangle lies in the plane with equation
[x, v, 2] =1[2, 3, 0] +s[4, 1, 5]+ #1, 2, 6] for some coordinate system,
describe the image planes in parts a) and ¢) using multiple representations.
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Chapters 1to 8

Chapter 1 Rates of Change

1.

Consider the function f(x) = 2x> — 3x + 4.

a) Determine the average rate of change
between the point where x =1 and the point

determined by each x-value.
i) x=4 i) x=1.5 i) x=1.1

b) Describe the trend in the average slopes.
Predict the slope of the tangent at x = 1.

State whether each situation represents average
or instantaneous rate of change. Explain your
reasoning.

a) Ali calculated his speed as 95 km/h when he
drove from Toronto to Windsor.

b) The speedometer on Eric’s car read
87 km/h.

¢) The temperature dropped by 2°C/h on a
cold winter night.

d) At a particular moment, oil was leaking
from a container at 20 L/s.
a) Expand and simplify each expression, then
evaluate for a=2 and h =0.01.
3(a + h)2 — 34> i) (a+hP-a3
h h

b) What does each answer represent?

i)

A ball was tossed into the air. Its height, in
metres, is given by h(t) = —4.9t> + 6t + 1,
where ¢ is time, in seconds.

a) Write an expression that represents the
average rate of change over the interval
2=t=2+h.

b) Find the instantaneous rate of change of the
height of the ball after 2 s.

¢ Sketch the curve and the rate of change.

Determine the limit of each infinite sequence. If
the limit does not exist, explain.

a) 2,2.1,2.11,2.111, ... b) 5,51, 51 51 .
02,-2,2,-2,2,... d) 450,-90,18, ...

COURSE REVIEW

6. Evaluate each limit. If it does not exist, provide

evidence.

a) limG3x2—4x+1) b lim 240
x—2 x—>—-8 x+38

9 lim Jx—6 d) lim 25—
x—6" x-3 x—3

7. a) Sketch a fully labelled graph of
2x+1, x<0

flx)= 3, x=0

2x2—1, x>0.

b) Evaluate each limit. If it does not exist,
explain why.

i) lim f(x) i) lim £(x)

8. Use first principles to determine the derivative

of each function. Then, determine an equation

of the tangent at the point where x = 2.

a) y=4x>—-3 b) f(x)=x3—2x?
3
A gla)=— d) hix)=2Vx

9. Given the graph of f(x), sketch a graph that
represents its rate of change.

a) y b) y
“ A

2 2 (o] 2
BRG] VARE 2

Chapter 2 Derivatives
10. Differentiate each function.
a) y=—3x*+4x-35
b) f(x)=6x"1—5x"2
0 flx)=4/x
d) y=(3x2—4x)x — 1)

_x2+4
3x

E)y
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11. Show that each statement is false. 18. Determine an equation of the tangent to
— 2 2(x3 — 32)3 o (—
a) (f(x)-g(x)) = F(x)-g’(x) f(x) =x*(x> — 3x)> at the point (—1, 8).
., 19. The cost, in dollars, of water consumed
b <M> _f ,(x ) by a factory is given by the function
8x) g'(x) C(w) =15 + 0.13w, where w is the water
12. Determine the equation of the tangent to each consumption, in litres. Determine the cost
function at the given value of x. and the rate of change of the cost when the

N consumption is 2000 L.
a) flx)=2x*—latx=-2

20. A fast-food restaurant sells 425 large orders
b) g(x)=\/;+5atx=4

of fries per week at a price of $2.75 each.

13. The position of a particle, s metres from a A market survey indicates that for each
starting point, after # seconds, is given by the $0.10 decrease in price, sales will increase by
function s(t) =23 — 7t + 4t. 20 orders of fries.

a) Determine its velocity at time 7. a) Determine the demand function.
b) Determine the velocity after 5 s. b) Determine the revenue function.

14. Determine the points at which the slope of the 9 Determine the marginal revenue function.

tangent to f(x) = x3 — 2x? — 4x + 4 is zero. d) With what price will the marginal revenue

5 . .
15. A fireworks shell is shot upward with an initial be zero? Interpret the meaning of this value.

velocity of 28 m/s from a height of 2.5 m. 21. A car has constant deceleration of 10 km/h/s
until it stops. If the car’s initial velocity is

Stat tion t t the height of . . .
a) State an equation to represent the height o 120 km/h, determine its stopping distance.

the shell at time ¢, in seconds.

b) Determine equations for the velocity and Chapter 3 Curve Sketching

acceleration of the shell. 22, Evaluate each limit.

¢) State the height, velocity, and acceleration a) lim (2x3 — 5x2+ 9x — 8)

after 2 s. x—00
d) After how many seconds will the shell have b) lim x+1
the same speed, but be falling downward? x—o0x — 1
16. Copy this graph of the position function of an 0 lim x*—3x+1
object. Draw graphs to represent the velocity x——oco X2+ 4x + 8
and acceleration. 23. Sketch the graph of f(x) based on the
y information in the table.
X (=00, —2) —2 (=2,—1) —1 [ (=1,0) 0 (0,00)
/1 f(x) -5 -1 3
f'(x) - 0 + + + 0 -
4 \jy 0 4 X (x) + + + 0 _ _ _
-2

24. For each function, determine the coordinates

—4 of the local extrema, the points of inflection,
the intervals of increase and decrease, and the
17. Determine the derivative of each function. concavity.
a) y=2(3x—x"1)? b) g(x)=2x+5 a) flx)=x3+2x2—4x+1
0 yz; d) e b) f(x)=%x4—x3—x2+5x—3
{3x—1 Jx+3x 3
q) =
f(x) e
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25.

26.

27.

28.

Analyse and sketch each function.
a) f(x)=3x*—8x3+6x?
b) y= —x3+x2+8x—3

9 f(x)

2+1

The power, in amps, transmitted by a belt
drive from a motor is given by the function

P=100v — %zﬁ where v is the linear velocity

of the belt, in metres per second.

a) For what value of v is the power at a
maximum value?

b) What is the maximum power?

A ship is sailing due north at 12 km/h while
another ship is observed 15 km ahead,
travelling due east at 9 km/h. What is the
closest distance of approach of the two ships?

The Perfect Pizza Parlor estimates the
average daily cost per pizza, in dollars, to be

2
Clx) = 0.00025x~ + 8x + 10’ where x is the

x
number of pizzas made in a day.

a) Determine the marginal cost at a production
level of 50 pizzas a day.

b) Determine the production level that would
minimize the average daily cost per pizza.

¢ What is the minimum average daily cost?

Chapter 4 Derivatives of Sinusoidal Functions

29.

Differentiate each function.
a) y=cos’
b) y=sin(x?)

0 f(x)=cos(5x —3)

x
d) f(x)=sin’x- cos<2>

e) f(x)=cos?(4x?)

X

cosx
f) gx)=————
cosx — sinx

30. Determine the equation of the tangent to

y=2+cos2x at x = —

31. Use the derivatives of sinx and cosx to develop
the derivatives of secx, cscx, and tanx.

32. Find the local maxima, local minima, and

2

inflection points of the function y = sin“x — 3

Use technology to verify your findings and to
sketch the graph.

33. The height above the ground of a rider on
a large Ferris wheel can be modelled by

h(t)= 105in<§—;E t) +12, where b is the height

above the ground, in metres, and ¢ is time, in
seconds. What is the maximum height reached
by the rider, and when does this first occur?

34. A weight is oscillating up and down on a
spring. Its displacement, from rest is given by
the function d(t) = sin 6¢ — 4cos 6¢, where d is
in centimetres and ¢ is time, in seconds.

a) What is the rate of change of the
displacement after 1 s?

b) Determine the maximum and minimum
displacements and when they first occur.

Chapter 5 Exponential and Logarithmic
Functions

35. a) Compare the graphs of y=e¢* and y=2*.
b) Compare the graphs of the rates of change
of y=¢* and y=2~.
¢ Compare the graphs of y=Inx and y=¢*,
and their rates of change.

36. Evaluate, accurate to two decimal places.

a) In5S b) Ine? o (Ine)?
37. Simplify.

a) In(e*) b) el 9 D
38. Determine the derivative of each function.

a) y=—2¢" b) g(x)=5-10*

Q) h(x) = cos(e") d) f(x)=
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39.

40.

4.

42.

43,

44,

Determine the equation of the line perpendicular

to f(x)= %e”l at its y-intercept.

Radium decays at a rate that is proportional
to its mass, and has a half-life of 1590 years.
If 20 g of radium is present initially, how long
will it take for 90% of this mass to decay?

Determine all critical points of f(x) = x2e*.

Sketch a graph of the function.

The power supply, in watts, of a satellite is
given by the function P(t) = 2002901 where
t is the time, in days, after launch. Determine
the rate of change of power

a) after ¢ days b) after 200 days

The St. Louis Gateway Arch is in the

shape of a catenary defined by the function

0.0329x —0.0329x
e +e
y=-20.96

- 10.06), with

all measurements in metres.

a) Determine an equation for the slope of the
arch at any point x m from its centre.

b) What is the slope of the arch at a point 2 m
horizontally from the centre?

¢) Determine the width and the maximum
height of the arch.

Show how the function y = e¢™* sinx could
represent dampened oscillation.

a) Determine the maximum and minimum
points for a sequence of wavelengths.

b) Show that the maximum points represent
exponential decay.

Chapter 6 Geometric Vectors

45,

Use an appropriate scale to draw each vector.
a) displacement of 10 km at a bearing of 15°

b) velocity of 6 m/s upward
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46.

47.

48.

49,

50.

51.

52

53.

54.

ACDE is a trapezoid, such that AB=iiand
AE =7, BDIIAE, and AB = 5BC . Express each
vector in terms of # and 7.

A B C

E D
a) DE b) DB o BC
d) AD e) CD f) CE

Simplify algebraically.

a) 3u+Su—"7iu—6i

b) —5(¢+d)—8(¢—d)

Determine the resultant of each vector sum.
a) 12 km north followed by 15 km east

b) a force of 60 N upward with a horizontal
force of 40 N

A rocket is propelled vertically at 450 km/h.
A horizontal wind is blowing at 15 km/h.
What is the ground velocity of the rocket?

Two forces act on an object at 20° to each
other. One force has a magnitude of 200 N,
and the resultant has a magnitude of 340 N.

a) Draw a diagram illustrating this situation.

b) Determine the magnitude of the second force
and direction it makes with the resultant.

An electronic scoreboard of mass 500 kg is
suspended from a ceiling by four cables, each
making an angle of 70° with the ceiling. The
weight is evenly distributed. Determine the
tensions in the cables, in newtons.

A ball is thrown with a force that has a
horizontal component of 40 N. The resultant
force has a magnitude of 58 N. Determine the
vertical component of the force.

Resolve the velocity of 120 km/h at a bearing
of 130° into its rectangular components.

A 100-N box is resting on a ramp inclined at
42° to the horizontal. Resolve the weight into
the rectangular components keeping it at rest.



Chapter 7 Cartesian Vectors

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Express each vector in terms of i, j, and 3
a) [57 63 _4] b) [Oa _83 7]

Given points P(2, 4), Q(—6, 3), and R(4, —10),
determine each of the following.

a) |PQ| b) PR
 3PQ - 2PR d) PQ-PR

Write each of the following as a Cartesian
vector.

a) 30 m/s at a heading of 20°
b) 40 N at 80° to the horizontal

A ship’s course is set at a heading of 214°, with
a speed of 20 knots. A current is flowing from
a bearing of 93°, at 11 knots. Use Cartesian
vectors to determine the resultant velocity of
the ship, to the nearest knot.

Use examples to explain these properties.

a) (+ov)+w=iu+(V+w)

b) k(d-b) = a-(kb)

Calculate the dot product for each pair of
vectors.

a) |u|=12,|v|=21, 6=20°

b) [5|=115, |F| =150, 6=42°

Given #=[3, —4], v =16, 1], and w=[-9, 6],

evaluate each of the following, if possible. If it
is not possible, explain why.

a) i (U+w)
Q u(v-w)
Determine the value of k so that #=[—3, 7]
and v = [6, k] are perpendicular.

Determine whether or not the triangle with

vertices A(3, 5), B(—1,4),and C(6,2) is a
right triangle.

Determine the angle between the vectors
u=1[4,10, —2] and v =[1, 7, —1], accurate to
the nearest degree.

65.

66.

67.

68.

69.

70.

7.

72

73.

74.

75.

Determine the work done by each force F,
in newtons, for an object moving along the
vector d, in metres.

a) F=1[1,4],d=[6, 3]

b) F =320, 145], d=[32, 15]

Determine the projection of # on v.
|ii|=25

38°

7] =40 g
Roni applies a force at 10° to the horizontal
to move a heavy box 3 m horizontally. He

does 100 J of mechanical work. What is the
magnitude of the force he applies?

Graph each position vector.

a) [4, 2’ 5] b) [_la O: _4] q [23 _23 _2]
The initial point of vector AB=[6, 3, —2] is
A(1, 4, 5). Determine the coordinates of the
terminal point B.

Consider the vectors a=1[7, 2, 4], b= [—6, 3, 0],
and ¢ =[4, 8, 6]. Determine the angle between
each pair of vectors.

Prove for any three vectors u = [uy, uy, u3],
U= [Ula U2, U3], and w= [wla ws, LU3], that
- (U+w)=i-0+i-i.

Determine two possible vectors that are
orthogonal to each vector.

a) u=[—1,5,4]

A small airplane takes off at an airspeed of

180 km/h, at an angle of inclination of 14°,
toward the east. A 15-km/h wind is blowing
from the southwest. Determine the resultant
ground velocity.

b) 7 =15, 6,2]

Determine X b and b X &. Confirm that the
cross product is orthogonal to each vector.
a= [43 _33 5]3 b= [23 73 2]

Determine the area of the triangle with vertices
P(3, 4, 8),Q(—2,5,7),and R(—35, —1, 6).
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76. Use an example to verify that
ki X v = (ki) X 0 =u X (kD).
77. Determine two vectors that are orthogonal to

bothiz=[—-1,6,5]and v=[4, 9, 10].

78. Find the volume of the parallelepiped defined
by the vectors it =[—2, 3, 6], v =6, 7, —4],
and w=35, 0, 1].

79. When a wrench is rotated, the magnitude of
the torque is 26 N-m. A 95-N force is applied
35 cm from the fulcrum. At what angle to the
wrench is the force applied?

Chapter 8 Lines and Planes

80. Write vector and parametric equations of the
line through.

A(=2, -1, —7) and B(S, 0, 10).
81. Graph each line.
a) [x,y]=1[2,3]+-2,5]

b) x=—-3+5¢
y=4+3t

82. Wrrite the scalar equation of each line, given
the normal vector 7 and point Py.

a) n=1[4, 8], Py(3, —1)

b) 7=[—6, =71, Po(=S, 10)

83. Determine the vector equation of each line.
a) parallel to the y-axis and through P(6, —3)
b) perpendicular to 2x + 7y =5 and through

A(1, 6)

84. Determine the coordinates of two points on
the plane with equation 5x + 4y — 3z =6.

85. Write the parametric and scalar equations
of the plane given its vector equation

[x,,z]=[4,3, =5] +s[2, 1, 4] +1[6, 6, —3].

86. Determine the intercepts of each plane.

a) [xa Vs Z] = [1; 89 6] +S[15 _123 _12] +
t[2, 49 _3]

b) 2x — 6y +9z=18
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87.

88.

89.

90.

91.

92.

93.

94.

95.

Determine an equation for each plane. Verify
your answers using 3-D graphing technology.

a) containing the points A(S, 2, 8),
B(—-9, 10, 3), and C(—2, —6, 5)

b) parallel to both the x-axis and y-axis and
through the point P(—4, 5, 6)

Write the equation of the line perpendicular to
the plane 7x — 8y + 5z =1 and passing through
the point P(6, 1, —2).

Determine the angle between the planes
with equations 8x + 10y + 3z =4 and
2x—4y+62=3.

Determine whether the lines intersect. If
they do, find the coordinates of the point of
intersection.

[x, v, z] =12, =3, 2] +s[3, 4, —10]

[x,y,2] =13, 4, =2]+¢#—4, 5, 3]
Determine the distance between these skew lines.
[x,y,2] =12, =7, 3] +s[3, =10, 1]

[x,y, 2] =3, 4, —2]+ 11, 6, 1]

Determine the distance between A(2, 5, —7)
and the plane 3x — 5y + 6z=9.

Does the line r=7[—35, 1, —2] + k[1, 6, 5]
intersect the plane with equation

[x,y,2] =12,3,—1]+s[1,3,4] +#[—5,4,7]?
If so, how many solutions are there?

State equations of three planes that
a) are parallel
b) are coincident
«) intersect in a line
d) intersect in a point
Solve each system of equations.
a) 2x —4y+S5z=—4
3x+2y—z=1
4x+3y—-3z2=-1
b) Sx+4y+2z=7
3x+y—-3z=2
Tx+7y+7z=12
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